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ABSTRACT KEYWORDS

At the turn of the seventeenth century, Bruno and Cavalieri Giordano Bruno; Bonaventura
independently developed two theories, central to which was the  Cavalieri; Pythagoreanism;
concept of the geometrical indivisible. The introduction of history of mathematics;
indivisibles had significant implications for geometry — especially ~ historical epistemology;
in the case of Cavalieri for whom indivisibles provided a shared knowledge
forerunner of the calculus. But how did this event occur? What

can we learn from the fact that two theories of indivisibles arose

at about the same time? These are the questions addressed in this

paper. Relying on the methodology of “historical epistemology”,

this paper asserts that the similarities and differences between the

theories of Bruno and Cavalieri can be explained in terms of

“shared knowledge”. The paper shows that the idea — on which

both Bruno and Cavalieri build - that geometrical objects are

generated by motion was part of the mathematical culture of the

time. Tracing this idea back to its Pythagorean origins thus sheds

light on the relationship between motion and continuum in

mathematics.

As is well known, the first to problematize the composition of the continuum was Aristotle
who, reacting to Democritus’s atomism, denied that indivisibles can be part of a conti-
nuum.' Since then, the problem of the continuum has continued to be discussed by phi-
losophers, theologians and mathematicians. It soon became one of those topics on which
the discussions between Aristotelians and anti-Aristotelians were more vivid.” The term
“labyrinth of the continuum”, made famous by Leibniz who borrowed it from Libertus
Fromondus, gives us a sense of how the problem of the continuum was perceived as a tre-
mendous challenge by early modern scholars.’

As to mathematics, classical Euclidean geometry endorsed an Aristotelian anti-atomis-
tic view of the continuum by allowing indivisibles only as extremities and not as parts of
the geometrical continuum. This explains why when in the seventeenth century Bonaven-
tura Cavalieri (1598-1647) introduced a method of indivisibles his enterprise was met
with skepticism by his fellow mathematicians, and Cavalieri was called to defend his
method from the charge of atomism. Cavalieri’s method, however, is now regarded as a
pivotal moment in the history of modern mathematics, for it opened the doors of geome-
try to infinitely small quantities, and from there to the development of the calculus.
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As a matter of fact, discussions about the composition of the geometrical continuum
were going on even before Cavalieri elaborated his method. Objections to an Aristotelian
understanding of the geometrical continuum had already been raised by Giordano Bruno
(1548-1600) who, like Cavalieri, attempted to establish a geometry of indivisibles. More
precisely, Bruno’s geometry was built on the concept of the minimum, by which he
meant the smallest indivisible part which all geometrical objects are composed of. There-
fore, the concept of the geometrical indivisible which features in Cavalieri’s method seems
to find an earlier conceptualization in Bruno’s theory of minima. In spite of this, Bruno is
considered an anti-mathematician or a poor mathematician even by Bruno scholars, and a
fortiori is neglected in the traditional accounts of modern mathematics.

This being the case, a comparison between Bruno and Cavalieri as proposed in this
paper may help to form new insights into Bruno’s mathematical activities, and thus
lead to a reassessment of Bruno’s overall attitude toward mathematics. However, for
this comparison to be properly understood and to avoid making unwarranted claims, it
is necessary to point out the grounds on which such a comparison is made. In other
words, we need to answer the question of what Bruno and Cavalieri have in common
besides the intuition of geometrical indivisibles. Could this intuition, which each author
characterizes in his own way, have stemmed from shared ground or as a response to a
common problem?

To be clear, I rule out the possibility that Cavalieri might have been a reader of Bruno,
and that therefore Bruno might have influenced Cavalieri in the making of his method of
indivisibles. In fact, no direct connection is likely to be found between Bruno and Cava-
lieri, and it is more advisable to consider Bruno and Cavalieri independently from each
other — at least in this respect. Yet this does not preclude that a connection may be
offered by a third party - that perhaps Bruno and Cavalieri relied on a body of shared
knowledge that could account for the similarities between their two theories.

