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Abstract

Yuri Matiyasevich’s theorem states that the set of all Diophantine equations which
have a solution in non-negative integers is not recursive. Craig Smorynski’s theorem
states that the set of all Diophantine equations which have at most finitely many solutions
in non-negative integers is not recursively enumerable. Let R be a subring of Q with
or without 1. By Hjg(R), we denote the problem of whether there exists an algorithm
which for any given Diophantine equation with integer coeflicients, can decide whether
or not the equation has a solution in R. We prove that a positive solution to Hio(R)
implies that the set of all Diophantine equations with a finite number of solutions in R
is recursively enumerable. We show the converse implication for every infinite set R C Q
such that there exist computable functions 71, 7: N — Z which satisfy (Vn € N 1p(n) #

0) A ({2—83 : ne€Njy=R]. This implication for R = N guarantees that Smorynski’s
theorem follows from Matiyasevich’s theorem. Harvey Friedman conjectures that the set
of all polynomials of several variables with integer coeflicients that have a rational solution
is not recursive. Harvey Friedman conjectures that the set of all polynomials of several
variables with integer coefficients that have only finitely many rational solutions is not

recursively enumerable. These conjectures are equivalent by our results for R = Q.
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1 Introduction and basic lemmas

Yuri Matiyasevich’s theorem states that the set of all Diophantine equations which have a
solution in non-negative integers is not recursive, see [3]]. Martin Davis’ theorem states that the
set of all Diophantine equations which have at most finitely many solutions in positive integers
is not recursive, see [1]. Craig Smorynski’s theorem states that the set of all Diophantine
equations which have at most finitely many solutions in non-negative integers is not recursively
enumerable, see [4} p. 104, Corollary 1] and [, p. 240].

Let # denote the set of prime numbers, and let

P = {p15q19rl’p27q2’ rZ,P3,(I3, r3"~'}a

where p1 < 1 <1 <pr <@ <n<p3<qgz<r<...



Lemma 1. For a non-negative integer x, let || plqi . q? i r?/i be the prime decomposition of
i=1

x + 1. For every positive integer n, the mapping which sends x € N to

_1\21 . ﬁl _ 1\ . ﬁn n

is a computable surjection from N onto Q".

Let s,: N — Q" denote the surjection defined in Lemmal[l}

Lemma 2. For every infinite set R C Q, a Diophantine equation D(xy,...,x,) =0 has no
solutions in xi,...,x, € R if and only if the equation D(xy,...,x,) +0-x,.1 =0 has at most
finitely many solutions in xy, ..., X1 € R.

Let R be a subring of Q with or without 1. By H;o(R), we denote the problem of whether
there exists an algorithm which for any given Diophantine equation with integer coefficients,
can decide whether or not the equation has a solution in R.

2 A positive solution to H;y(R) implies that the set of all
Diophantine equations with a finite number of solutions in
R is recursively enumerable

In the next three lemmas we assume that {0} SR C Q and r-Z C R for every r € R. Every

non-zero subring R of Q (with or without 1) satisfies these conditions.

Lemma 3. There exists a non-zero integer m € R.

Proof. There exist m,n € Z \ {0} such that % € R. Hence, m = % -ne(Z\{0hNR. O

Lemma4. Letm € (Z \ {0}) N R. We claim that for every b € R, b # 0 if and only if the equation

4
yeb—m =3 3 =0
i=1

is solvable in y, y1,y2,V3, V4 € R.
Proof. If b = 0, then for every y, y1, ¥2, V3, V4 € R,
2

yb—mt =y =i —yi—y;=—-m =y —y;—y;—y; <—m’> <0

If b #0, then b = g, where p € N\ {0} and g € Z \ {0}. In this case, we define y as m? - g and
observe thatm? - g = (m-q)-m € Rasm-q € R and m € Z. Hence,

y-b=<m2-q>-§=m2-pem2-(N\{0}>

By Lagrange’s four-square theorem, there exist #y, f,, f3, 4 € N such that

2
y-b—m 2, 02,2, 2
— = +h+ 1+t
2 1 th iyt
Therefore,
2 2 2 2 2 _
yb—-m —(m-t))"—(m-t)" —(m-13)°"—(m-1;)" =0,
wherem-t;, m-t,, m-t3, m-tys €R. O



Lemma 5. We can uniquely express every rational number r as “r | T, where "r €Z,
7 € N\ {0}, and the integers "r and 7 are relatively prime. If r € R, then "r € R.

