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Introductory Note

This tenth volume of Collected Papers includes 86 papers in English and Spanish comprising 972 pages
mainly on Neutrosophics, Plithogenics, Hypersoft Set, Hypergraphs, but also on various other topics such as
Pandemic, COVID-19, Low-Level Laser Therapy, Neurology Disorders, Phytochemistry, Phytomedicine, Plant
Medicine, Mannose-Binding Lectins, Moringa Oleifera uses, DNA Transduction, Information Medicine, Ivermectin,
Laser LED Pointer, Deep Learning, Edge Computing, Transfer Learning, Ratio estimators, Mean square error,
Impact factor, Journal impact factor, Garfield impact factor, improved impact factor, extended impact factor, total
impact factor, Blue ocean shift, hospitality, restaurant industry, customer satisfaction, Software development
methodology, intelligent control, real time control systems, hardening process, materials, high-frequency currents,
robot simulation, graphical user interface, semantic word representation, sentiment classiffication, and so on, written
between 2014-2022 by the author alone or in collaboration with the following 105 co-authors (alphabetically
ordered) from 26 countries: Abu Sufian, Ali Hassan, Ali Safaa Sadiq, Anirudha Ghosh, Assia Bakali, Atige Ur
Rahman, Laura Bogdan, Willem K.M. Brauers, Erick Gonzalez Caballero, Fausto Cavallaro, Gavrild Calefariu, T.
Chalapathi, Victor Christianto, Mihaela Colhon, Sergiu Boris Cononovici, Mamoni Dhar, Irfan Deli, Rebeca
Escobar-Jara, Alexandru Gal, N. Gandotra, Sudipta Gayen, Vassilis C. Gerogiannis, Noel Batista Hernandez,
Hongnian Yu, Hongbo Wang, Mihaiela Iliescu, F. Nirmala Irudayam, Sripati Jha, Darjan Karabasevi¢, T. Katican,
Bakhtawar Ali Khan, Hina Khan, Volodymyr Krasnoholovets, R. Kiran Kumar, Manoranjan Kumar Singh, Ranjan
Kumar, M. Lathamaheswari, Yasar Mahmood, Nivetha Martin, Adrian Margean, Octavian Melinte, Mingcong
Deng, Marcel Migdalovici, Monika Moga, Sana Moin, Mohamed Abdel-Basset, Mohamed Elhoseny, Rehab
Mohamed, Mohamed Talea, Kalyan Mondal, Muhammad Aslam, Muhammad Aslam Malik, Muhammad Ihsan,
Muhammad Naveed Jafar, Muhammad Rayees Ahmad, Muhammad Saeed, Muhammad Saqlain, Muhammad Shabir,
Mujahid Abbas, Mumtaz Ali, Radu I. Munteanu, Ghulam Murtaza, Munazza Naz, Tahsin Oner, Gabrijela Popovi¢,
Surapati Pramanik, R. Priya, S.P. Priyadharshini, Midha Qayyum, Quang-Thinh Bui, Shazia Rana, Akbara Rezaei,
Jesus Estupifian Ricardo, Ridvan Sahin, Saeeda Mirvakili, Said Broumi, A. A. Salama, Flavius Aurelian Sarbu,
Ganeshsree Selvachandran, Javid Shabbir, Shio Gai Quek, Son Hoang Le, Florentin Smarandache, Dragisa
Stanujki¢, S. Sudha, Taha Yasin Ozturk, Zaigham Tahir, The Houw long, Ayse Topal, Alptekin Ulutas, Maikel
Yelandi Leyva Vazquez, Rizha Vitania, Luige Vladareanu, Victor Vladareanu, Stefan Vladutescu, J. Vimala, Dan
Valeriu Voinea, Adem Yolcu, Yongfei Feng, Abd El-Nasser H. Zaied, Edmundas Kazimieras Zavadskas.
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Florentin Smarandache is professor of mathematics at the University of New Mexico and
he published over 300 articles and books. He coined the words "neutrosophy" [(French
neutre < Latin neuter, neutral, and Greek sophia, skill/wisdom) means knowledge of neutral
thought] and its derivatives: neutrosophic, neutrosophication, neutrosophicator,
deneutrosophication, deneutrosophicator, etc. He is the founder and developer of
neutrosophic set / logic / probability / statistics etc. In 2006 he introduced the degree of

dependence/independence between the neutrosophic components T, I, F. |

In 2007 he extended the neutrosophic set to Neutrosophic Overset (when some neutrosophic
component is > 1), and to Neutrosophic Underset (when some neutrosophic component is
< 0), and to Neutrosophic Offset (when some neutrosophic components are off the interval
[0, 1], i.e. some neutrosophic component > 1 and some neutrosophic component < 0). Then,
similar extensions to respectively Neutrosophic Over/Under/Off Logic, Measure,
Probability, Statistics etc.

Then, introduced the Neutrosophic Tripolar Set and Neutrosophic Multipolar Set, also the Neutrosophic Tripolar
Graph and Neutrosophic Multipolar Graph.