The existence of a shared knowledge, conceived as an important factor in the develop-
ment of science, is a defining characteristic of what has been called “historical epistem-
ology”.* In this view, special emphasis is placed on those collective factors (shared
knowledge, shared problems, mental models) whose importance is usually overshadowed
in the more widespread narrative, wherein science is merely the result of individual dis-
coveries. On accepting historical epistemology, science can no longer be seen as the enter-
prise of a few isolated heroes; rather, attention must also be paid to the so-called minor
characters. For instance, alongside Galileo we need to consider his less famous contempor-
ary Thomas Harriot who, as shown by Matthias Schemmel, was engaged in solving pro-
blems similar to those focused on by Galileo. By studying Harriot, Schemmel suggests, we
not only gain a better understanding of Harriot’s own work but also a more complete
picture of how modern science emerged. For without a comparison of Galileo and
Harriot “our understanding of the shared knowledge of early modern thinking [...] will
remain incomplete and biased”.”

Mutatis mutandis, we can apply what Schemmel says about Galileo and Harriot to the
case of Bruno and Cavalieri. A comparison between these two authors, besides enriching
the image we have of Bruno as a mathematician, might also clarify the historical con-
ditions under which the rise of geometrical indivisibles occurred. In my view, it can
help to identify an important component of early modern mathematical culture - that
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is, the Pythagorean tradition from which both Bruno and Cavalieri gained the insight that
geometrical objects are generated by motion.

A possible methodological objection to this claim might concern the place occupied by
Bruno in the proposed comparison. Why should a comparison between Bruno and Cava-
lieri be revealing of shared knowledge? Why could the same information not be obtained
by a comparison between Cavalieri and one of the many seventeenth-century mathema-
ticians who made an effort to improve the concept of the geometrical indivisible (e.g.
Barrow, Torricelli, Pascal)? After all, as underlined by Vincent Jullien, the development
of the method of indivisibles certainly started with Cavalieri, but was carried out by
means of a “collaborative endeavor”.®

My answer to this objection appeals to the above-mentioned independence of Cavalieri
from Bruno. Had Cavalieri been familiar with Bruno’s works, he could easily have bor-
rowed the idea that geometrical objects are generated by motion from Bruno himself.
In that case, we would not be able to speak of shared knowledge. As noted by Schemmel,
independence is a key factor for historical epistemology to be effective, otherwise the
search for shared knowledge boils down to a “trivial matter”.” Such an independence in
not guaranteed in the case of seventeenth-century “indivisibilists” who explicitly refer to
Cavalieri as the father of their methods.

But shared knowledge is not only a viable option to account for the similarities between
Bruno’s and Cavalieri’s theories - it may also explain why they differ on several points,
such as the composition of the geometrical continuum and the number of indivisibles
which constitute each geometrical object. In fact, one may argue that the theories of
Bruno and Cavalieri appear to have more differences than similarities, not to mention
that they are not comparable in terms of effectiveness. Bruno’s theory of minima has
hardly any successful application, mainly because geometrical indivisibles are postulated
rather than used by Bruno. Cavalieri, on the other hand, deserves the credit for being
the first to employ indivisibles in early modern geometry, developing a method capable
of solving problems of measurement more quickly and directly than the methods
handed down from the past (e.g. the method of exhaustion).

A possible explanation for these differences may be the following. While Bruno and
Cavalieri were building on insights gained from the Pythagorean tradition, they also
had to come to terms with the Aristotelian continuum. The fact, already mentioned,
that Cavalieri’s method of indivisibles was rejected by his opponents as implying an ato-
mistic view of the continuum tells us that Aristotle was still considered an authority in the
field. Therefore, either one openly challenged Aristotle by presenting geometrical indivi-
sibles as an alternative to the Aristotelian continuum or one tried to find a compromise
between the two views. In our case, Bruno opted for a more polemical attitude towards
Aristotle, while Cavalieri cautiously avoided saying that the indivisibles were part of the
continuum. As we shall see, most of the differences between the theories of Bruno and
Cavalieri may be explained in terms of their different attitudes towards the Aristotelian
orthodoxy.