Proof. Foreveryr€ R, r =r-rer-ZCR. m|

Lemma 6. Let R be a non-zero subring of Q with or without 1. We claim that for every
To,..., Ty € R" and for every xy,...,x, € R, the following product

|'] Z (x; 7= 1) (1)
i=1

(ri,....r) €{To,...., Ty}
differs from O if and only if (xy,...,x,) € {To, ..., Ty}. Product (|I) belongs to R.
Proof. The last claim follows from Lemma 5] m|

Lemma 7. Let R be a non-zero subring of Q (with or without 1) such that there exists an
algorithm which for every (a,b) € Z X (Z \ {0}) decides whether or not % €R. Letp,: Q" - R"
denote the function which equals the identity on R" and equals (0,...,0) outside R". We claim
that for every positive integer n the function p, o s,: N — R" is surjective and computable.

Theorem 1. Let R be a non-zero subring of Q (with or without 1) such that Hilbert’s 10th
Problem for solutions in R has a positive solution. We claim that the set of all Diophantine
equations with a finite number of solutions in R is recursively enumerable.

Proof. By Lemma[3] there exists a non-zero integer m € R. For every (a,b) € Z X (Z \ {0}), the
solvability in R of the equation b - x — a = 0 is decidable. Hence, for every (a, b) € Z X (Z \ {0})
we can decide whether or not ¢ € R. By Lemmas@and[f] the answer to the question

in Flowchart 1 is positive if and only if the equation D(xi,...,x,) =0 is solvable in
R"\ {6(0),...,0(k)}. Hence, by Lemma [/} the algorithm in Flowchart 1 halts if and only if
the equation D(xy, ..., x,) = 0 has at most finitely many solutions in R.
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Theorem remains true when R = {0}. The flowchart algorithm depends on
m e (Z\{0})) N R. For a constructive proof of Theorem [I, we must compute an element of
(Z\{0})) " R. By Lemma /| the function p, o s,: N — R" is computable and surjective. We
compute the smallest i € N such that (p, o s,)(i) starts with a non-zero integer. This integer
belongs to (Z \ {0}) N R.



3 If the set of all Diophantine equations with a finite number
of solutions in R is recursively enumerable, then H,,(R) has
a positive solution

Starting from this moment up to the end of Theorem [2] we assume that R is an infinite subset
of Q and there exist computable functions 71, 7,: N — Z which satisfy

(Vn € N 1o(n) # 0) A ({T‘(") ‘ne N} = R)

T2(n)
) T . L
In other words, the function N > n — g EZ; € R is surjective and computable. Hence, the
function (7,...,7) : N” — R" is surjective and computable.

Lemma 8. Let o,: Q" = N" denote the function which equals the identity on N" and
equals (0,...,0) outside N". We claim that for every positive integer n the function
(t,...,T)o0,0s,: N— R"is surjective and computable.

Theorem 2. If the set of all Diophantine equations which have at most finitely many solutions
in R is recursively enumerable, then there exists an algorithm which decides whether or not a
given Diophantine equation has a solution in R.

Proof. Suppose that {S; = 0}, is a computable sequence of all Diophantine equations which
have at most finitely many solutions in R. By Lemma [2] the execution of Flowchart 2 decides
whether or not a Diophantine equation D(x,...,x,) = 0 has a solution in R. The flowchart
algorithm uses a computable surjection ¢: N — R" (which exists by Lemma(g).
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The flowchart algorithm always terminates because there exists a non-negative integer i such
that
(D(xy, ..., Xn) + 0 X1 = S) V (D(e(D) = 0)

Indeed, for every Diophantine equation D(xi,..., x,) = 0, the flowchart algorithm finds a
solution in R, or finds the equation D(xy, ..., x,) + 0 - x,.1 = 0 on the infinite list [Sy, S, Sz, .. .]
if the equation D(x, ..., x,) = 0 is not solvable in R. O

Corollary. Theorem 2| for R = N implies that Craig Smoryriski’s theorem follows from Yuri
Matiyasevich’s theorem.



Harvey Friedman conjectures that the set of all polynomials of several variables with integer
coefficients that have a rational solution is not recursive, see [2]. Harvey Friedman conjectures
that the set of all polynomials of several variables with integer coefficients that have only finitely
many rational solutions is not recursively enumerable, see [2]. These conjectures are equivalent
by Theorems[I]and 2] taking R = Q.

We define a non-zero subring R of Q with or without 1. If m € N and the cardinality of the
continuum equals N,,, then we put R = 2" - Z. If the cardinality of the continuum is greater than
or equal to N, then we put R = Z.

Theorem 3. (cf. [6l]). The set

1 1
{pep‘ﬁemin«N\{O}mm'R}

is empty. We cannot specify an algorithm that computes a surjective mapping from N onto R
although there exists a computable function from N onto R.

Proof. Assume, on the contrary, that a known algorithm computes a surjective mapping
f:N —R. Since R # {0}, we can compute the smallest non-negative integer i such that
f(i) # 0. Next, we compute the greatest non-negative integer j such that 2/ divides f(i). The
definition of R implies that the number j satisfies

(card(2”) < N;) V (card(2®) > N,)

It cannot be proved in ZFC because the cardinality of the continuum may be equal to X;,;, a
contradiction. O
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