He then generalized the Neutrosophic Logic/Set/Probability to Refined Neutrosophic Logic/Set/Probability [2013],
where T can be split into subcomponents T1, T2, ..., Tp, and I into I1, 12, ..., Ir, and F into F1, F2, ..., Fs, where p+r+s
=n>1. Even more: T, I, and/or F (or any of their subcomponents Tj ,Ik, and/or F1) could be countable or uncountable
infinite sets.

In 2015 he refined the indeterminacy "I", within the neutrosophic algebraic structures, into different types of
indeterminacies (depending on the problem to solve), such as 11, 12, , Ip with integer p > 1, and obtained the refined
neutrosophic numbers of the form Np = a+b111+b212+ +bplp where a, b1, b2, , bp are real or complex numbers, and
a is called the determinate part of Np, while for each k in {1, 2, , p} Ik is called the k-th indeterminate part of Np.

Then consequently he extended the neutrosophic algebraic structures to Refined Neutrosophic Algebraic Structures
[or Refined Neutrosophic [-Algebraic Structures] (2015), which are algebraic structures based on sets of the refined
neutrosophic numbers a+b111+b212+ +bplp.

He introduced the (T, I, F)-Neutrosophic Structures [2015]. In any field of knowledge, each structure is composed
from two parts: a space, and a set of axioms (or laws) acting (governing) on it. If the space, or at least one of its axioms
(laws), has some indeterminacy, that structure is a (T, I, F)-Neutrosophic Structure. And he extended them to the (T,
I, F)-Neutrosophic I-Algebraic Structures [2015], i.e. algebraic structures based on neutrosophic numbers of the form
a+bl, but also having indeterminacy related to the structure space (elements which only partially belong to the space,
or elements we know nothing if they belong to the space or not) or indeterminacy related to at least an axiom (or law)
acting on the structure space. Then he extended them to Refined (T, I, F)-Neutrosophic Refined I-Algebraic Structures.

Also, he proposed an extension of the classical probability and the imprecise probability to the 'neutrosophic
probability' [1995], that he defined as a tridimensional vector whose components are real subsets of the non-standard
interval [-0, 1+] introduced the neutrosophic measure and neutrosophic integral:
http://fs.gallup.unm.edu/NeutrosophicMeasurelntegralProbability.pdf and also extended the classical statistics to
neutrosophic statistics: http://fs.gallup.unm.edu/NeutrosophicStatistics.pdf
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Sets and Neutrosophic Crisp Relations. I.J. Information Engineering and Electronic Business, 9

Abstract—The purpose of this paper is to introduce a
new types of crisp sets are called the neutrosophic crisp
set with three types 1, 2, 3. After given the fundamental
definitions and operations, we obtain several
properties, and discussed the relationship between
neutrosophic crisp sets and others. Finally, we
introduce and study the notion of neutrosophic crisp
relations.

Index Terms—Neutrosophic set, neutrosophic crisp
sets, neutrosophic crisp relations, generalized
neutrosophic set, Intuitionistic neutrosophic Set.

1. Introduction

Since the world is full of indeterminacy, the
neutrosophics found their place into contemporary
research. The fundamental concepts of neutrosophic
set, introduced by Smarandache in [16, 17, 18], and
Salama et al. in [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15],
provides a natural foundation for treating
mathematically the neutrosophic phenomena which
exist pervasively in our real world and for building new
branches of neutrosophic mathematics. Neutrosophy
has laid the foundation for a whole family of new
mathematical theories generalizing both their classical
and fuzzy counterparts [1, 2, 3, 19] such as a
neutrosophic set theory. In this paper we introduce a
new types of crisp sets are called the neutrosophic crisp
set with three types 1, 2, 3. After given the fundamental
definitions and operations, we obtain several
properties, and discussed the relationship between
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neutrosophic crisp sets and others. Finally, we
introduce and study the notion of neutrosophic crisp
relations.

The paper unfolds as follows. The next section briefly
introduces some definitions related to neutrosophic set
theory and some terminologies of neutrosophic crisp
set. Section 3 presents new types of neutrosophic crisp
sets and studied some of their basic properties. Section
4 presents the concept of neutrosophic crisp relations .
Finally we concludes the paper.

II. Preliminaries

We recollect some relevant basic preliminaries, and
in particular, the work of Smarandache in [16, 17, 18],
and Salama et al. [4,5]. Smarandache introduced the
neutrosophic components T, I, F which represent the
membership, indeterminac]r, and non-membership

values respectively, where |0 ,1+ is nonstandard unit

interval.
Definition 2.1 [9, 13, 15]
A neutrosophic  crisp (NCS short)

A= <A1 A, A3> can be identified to an ordered

set for

triple <A , A2 , A3> are subsets on X, and every crisp

event in X 1S

form<A],A2,A3>,

obviously an NCS having the
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Salama et al. constructed the tools for developed
neutrosophic crisp set, and introduced the NCS

PN > Xy in X as follows:

1) ¢y may be defined as four types:
D)Typel: gy =(¢,4, X),o0r
i Type2: gy = (4, X, X), or
ii) Type3: gy = (¢, X, @), or
iv)Typed: dy = (6,4, 9)