In the following, I shall first give a brief overview of both Cavalieri’s method of indivi-
sibles (§1) and Bruno’s theory of minima (§2). Then, moving from the “kinetic” or
“genetic” understanding of geometrical objects displayed in both Bruno’s and Cavalieri’s
theories, I shall reconstruct the earlier history of this understanding by tracing it back to its
Pythagorean origins ($3).



464 P.ROSSINI

1. Cavalieri’s method of indivisibles

Cavalieri devotes two of his works to elaborating the method of indivisibles: the Geometria
indivisibilibus continuorum nova quadam ratione promota (1635) and the Exercitationes
geometricae sex (1647).° The starting point of Cavalieri’s method is to determine the indi-
visibles of a figure. In the case of a plane figure, this can be done by moving a line parallel
to itself so as to intersect the figure in question. The intersections between the moving line
and the figure are, to use Cavalieri’s terminology, “all the lines” of the figure - i.e. its indi-
visibles. Likewise, the indivisibles of solid figures are “all the planes” obtained by the inter-
section of a moving plane with the figure.’

While indivisibles (points, lines and planes) are already present in classical Euclidean
geometry, it is the idea of a set of indivisibles which is entirely new. Indeed, both “all
the lines” and “all the planes” are terms coined by Cavalieri to escape the atomistic con-
clusion that indivisibles are part of the geometrical figure they belong to. Nonetheless,
there seems to be little or no information about these new geometrical objects in Cava-
lieri’s works. This has made modern interpreters such as Enrico Giusti wonder about
“the ambiguity of the concept of all the lines’ as a class of magnitudes”.' We shall
return to the peculiar geometrical status of Cavalieri’s indivisibles below.

A second step in Cavalieri’s method consists in comparing different figures by means of
their indivisibles. Such a comparison is made possible by the fact that, according to “Cava-
lieri’s principle”, there is a relationship between the ratio of two figures and that of their
indivisibles. More precisely, if the indivisibles of two figures are always in the same ratio,
the ratio between the two figures will be equal to that of their indivisibles."" When applied
to the computation of areas and volumes, Cavalieri’s principle makes it possible to solve a
wide range of problems. Indeed, in Giusti’s opinion, a major strength of Cavalieri’s theory
is that it can demonstrate highly general theorems involving classes of geometrical figures.
This represents a considerable improvement over the earlier method of exhaustion, which
can only deal with one figure at a time."?

As we have already mentioned, the publication of Cavalieri’s indivisibles led to a con-
troversy which has been the subject of several scholarly studies. Amir Alexander sees in
these disputes not only a merely geometrical controversy, but also two competing world-
views clashing over issues of freedom and sovereignty.'> Other scholars (such as Paolo
Mancosu and Antoni Malet) emphasize the foundational character of these discussions
and their philosophical relevance.'* Following the latter’s lead, I analyze how the issues
related to the composition of the continuum affect Cavalieri’s method. Preeminently,
these issues are raised in the controversy between Cavalieri and the Jesuits Paul Guldin
(1577-1643) and André Tacquet (1612-1660)."

In Book IV of Guldin’s De centro gravitatis (1641) it is objected that, by equating geo-
metrical figures to the sum of their indivisibles, Cavalieri’s method advocates an atomistic
view of the continuum.'® For his part, Cavalieri replies to Guldin by making explicit that in
his method there is no assumption regarding the composition of the continuum.'” The
same applies to the idea that indivisibles can be added up to form geometrical figures,
which Cavalieri strives to rule out from his method. On the other hand, the idea under-
lying Cavalieri’s definition of indivisibles — that geometrical objects can be generated by
motion - is not dismissed by Guldin or by Tacquet. In fact, as I have already mentioned,
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it was common practice in seventeenth-century mathematics to define geometrical objects
in terms of motion.