2) Xy may be defined as four types
i) Typel: Xy = (X, 4.4),
ii) Type2: Xy =(X, X, ),
iii) Type3: X = (X, X, ¢),

iv) Type4: XN =<X,X,X>,
Definition 2.2 [9, 13, 15]
Let A=<A ,A2,A3> aNCE or UNCE on X , then

the complement of the set A ( A®, for short ) maybe

defined as three kinds of complements

(C,) Typel: A° :<A01,A02,Ac3>,

(C,) Type2: A° =(A, A, A)
(C,) Type3: A° =<A3,Ac2,A1>

One can define several relations and operations
between NCS as follows:
Definition 2.3 [9, 13, 15]
Let X be a non-empty set, and NCSS A and B
in the formA:<A1,A2,A3>, B=<Bl, BZ,B3>, then we
may consider two possible definitions for subsets
(AcB)

(A< B) may be defined as two types:
1)Typel:
AcB< A cB,A, B, and A; oBjor
2)Type2:

AcB< A cB,A, B, and A; D B;

Definition 2.4 [9, 13, 15]
Let X be a non-empty set, and NCSS A and B in the

formA:<A1,A2,A3>,B=<BI,BZ,B3> are NCSS
Then
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1)ANB may be defined as two types:
i) Typel:
ANB=(A NB;,A, "B,,A; UB;)or
ii) Type2:
AnB=(A NB,A, UB,,A UB;)
2) AUB may be defined as two types:
i) Type 1: AUB=(A UB,,A,"B,,A; UB;)
or
ii)Type 2: AUB =(A UB,, A, "\B,,A; "NB;)
Proposition 2.1 [9, 13, 15]
Let {Aj tje J[>

crisp subsets in X, then

be arbitrary family of neutrosophic

DMA j may be defined two types as :

DTypel: NA; = <m Ajl,mAj2 A, > ,or

ii)Type2: N A; = <m Ajl,uAj2 A > )
2)U A may be defined two types as :

DTypel: U A; = <u Ajl,mAj2 A, > or

ii)Type2: U Aj = <u Ajl,uAj2 A > )

III. New Types of Neutrosophic Crisp Sets

We shall now consider some possible definitions for
some types of neutrosophic crisp sets

Definition 3.1

Let X be a non-empty fixed sample space. A
neutrosophic crisp set (NCS for short) A is an object

having the form A=(A, Ay, Ay)where
A, A and A are subsets of X .
Definition 3.2

The object having the form A= <A1 A, A3> is called
1) (Neutrosophic Crisp Set with Type 1) If
satisfying A\ NA, =¢, ANA; =¢

and A, M A3 =@ . (NCS-Typel for short).

2) (Neutrosophic Crisp Set with Type 2 ) If
satisfying A\ NA, =¢, ANA; =¢

and Ay NAy =¢ and A UA, UA; = X. (NCS-

Type2 for short).
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3) (Neutrosophic Crisp Set with Type 3 ) If satisfying
ANA NA =¢and
A UA, UA; = X. (NCS-Type3 for short).

Definition 3.3
1) (Neutrosophic Set [7]): Let X be a non-empty fixed

set. A neutrosophic set ( NS for short) A is an object
having the form A =(X, £, (X), 05 (X), V5 (X)) where
Ha (X), op (X) and vV A(X) which represent the degree
of member ship function (namely £/ (X) ), the degree
of indeterminacy (namely O p (X)), and the degree of
non-member ship (namely v 5 (X)) respectively of each
element Xe X the A
07 < 17 (X), 05 (X),VA(X) <17 and

0 < ppA(X)+0op(X)+VA(X) <37,

to set where

2) (Generalized Neutrosophic Set [8]): Let X be a non-
empty fixed set. A generalized neutrosophic (GNS for

short)y set A is an object the
form A= <X, HA(X), O'A(X),VA(X)> where

Ha (X), op (X) and Vp (X) which represent the degree

having

of member ship function (namely £/ (X) ), the degree
of indeterminacy (namely O p (X)), and the degree of
non-member ship (namely v 5 (X)) respectively of each
element Xe X the A
0" < 17 (X),05(X),VA(X) <17 and the functions
satisfy the condition £, (X) ANOp (X) A VA(X) <0.5

to set where

and 07 < pp (X) + oA (X) +VA(X) <37,

3) (Intuitionistic Neutrosophic Set [16]). Let X be a
non-empty fixed set. An intuitionistic neutrosophic set

A (INS for short) is an object having the
form A= <,uA(x), o, (X), VA(X)>
Ha (X), op (X) and Vp (X) which represent the degree

where

of member ship function (namely £, (X) ), the degree
of indeterminacy (namely O, (X) ), and the degree of
non-member ship (namely Vp (X)) respectively of

each element Xe X to the A where
0.5 < 17 (X), 04 (X),VA(X)and functions

condition ,uA(X) A GA(X) <0.5,

set
the

satisfy the
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A AVA(X)<0.5, o4(X) AVA(X)<0.5,
and 0 < f, (X)+ 0, (X)+V,(X) <27,

A neutrosophic crisp with three types the object
A=<A1,A2,A3> can be identified to an ordered

triple <A A, A3> are subsets on X, and every crisp
set in X is obviously a NCS having the
form < ALA LA > Every neutrosophic set
A= </1A (X),GA(X),VA(X)> on X is obviously on NS
having the form <yA (X),04(X),Va (X)> .

Remark 3.1

1) The neutrosophic set not to be generalized

neutrosophic set in general.
2) The generalized neutrosophic set in general not

intuitionistic NS but the intuitionistic NS is
generalized NS.

Intuitionistic NS— Generalized NS — NS

GNS
NS

Fig.1: Represents the relation between types of NS

Corollary 3.1
Let X non-empty fixed set and

A=(p1,(X),04(X),V4(X)) be INS on X
Then:
1) Typel- A® of INS be a GNS.
2) Type2- A° of INS be a INS.

3) Type3- A® of INS be a GNS.
Proof

Since A INS then 0.5 < 12, (X), 0, (X),V,(X), and
Ha(X)ATA(X) 0.5V, (X) A, (X) 0.5
VA(X) A0, (X) < 0.5Implies

LA (X), 0 A (X),VA(X) < 0.5 then is not to be
Typel- A° INS. On other hand the Type 2-A°,
A® =(v,(X),04(X), £, (X)) be INS and Type 3- A°,
A= (V5 (.04 (X). 14, (X))
and o°a(X) < 0.5 implies

A° = <1/A(X),0°A(X),,uA (X)> GNS and not to be INS

to
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Example 3.1

Let X = {a, b, C}, and A, B, C are neutrosophic sets on
X,
A

(0.7,0.9,0.8)\ &,(0.6,0.7,0.6) \ b, (0.9,0.7,0.8 \ c),

B

(0.7,0.9,0.5)\ &,(0.6,0.4,0.5) \ b,(0.9,0.5,0.8 \ )

C =(0.7,0.9,0.5)\ a,(0.6,0.8,0.5) \ b,(0.9,0.5,0.8 \ ¢)
By the Definition 3.3 no.3

yA(X)A GA(X)/\ V,(X)=0.5, A benotGNS and
INS,

B =(0.7,0.9,0.5) \ a,(0.6,0.4,0.5) \ b, (0.9,0.5,0.8 \ c)
not INS, where o, (D) = 0.4 < 0.5. Since

(X)) Aog(X) AV (X)<0.5 then B isa GNS but
not INS.

A® =(0.3,0.1,0.2)\a,(0.4,0.3,0.4) \b,(0.1,0.3,0.2\ c)

be a GNS, but not INS.

B® =(0.3,0.1,0.5)\ &,(0.4,0.6,0.5) \ b,(0.1,0.5,0.2 \ ¢)
be a GNS, but not INS, C be INS and GNS,
C*¢=(0.3,0.1,0.5)\a,(0.4,0.2,0.5) \ b, (0.1,0.5,0.2 \ ¢)
be a GNS but not INS.

Definition 3.4
A neutrosophic crisp set (NCS short)

A= <A , A2, A3> can be identified to an ordered

for

triple <A1 A, A3> are subsets on X, and every crisp
set in X is an NCS having the
form<A1,A2,A3>,

Salama et al in [6,13] constructed the tools for
developed neutrosophic crisp set, and introduced the

NCS @y, Xy in X as follows:

obviously

1) ¢y may be defined as four types:
i) Typel: gy = (4,4, X), or
i) Type2: gy = (g, X, X), or
ii) Type3: @y = (¢, X, @), or
iv) Typed: ¢y = (6, 4,0)

2) Xy may be defined as four types
i) Typel: X N = <X,¢,¢>,
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ii)Type2:XN :<X,X,¢>,
v) Type3: Xy =<X,X,¢>,
vi) Typed: Xy =(X, X, X),

Definition 3.5
A NCS-Typel ¢N1 , X N, in X as follows:

1) @y | may be defined as three types:
i) Typel: ¢N1 = <¢, ¢, X >, or
ii) Type2: ¢N1 = <¢, X ,¢>, or
iii) Type3: dy = (4. 4.9).

2) X n; may be defined as one type
Typel: Xy, =(X,6.4).

Definition 3.6
A NCS-Type2, ¢y, , X, in X as follows:

1) @y , may be defined as two types:
D) Typel: gy, =(hdh X ). or
il) Type2: ¢N2 = <¢, X,¢>
2) Xy , may be defined as one type
Typel: X Ny = <X,¢,¢>

Definition 3.7
a NCS-Type 3, @3, X 3 in X as follows:

1) @y ; may be defined as three types:
i) Typel: @y3 = <¢,¢, X >, or
i) Type2: ¢N3 = <¢, X, ¢>, or

iii) Type3: @3 = <¢, X, X >
2) Xy 5 may be defined as three types

i)Typel: XN3 = <X,¢,¢>,
i) Type2: X 3 =<X,X,¢>,

iii)Type3: X N3 = <X,¢, X >,

Corollary 3.1
In general
1-Every NCS-Type 1, 2, 3 are NCS.
2-Every NCS-Type 1 not to be NCS-Type2, 3.
3-Every NCS-Type 2 not to be NCS-Typel, 3.
4-Every NCS-Type 3 not to be NCS-Type2, 1, 2.
5-Every crisp set be NCS.
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The following Venn diagram represents the relation
between NCSs