Tacquet takes issue with Cavalieri’s method in his Cylindricorum et Annularium libri
IV (1651). Unlike Guldin, Tacquet does not refute indivisibles altogether, but accepts
that they may be employed in geometry under one condition - that they are of the
same kind as the figure they belong to. This means that indivisibles and their figure
must be homogeneous, and thus the indivisibles of a plane must be smaller planes.'® In
contrast, we have seen that Cavalieri’s indivisibles are heterogeneous — they have one
dimension less than their figure: the indivisibles of a plane are lines, while the indivisibles
of a solid are planes.

Tacquet’s criticisms must have been effective, because indivisibles became homogenous
magnitudes as a result of innovations introduced during the course of the seventeenth
century. In Antoni Malet’s opinion, it was precisely this transformation that made possible
the passage from indivisibles to infinitesimals.'® Yet it is worth noting that, on assuming
indivisibles to be homogeneous with their figures, one also accepts that indivisibles are
part of their figures — for being homogenous and being a part are the same within the
theory of magnitudes supported by Euclidean geometry. In contrast, in presenting indivi-
sibles as heterogeneous magnitudes, Cavalieri’s plan was precisely to exclude the idea that
indivisibles are part of their figures. However, such a conception would nonetheless be
attributed to Cavalieri by his opponents, and eventually prevailed with the emergence
of infinitesimals.

2. Bruno’s theory of minima

In the latter part of his career, Bruno developed an atomistic theory based on the concept
of the minimum. Retrospectively, this theory can be regarded as the final act of Bruno’s
reform of the Aristotelian cosmos.”® Such a reform starts with the Italian dialogues
(1584-5) in which Bruno shapes his conception of a homogeneous, heliocentric and
infinite universe. Although an atomistic conception of matter is adumbrated in these
earlier writings, the notion of the minimum is first mentioned in Bruno’s dialogues on
Fabrizio Mordente’s proportional compass (1586).>' In the following years, the notion
of the minimum is given pride of place in the Articuli adversus mathematicos (1588),
Bruno’s first attempt to establish an atomistic geometry. But it is only with the publication
of Bruno’s De triplici minimo et mensura (1591), one of his last printed works, that the
geometry of minima finally becomes a theory.

From Kurt Lasswitz’s groundbreaking study onwards, Bruno’s atomism has attracted
increasing interest.”> However, less attention has been paid to the geometrical aspect of
this theory which constitutes the core of Bruno’s mathematics. This may be because of
the low esteem in which Bruno’s mathematics was held by its earlier commentators. In
Héléne Védrine’s opinion, for instance, the development of Bruno’s mathematics is hin-
dered by the a-priori rejection of Aristotle and the consequent adoption of a Platonic rea-
listic conception of mathematical beings.”> However, a new trend has recently emerged in
Bruno scholarship which has contributed to a critical reappraisal of Bruno’s
mathematics.*

Bruno’s theory envisages three different species of minima - a metaphysical minimum
(the monad), a physical minimum (the atom) and a geometrical minimum (the point):
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The minimum is the substance of things and, although it refers to a genus different from that
of quantity, constitutes the principle of the quantity and magnitude of bodies. It is matter,
that is, element, efficient cause, final cause, totality. It is a point in one- and two-dimensional
magnitudes. It is properly named atom in the bodies which are the first parts; and less prop-
erly in those entities which are all in all and in the single parts (such as the voice, the soul and
similar entities). It is a monad rationally in numbers and essentially in all things.*®

The monad provides the metaphysical background for Bruno’s mathematics and is cer-
tainly important for understanding how Bruno came to conceptualize geometrical indivi-
sibles. However, the concept of the monad is absent from Cavalieri’s theory and therefore
cannot be counted among the elements of knowledge shared by Bruno and Cavalieri.
Hence, I leave aside the issue of the metaphysical underpinnings of Bruno’s mathematics
because it is irrelevant to the purpose of this paper.