NCS

Fig. 2: Venn diagram represents the relation between
NCSs
Example 3.2
Let A,B,C,Dare NCSson X ={a,b,c,d,e, f},
the following types of neutrosophic crisp sets
i) A=({a},{b},{c}) be a NCS-Type I, but not
NCS-Type 2 and Type 3
ii) B=({a,b},{c,d},{f,e}) beaNCS-Type 1,2,
3
iii) C = ({a,b,c,d},{e},{a,b, f}) be a NCS-Type
3 but not NCS-Type 1, 2.
iv) D =({a,b,c,d},{a,b,c},{a,b,d, f})bea
NCS but not NCS-Type 1, 2, 3.
The complement for A, B,C, D may be equals
The complement of A
)Type 1: A® =(ib,c.d.e, f}.{a.c.d.e, f},{a,b,d.e, f})
be a NCS but not NCS—Typel, 2,3
ii)Type 2: A® = <{c},{b},{a}> be a NCS-Type 3
but not NCS—Typel, 2
iii)Type 3: A° =({c},{a,c,d,e, f},{a}) bea
NCS-Type 1 but not NCS—Type 2, 3.
The complement of B may be equals

)Type 1:

B® =({c.d.e, f},{a,b,e, f},{a,b,c,d}) be
NCS-Type 3 but not NCS-Type 1, 2.

ii) Type 2: B® =({e, f},{c,d},{a,b}) be NCs-
Type 1,2, 3.

iii)Type 3: B¢ = <{e, f},{a,b,e, f},{a,b}) be

NCS-Type 3, but not NCS-Type 1, 2.
The complement of C may be equals

)Type 1: C°=({e, f},{a,b,c.d, f},{c.d,e}) .
ii)Type 2: C° =({a,b, f},{e},{a,b,c,d}),
i) Type 3:

C®=({a,b, f},{a,b,c,d},{a,b,c.d}).

The complement of D may be equals
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i) Type 1: D° =({e, f},{d,e, f},{c.e})

be NCS-Type 3 but not NCS-Type 1, 2.
ii)Type 2: D° =({a,b,d, f},{a,b,c},{a,b,c,d})
be NCS-Type 3 but not NCS-Type 1, 2.
iii)Type 3: D°=({a,b,d, f},{d,e, f},{a,b,c,d})

be NCS-Type 3 but not NCS-Type 1, 2.
Definition 3.8

Let X be a non-empty set, A= <A1 A, A3>
1) If A beaNCS-Typel onX , then the
complement of the set A (A°, for short ) maybe

defined as one kind of complement Typel:

Cc
A =(ALALA) .
2) If A be a NCS-Type 2 onX , then the
complement of the set A (A°, for short ) maybe

defined as one kind of complement A° = <A3, AZ, A1 > .
3)If A be NCS-Type3 onX , then the complement of
the set A (A°, for short ) maybe defined as one kind
of complement defined as three kinds of complements
(C,) Typel: A° = <A°1, A%, AC3> ,
(C,) Type2: A° =(A;, A, A)

(C,) Type3: A° =<A3,A02,Al>
Example 3.3
LetX ={a,b,c.d,e, f}, A=({ab,c,d},{e},{f})

be a NCS-Type 2, B=({a,b,c},{#},{d,e}) be a
NCS-Typel., C =({a,b},{c,d}, {e, f }) NCS-Type 3,
the  complement A= <{a, b,c,d},{e},{f }> ,
A® =({f},{e}.{a,b,c,d}) NCS-Type 2, the
of B=({a,b,c},{¢},{d,e}),
B® =({d.e},{#}.{a,b,c}) NCS-Typel.  The

complement of C:({a,b},{c,d},{e, f}> may be
defined as three types:

Type 1: C° =({c.d,e, f},{a,b,e, f},{a,b,c.d}).
Type 2: C° = <{e, f},{c,d},{a,b}) ,

Type3: C° =({e, f},{a,b,e, f},{a,b}),

Proposition 3.1
Let {Aj 1jeld } be arbitrary family of neutrosophic

then

complement

crisp subsets on X, then
nHM A]- may be defined two types as :
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Typel: N A, = <ﬁ Ajl,ﬁAj2 ,UAj3>,or
Type2: N A :<m Ajl,uAj2 ,uAj3>.

2) v A j may be defined two types as :

Typel: W AJ- = <u Ajl,ﬁAj2 ,ﬁAb > or

Type2: U A =(U AjUA A, ).
Definition 3.9
(a)If B= <BI, B,, Bs> is a NCS in Y, then the preimage
of B under f, denoted by f'(B),is a NCS in X
defined by £7'(B)=(f"(B)),f"(B,). f"(B,)).
() If A=(A, A,, A) isa NCS in X, then the image
of A under f,denoted by f(A), is the a NCS in Y

defined by f(A)=(f(A), F(A), F(A)) )

Here we introduce the properties of images and
preimages some of which we shall frequently use in the
following.

Corollary 3.2

Let A, {A:ieJ} , be a family of NCS in X, and
B, {Bj:jeK} NCS in Y, and f:X —>VYa

function. Then

@ AcA < f(A)c f(A),

B,cB, < f'(B)cf'(B,),

(b) Ac f'(f(A)) andif f is injective, then
A=f(f(A)),

(c) f'(f(B))< B andif f is surjective, then
f~(f(B) )=B,

() (uB))=f"(B). T ("B )=nT (B,
(©) f(UA) =uf(A) f(NA) =nf(A);and
f is injective, then f(NA) =nF(A):

@ 7)) =Xy, () =di

(g) f(dy) =y, T(Xy) =Yy, if fis subjective.

Proof
Obvious

if

IV. Neutrosophic Crisp Relations

Here we give the definition relation on neutrosophic
crisp sets and study of its properties.
Let X, Y and Z be three ordinary nonempty sets
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Definition 4.1
Let X and Y are two non-empty crisp sets and NCSS

A and B in the form A=<A1,A2,A3> on X,
B:<BI,BZ,B3>0nY.Then

1) The product of two neutrosophic crisp sets A and B
is a neutrosophic crisp set Ax B given by

AxB=(A xB,A xB,,A; xB;)on X xY .
i) We will call a neutrosophic crisp

R < Ax B on the direct product X xY .
The collection of all neutrosophic crisp relations on

X xY is denoted as NCR(X xY)

relation

Definition 4.2

Let R be a neutrosophic crisp relation on X xY , then
the inverse of R is denoted by R where
Rc AxBon X xY then R'cBxAon
Y x X.

Example 4.1

Let X ={a,b,c,d}, A=({a,b},{c},{d}) and
B= <{a}, {c},{d, b}> then the product of two

neutrosophic crisp sets given by

AxB=({(a,a),(b,a)},{(c,0)},{(d.d),(d,b)})

and

Bx A=({(a,a),(a,b)},{(c,0)},{(d,d),(b,d)}).
and

Rl :<{(a,a)},{(c,c)},{(d,d)}>, Rl - AxBon
Xx X,

R, =({(a,b)},{(c,0)},{(d,d),(b,d)})

R, € BxAon XxX.

Example 4.2
From the Example 3.1

R =({(@a)}{(c.0)},{(d,d)}) cBxAand

R, =({(b,a)},{(c,0)},{(d,d),(d,b)})
c BxA.

Example 4.3

Let X ={a,b,c,d,e, f},
A=({a,b,c,d},{e},{f}).
D=({a,b},{e,c},{f,d}) bea NCS-Type 2,
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B=({a,b,c},{#},{d,e}) be a NCS-Typel.
C=({a.b},{c.d}.{e. f}) be a NCS-Type 3. Then
<{(a, a),(a,b), (b,a), (b,b),(b,b),(c,a),(c,b) >
,(d,a),(d,b)}, {(e,e),(e,0)}, {(f, F),(f,d)}

DxC— <{(a, a), (a,b), (b, &), (b, b)}, {(e.C), (e, d), >
(c.0)(c.d), {(f.e)(f. ). (d.e).d. f)}

AxD=

we can construct many types of relations on products.
We can define the operations of neutrosophic crisp
relation.

Definition 4.4
Let R andS be two neutrosophic crisp relations
between X and Y for every (X,y)e X xY and NCSS

A and Bin the form A:<A1,A2,A3> on X,
B=<BI,BZ,B3>on Y, Then we can defined the

following operations

i) R < S may be defined as two types
a)Typel:Rc S < Ay < Bls » Agp © st ,
Asr 2Bss

b)Type2: RC S & AlR c Bls , Ajg ©Bss,

Bis < Asg

ii) R\ S may be defined as two types
a)Typel:

RUS :<A1R UBys, A UBys, Asg mB3s>»
b)Type2:
RuUS

:<A1R UBjs,Ar MBys, Asg mBss>~

iii) R M'S may be defined as two types
a)Typel: RN S

:<A1R N Bis, Ar UBys, Asg UB3S>’
b)Type2:
RMS

:<A1RmBISvA2RmBZS=A3RUBSS>'

Theorem 4.1
LetR, Sand Q be three neutrosophic crisp relations

between X and Y for every (X, ) € X xY , then
HRcS=R'cS™.
in(Rus)'=RTus™.

if(RNS)' =R ns™.

iv) (R*1 )_1 =R.
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WRN(SUQ)=(RNS)U(RNQ).
vl RU(SNQ)=(RuUS)n(RUQ).
viDlf SC R, Qc R,then SUQcR

Proof

Clear

Definition 4.5

The neutrosophic crisp relation | € NCR(X x X)), the

neutrosophic crisp relation of identity may be defined
as two types

DTypel: | = {< {Ax A},{Ax A}, >}
ii)Type2: | ={< {Ax A},,4>}

Now we define two composite relations of
neutrosophic crisp sets.

Definition 4.6

Let R be a neutrosophic crisp relation in X xY , and
S be a neutrosophic crisp relation inY x Z . Then the
composition of R andS, RoSbe a neutrosophic
crisp relation in X x Z as a definition may be defined
as two types

1)Typel:
RoS <> (RoS)(X,2)

= {<{(A xB))g Nn(A, xB,)s},
{(Ay xBy)gr N (A, xB,)st,
{(A;xBy)g N(Ay xBy)g}>.

ii)Type2 :
RoS < (RoS)(X,2)

=< {(A xBy)r (A xB;)s
{(A, xBy)g U(A, xB,)s},
{(A; xBy)g U(A; xBy)g} >.