By associating point and atom as two species of the same minimum, Bruno leaves no
doubt as to the composition of both physical and geometrical objects out of indivisibles;
just as bodies are composed of atoms, so geometrical objects are composed of points. The
belief in what may be called the isomorphism of physical and geometrical objects is
reflected in several aspects of Bruno’s theory. First of all, points and atoms have the
same shape, the former being a circle and the latter being a sphere.*® This image is not
only described in words but is also shown in Bruno’s diagrams, which makes him one
of the first in the history of science to visually represent points and atoms as circles and
spheres.”’

The fact that Bruno’s indivisibles are circular in shape and eo ipso extended is one of the
major differences between Bruno’s and Cavalieri’s theories. We have seen how Cavalieri
makes it very clear that indivisibles have one dimension less than their figures and thus
have no thickness or extension whatsoever. This, in turn, enables Cavalieri to argue
that indivisibles are not part of the continuum. In Bruno’s theory, on the contrary, the con-
tinuum is explicitly assumed to be composed of indivisibles, and nothing prevents indivi-
sibles from being extended.

At the same time, accepting the extension of indivisibles implies that the number of
indivisibles composing a geometrical figure must be finite, otherwise the extension of
the figure would be exceeded by the extension of all its indivisibles taken together. This
is no problem in physics where in fact Bruno claims that every finite bodily entity consists
of a finite number of parts,”® but may cause inconvenience when it comes to geometry. If
geometrical objects are composed of a finite number of indivisibles, they are always com-
mensurable in terms of their indivisibles. Consequently, Bruno is forced to deny the exist-
ence of incommensurable magnitudes, although this is presented as a great achievement of
his theory: “Maybe, oh illustrious master, should I complain about the dissolution of
incommensurability and irrationality, instead of being glad for the revival of rationality
and measurability?”.*’

Given the atomistic character of Bruno’s theory, it should not come as a surprise that
the Aristotelian notion of infinite divisibility is considered by Bruno to be “the principle of
all the mistakes both in physics and mathematics”.> It is worth noticing that, in making
his argument against Aristotle, Bruno’s strategy is different from that adopted to build up
his theory. Here, Bruno does not rely on the isomorphism of physical and geometrical
objects to apply the same argument to both realms; rather, infinite divisibility is first dis-
missed in the case of nature by arguing that if physical objects were infinitely divisible, they
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would be composed of an infinite number of parts. Accordingly, there would be no differ-
ence between a fruit and the entire world, to take an example given by Bruno in a work
entitled Camoeracensis acrotismus (1588), for it is impossible that “an infinite can be
bigger than another infinite either in potency or in act”.”!

Then, after having denied the Aristotelian concept of infinite divisibility in physics,
Bruno goes on to dismiss the same concept in mathematics. For Bruno, mathematics is
subordinate to physics insofar as an operation which can be carried out only in mathemat-
ics but not in nature is nonsense. Hence, although geometrical objects could be infinitely
divided, it would be pointless to perform a mathematical operation which has no counter-
part in nature: “When infinitely dividing what has a precise measure, the geometer makes
a mistake, he does not follow in the footsteps of nature which, being never reached, cannot
be imitated by the geometer”.”?

If on the one hand Bruno attacks Aristotle for his notion of infinite divisibility, on the
other hand he defends his theory from Aristotle’s objections against atomism. For Aristo-
tle, the composition of the continuum out of indivisibles is excluded by the very definition
of the continuum, whose parts must be in contact with each other.>® Now, this contact can
occur in two ways: one part touches the other either with all or with a part of itself. But if
two indivisibles touch each other with all of themselves, they overlap and thus do not
create any extension. On the other hand, indivisibles have no part at all, so they cannot
enter into contact in the second way.

Bruno tries to solve this conundrum by considering a third possibility - that the contact
between minima occurs through their extremity (terminus).>* The extremity is neither
part of the minimum nor an entity of its own, because the extremity is less than a
minimum and exists only when two minima touch each other. The extremity is therefore
ontologically dependent on the minimum.

The concept of extremity is also central to Euclidean geometry wherein points and lines
are precisely defined in terms of extremity: “the extremities of the line are points”,’> and
“the extremities of the surface are lines”.*® Working on Proclus’s Commentary on these
two Euclidean definitions, Ruth Glasner has highlighted how in ancient mathematics
there are essentially two ways of defining geometrical objects: the Euclidean and the Pytha-
gorean.”” In the Euclidean way, lower dimensions are defined in terms of the higher
through the concept of extremity. The Pythagorean way however moves in the opposite
direction, defining the higher dimensions in terms of the lower by appealing to motion.
Bruno offers a clear example of the Pythagorean way of defining geometrical objects:
“The line is nothing more than a moved point, the plane is nothing more than a moved
line, the solid is nothing more than a moved surface”.”®

One might argue that motion is also used by Euclid to define geometrical objects, such
as in Book XII of the Elements where a kinetic understanding of the cone, the cylinder and
the sphere is found. Yet, as we shall see in the next section, the idea that geometrical
objects are generated by motion predates Euclid, it being traditionally ascribed to the
Pythagoreans. As to Bruno, endowing points with motion adds a new element to the par-
allel between geometrical and physical objects - for Bruno’s “soul-powered atoms”, to
borrow Hilary Gatti’s expression, are also capable of moving, driven by the world soul
which is in them.” Taken together, all of these analogies suggest that there is a close
relationship between geometry and nature in Bruno’s mind. The study of this relationship
is left for future work.
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3. Pythagorean mathematics and the idea of motion

In mathematics, the idea that geometrical objects are generated by motion is applied in
both constructions and the so-called “genetic definitions”. The latter, in which geometrical
objects are referred to in terms of their generation, were particularly widespread in early
modern times. Among those who make use of genetic definitions in this period are
Spinoza, Hobbes and Newton, as well as Bruno and Cavalieri. Furthermore, genetic
definitions such as “the line is the flowing of a point” are found in almost every six-
teenth-century commentary on Euclid’s Elements (including those of Peletier, Clavius,
Commandino and Billingsley), although such definitions do not feature among those orig-
inally provided by Euclid.*’

Therefore, in establishing their own theories, Bruno and Cavalieri build on a concept -
that of motion as the generative cause of geometrical objects — which is already present in
the mathematical culture of the time. In the case of Bruno, as we shall see, the atomistic
framework of his theory requires him to adjust the concept accordingly. Nonetheless, the
concept itself remains part of the body of knowledge that Bruno and Cavalieri inherit from
antiquity and share with their contemporaries.

It is Sextus Empiricus (c. 160-210 A.D.) who, in his Against the Physicists, informs us
that a dynamic generation of geometrical objects is envisioned by the Pythagoreans. In
Sextus’s account, the Pythagoreans have two theories to explain the generation of geo-
metrical objects. In the first theory, the sequence point-line-surface-solid is associated
with the first four numbers in the following way: point-one, line-two, plane-three,
solid—four.*' Francis Cornford has suggested that each of these numbers corresponds to
the minimum number of points required to define the figure in question: one for the
point, two for the line, three for the triangle (i.e. the minimum plane) and four for the
pyramid (i.e. the minimum solid).** The second theory expounded by Sextus appeals to
the notion of flowing:

But some [Pythagoreans] assert that the body is constructed from one point; for this point
when it has flowed produces the line, and the line when it has flowed makes the plane,
and this when it has moved towards depth generates the body, which has three dimensions.**

To be fair, the genuine Pythagorean origin of this theory is questioned by modern com-
mentators. William Guthrie assigns the authorship of the “fluxion theory” to Xenocrates
(c. 396/5-314/3 B.C.), arguing that “any modification of Pythagorean doctrine made in the
Academy would have been freely accepted as Pythagorean by most neo-Pythagorean and
later writers”.** On the contrary, after a detailed reconstruction of the geometrical theories
elaborated by Plato and his followers, J. A. Philip rules out the idea that the fluxion theory
originated in the Academy. He claims that all the alleged Pythagorean theories of the gen-
eration of geometrical objects were a “pastiche of doctrines of the Early Academy” devel-
oped at a later stage.* But, sidestepping questions of authorship, the fact remains that the
fluxion theory was perceived as Pythagorean in antiquity.