Example 4.5
Let X ={a,b,c,d}. A=({a,b},{c},{d})and

B= <{a} ,{c},{d, b}> then the product of two events

given

by AxB=({(a,a),(b,a)},{(c,c)},{(d,d),(d,b)}),
and

Bx A=({(a,a),(a,b)},{(c,c)},{(d,d),(b,d)}),
and

R, =({(a,a)},{(c,0)},{(d,d)}),R, = AxBon
XxX,

R, =({(a,b)},{(c,c)},{(d,d),(b,d)})

R, € BxAon XxX.
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R o R, =A{(a,a)} n{(a,b)},{(c.c)}.{(d,d)})
=({¢}.1(c,0)},{(d,d)})and

La =({(a,2).(a,b).(b2)}, {(a,2).(a,b).(b, @)}, {#})
1 =({(a,2).(a,b).(ba)}. {4}, {4})

Theorem 4.2
LetR be a neutrosophic crisp relation in X xY , and
S be a neutrosophic crisp relation

inY xZthen(RoS)' =S~ o R7".

Proof
Let Rc AxBonX xY thenR™' = Bx A,

ScBxDonY xZthenS™ < DxB, from
Definition 3.6 and similarly we

= th
can I(ROS)_1 (X,2) IS_1 (X,z) and | ool (X, z) then

(ReS)'=s"1oR™
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Neutrosophic Parametrized Soft Set Theory
and Its Decision Making

Said Broumi, Irfan Deli, Florentin Smarandache

Said Broumi, Irfan Deli, Florentin Smarandache (2014). Neutrosophic Parametrized Soft Set Theory and
Its Decision Making. International Frontier Science Letters 1(1), 11

Abstract: In this work, we present definition of neutrosophic parameterized (NP) soft set and
its operations. Then we define NP-aggregation operator to form NP-soft decision making method
which allows constructing more efficient decision processes. We also dive an example which
shows that they can be successfully applied to problem that contain indeterminacy.

Keywords: Soft set, neutrosophic set, neutrosophic soft set, neutrosophic parameterized soft set,
aggregation operator.

1. Introduction

In 1999, Smarandache firstly proposed the theory of neutrosophic set (NS) [28], which is the
generalization of the classical sets, conventional fuzzy set [30] and intuitionistic fuzzy set [5]. After
Smarandache, neutrosophic sets has been successfully applied to many fields such as;control theory
[1], databases [2,3], medical diagnosis problem [4], decision making problem [21], topology [22],
and so on.

In 1999 a Russian researcher [27] firstly gave the soft set theory as a general mathematical tool for
dealing with uncertainty and vagueness and how soft set theory is free from the parameterization
inadequacy syndrome of fuzzy set theory, rough set theory, probability theory. Then, many
interesting results of soft set theory have been studied on fuzzy soft sets [8,12,23], on intuitionistic
fuzzy soft set theory [14,25], on possibility fuzzy soft set [7], on generalized fuzzy soft sets [26,29],
on generalized intuitionistic fuzzy soft [6], on interval-valued intuitionistic fuzzy soft sets [20], on
intuitionistic neutrosophic soft set [9], on generalized neutrosophic soft set [10], on fuzzy
parameterized soft set theory [17,18], on fuzzy parameterized fuzzy soft set theory [13], on
intuitionistic fuzzy parameterized soft set theory [15], on IFP—fuzzy soft set theory [16],0on
neutrosophic soft set [24].interval-valued neutrosophic soft set [11,19].

In this paper our main objective is to introduce the notion of neutrosophic parameterized soft set
which is a generalization of fuzzy parameterized soft set and intuitionistic fuzzy parameterized soft
set.The paper is structured as follows. In section 2, we first recall the necessary background on
neutrosophic and soft set. In section 3, we give neutrosophic parameterized soft set theoryand their
respective properties. In section 4, we present a neutrosophic parameterized aggregation operator. In
section 5,a neutrosophic parameterized decision methods is presented with example. Finally we
conclude the paper.
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2. Preliminaries
Throughout this paper, let U be a universal set and E be the set of all possible parameters under
consideration with respect to U, usually, parameters are attributes, characteristics, or properties of

objects in U.

We now recall some basic notions of neutrosophic set and soft set. For more details, the reader could
refer to [33, 37].

Definition 1.[37] Let U be a universe of discourse then the neutrosophic set A is an object
having the form

A = {<X: Hak), VAR), WAx>.X € U}
where the functions u, v, @ : U—]70,1[ define respectively the degree of membership, the degree of
indeterminacy, and the degree of non-membership of the element x € X to the set A with the
condition.

0 <ba) T Vam + @ax <3 (1)
From philosophical point of view, the neutrosophic set takes the value from real standard or non-
standard subsets of ]-0,17[. So instead of ]°0,1' we need to take the interval [0,1] for technical

applications, because ]70,1'[ will be difficult to apply in the real applications such as in scientific
and engineering problems.