Besides Euclid, one of the first mathematicians to employ the notion of flowing is Hero

of Alexandria (c. 10-70 A.D.). In his Definitions, Hero writes:

The unit is the principle of numbers, while the point is the principle of geometrical objects.
Both are the principle of a series, nevertheless the unit is part of the number, whereas the
point is no part of the line, but is its mental presupposition [t0 mpoemtvoodpevov T&



INTELLECTUAL HISTORY REVIEW 469

avtiig]. For if the point is moved, or better imagined as if it was in a flowing, the line is ima-
gined. In this way, the point is the principle of the line, and the surface [is the principle] of the
solid body.*®

With the notion of flowing Hero contrasts the atomistic view that geometrical objects
consist of points placed side by side. This is in line with Cornford’s claim that the
fluxion theory is a refinement of the view that magnitudes are composed of points.*”
Despite the difficulties inherent to this latter view, for Hero the point remains the principle
of geometrical objects. This allows for a comparison between point and unit, the latter
being defined as the principle of numbers. To avoid saying that the point is part of geo-
metrical objects and yet establish a causal relationship between the two, Hero resorts to
the notion of flowing. By doing so, Hero turns the point from the material to the genera-
tive principle of the line.

The figure of Hero was known in the Renaissance and so were his Definitions, edited
and translated into Latin in 1570 by Conrad Dasypodius.*® Hence, Hero’s Definitions
may have contributed to spreading the notion of flowing in early modern mathematics.
A decisive influence on Renaissance mathematics and philosophy of mathematics was
also played by Proclus’s Commentary on the First Book of Euclid’s Elements.*’ In this
work, Proclus (412-485 A.D.) describes the line as the flowing of a point in commenting
on the Euclidean definition:

The line has also been defined in other ways. Some define it as the “flowing of a point [pooig
onpeiov]”, others as “magnitude extended in one direction”. The latter definition indicates
perfectly the nature of the line, but that which calls it the flowing of a point appears to
explain it in terms of its generative cause and sets before us not the line in general, but
the material line.”

The flowing of a point is presented by Proclus as an alternative definition of the line.
However, this definition is not only reported by Proclus but also framed in terms of his
own philosophy of mathematics. Like Hero, Proclus conceives the flowing of a point as
the generative cause of the line. Furthermore, Proclus emphasizes that the flowing of a
point does not describe “the line in general, but the material line”. What does Proclus
mean by the “material line”? The answer may be found in Proclus’s ontology of mathemat-
ical objects. Following Plato, Proclus places mathematical objects in between pure ideas
and sensible things. For mathematical objects are intelligible and eternal like ideas, and
extended and divisible like sensible things.’' In turn, this requires that mathematical
objects are endowed with intelligible matter (6An vont)) by imagination (¢pavraoia).”
Hence, the material line associated by Proclus to the flowing of the point may be the
line as “projected” in the imagination.

The case of Proclus shows us that the meaning attached to the notion of flowing may
change depending on the context. Another example of how the concept of flowing is
employed in a different philosophical framework is provided by John Philoponus’s
theory of time.”® Hero’s concept of flowing proves to be more, so to say, versatile, since
it can be isolated from Hero’s own philosophy of mathematics. In addition, Hero estab-
lishes a relationship between motion and continuum by opposing the composition of geo-
metrical objects out of points with the notion of flowing.

This opposition is found to still be at work in early modern mathematics, wherein advo-
cates of the Aristotelian continuum appeal to motion as opposed to geometrical
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indivisibles. We have seen how, while rejecting Cavalieri’s indivisibles, Guldin and
Tacquet admit that geometrical objects are generated by motion. Similarly, in his com-
mentary on Euclid’s Elements (1557), Jacques Peletier (1517-1582) writes:

Unlike the number which is composed of units, the line is not composed of points, but of a
continuous flowing of points. In this respect, the continuum is different from the discrete, as
the continuum can be infinitely divided, and [in the continuum] the point is never reached,
while in the discrete the unit is reached.**

Like Hero, early modern mathematicians use motion to bridge the gap between the dis-
creteness of the point and the continuity of the line without committing to atomism.
But if the notion of flowing offers a way to escape the consequences of atomism then
how is the same notion interpreted by Bruno, who instead believes that geometrical
objects have an atomic structure?

Bruno claims that the line flows into a “multiplication of points”.>> In saying this, he
seems to suggest that the flowing of a point may be envisioned as a repetition of points
throughout geometrical space. This image may be described in atomic terms. For instance,
think of the point that flows as existing in one place at a certain instant and in another
adjacent place at the subsequent instant. This description is compatible with at least
two different conceptualizations of flowing, depending on whether space is assumed to
have a continuous or an atomic structure. A similar dualism is also found in the medieval
debate on the forma fluens/fluxus formae.”

If space is a continuous entity, as conceived by Hero, then between two adjacent points
there are infinitely many other points in which the flowing can take place. In this case, the
flowing (i.e. the line) is something different from the two positions occupied by the point
in its motion (i.e. the ends of the line). Accordingly, the line is not composed of points,
which is exactly what Hero intends to deny by saying that the line is the flowing of a
point. However, if space has an atomic structure, as Bruno has it, then between two adja-
cent points there is no space left for the flowing to occur. Hence, the flowing does not exist
separately from the moving point, but rather is the sum of all the adjacent positions occu-
pied by the point in its motion. This latter option seems to agree better with Bruno’s ato-
mistic geometry and his claim that the line flows into a multiplication of points.

4. Conclusions

One might well argue that between Bruno’s and Cavalieri’s theories of indivisibles there
are more differences than similarities. This is certainly true and indeed, as already men-
tioned in the introduction, it is not the purpose of this paper to claim that Bruno is a
source or forerunner of Cavalieri. Rather, attention has been drawn to the fact that two
theories of indivisibles were independently developed at about the same time. This
raises the question about the knowledge underlying geometrical indivisibles, and
whether Bruno and Cavalieri shared the same knowledge. I have highlighted how both
Bruno’s and Cavalieri’s theories rest on a kinetic understanding of geometrical objects
which modern mathematicians inherited from the ancient Pythagoreans. Also, I have
pointed out how shared knowledge can explain Bruno’s and Cavalieri’s different concep-
tualizations of indivisibles as being originated in an opposite approach to the same philo-
sophical tradition, that is, Aristotelianism.
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In his From Indivisibles to Infinitesimals, Antoni Malet claims that in early modern
times “attacks on the Aristotelian continuum came from more than one direction”,
adding however that “how well mathematical practitioners accepted these ideas, we do
not know”.”” The comparison between Bruno and Cavalieri presented herein helps to
fill this gap by highlighting the historical and cultural context in which indivisibles
worked their way through early modern geometry. If in Bruno’s case indivisibles
offered a means to advocate an atomistic view of the continuum, Cavalieri openly
denied that indivisibles play a role in the composition of the continuum in order to
avoid challenging the Aristotelian orthodoxy. But Aristotle’s authority must have lost
its grip by the time Cavalieri’s theory gained supporters, since these later mathematicians
had no trouble assuming geometrical figures to be the sum of their indivisibles.

Hence, we can conclude that the erosion of Aristotelian thought gave way to a period of
great progress in geometry, culminating in the invention of the calculus by Leibniz and
Newton. Both Bruno and Cavalieri, despite their different attitudes towards Aristotle,
made important contributions to this progress, reopening the question of the relationship
between continuity and indivisibility in geometry and - especially Cavalieri — paving the
way for a new line of research. From a historiographical perspective, this further confirms
that the development of mathematics and science over time is not merely due to the break-
throughs of lone individuals, but is always the result of the intellectual climate wherein
such breakthroughs are made. This climate, in turn, cannot be understood apart from
the actors who created it, including the “minor characters” such as Bruno. This paper
was devoted to those characters in an attempt to put them on the map.
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