For two NS,

Ays= {<X, g (%), vy (x) 00y (x)>[x € X}

and

Bys= {<x, g (x), vg (x) ,wg (x)> |x EX}

Then,

Ays € Bygifand only if

Ha (%) < pp (x)vy (%) Z v (x), 04 (%) = wp (x)

Ays = By if and only if |

() =t () V4 () =v5 () o, () =05 (x) for anyx € X.
The complement of A< is denoted by A% and is defined by

A= {<x, wy (x), 1 — vy (®),u, (x)|xEX)
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ANB = {<x, min{HA (x), ] (x) }Jmax{vﬁ (x:]r"*'s (%) }, max{mA [x:],mﬁ. (%) }>:x EX}
AUB = {<x, maX{pLA (x),ug (%) }Jmin{vﬁ (x),vg (%) }, min{m“,L (x), g (x) }>:x EX}
As an illustration, let us consider the following example.

Example 1.Assume that the universe of discourse U= { x4,x,,%5 X4}. It may be further assumed that
the values of X, X», ®zand xsare in [0, 1] Then, A is a neutrosophic set (NS) of U, such that,

A={<x4,0.4, 0.6, 0.5>, <x,,0.3, 0.4, 0.7>, <xj, 0.4,0.4, 0.6] >,<x,, 0.5,0.4, 0.8 >}
Definition 2.[33]

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of U.
Consider a nonempty set A, A C E. A pair (K, A) is called a soft set over U, where K is a mapping
given by K: A — P(U).

As an illustration, let us consider the following example.

Example 2.Suppose that U is the set of houses under consideration, say U= {hy, h,, hg,hs, b}, Let E
be the set of some attributes of such houses, say E = {e,,e,,e5,€,,e-}, where e,,e;5,e5, e,,e-stand for
the attributes “beautiful”, “costly”, “in the green surroundings”, “moderate” and technically,
respectively. In this case, to define a soft set means to point out expensive houses, beautiful houses,
and so on. For example, the soft set (K, A) that describes the “attractiveness of the houses” in the
opinion of a buyer, says Thomas, and may be defined like this:

A= {eje;.65.€4.65};

K(ey) = {hy, hg, hs}, K(ey) = {hy, by}, K(e3) = {hy}, K(ey) = U, K(e5) = {hs, hs}.
3. Neutrosophic Parameterized Soft Set Theory

In this section, we define neutrosophic parameterized soft set and their operations.

Definition 3.1. Let U be an initial universe, P (U) be the power set of U,E be a set of all parameters
and K be a neutrosophic set over E. Then a neutrosophic parameterized soft sets

Wy ={(< %, 1 (%) Vg (%) g (%) =, g (x)):x € E}

where p:E — [0, 1], vg:E = [0, 1],@x:E — [0, 1] and f{x:E —P(U) such that f.(x) =0 if
Ue(x) = 0 ,ve(x) = 1 andw,(x) = 1.

Here, the function wg , viyand wgcalled membership function, indeterminacy function and non-
membership function of neutrosophic parameterized soft set (NP-soft set), respectively.

Example 3.2.Assume that U= {u4,u,,u;} is a universal set and E= {x,,%,} is a set of parameters.If
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K= {<%,,0.2, 0.3, 0.4>, <x,,0.3, 0.5, 0.4>}

and

fe (x4)= {0y ,us )t (%;)=U

Then a neutrosophic parameterized soft set ¥, is written by
W.={(<x%,,0.2, 0.3, 0.4>,{u,,u;}),(<x,,0.3, 0.5, 0.4>U)}

Definition 3.3.Let¥, € NP-soft set. if fz(x) = U, pg(x) =0, vi(x) =1 and wg(x)=1 all x € E.
then ¥, is called K-empty NP-soft set, denoted by Wg, .

If K=& then the K-emptyNP-soft set is called empty NP-soft set, denoted by¥ ..

Definition 3.4. Let ¥, € NP-soft set. if f(x) = U, pg(x) =1 , vg(x) =0and w,(x)=0 all x € E.
then ¥y, is called K-universal NP-soft set, denoted by¥g.

If K=E, then the K-universal NP-soft set is called universal NP-soft set, denoted by ¥z.

Definition 3.5.%, and(}; are two NP-soft set. Then,¥, is NP-subset of 1;, denoted by ¥, E 0, if
and only if wg(x) = p;(x) ,vg(x) = v (x) and wg(x) = w (%) and fr(x) S g, (x) for all x E E.

Definition 3.6.%W,and(}; are two NP-soft set. Then, ¥,=(1;, if and only if ¥, E{; and 01, E ¥,
forall x € E.

Definition 3.7. Let ¥, € NP-soft set. Then, the complement of ¥,,, denoted by ¥g , is defined by
WE={(< x, 05 (x) , Vg (%) g (5) >, fge(x)):x € E}
Where i (x) =U \f;(x)

Definition 3.8.Let ¥, and {1, are two NP-soft set. Then ,union of ¥, and £1;,denoted by ¥, U £,
, 1s defined by

W U0, ={(< x, max{ pe(x) u, ()}, min{ve(x),v, ()}, min{og(x), 0 (x)} =, fp, (x)):x € E}
wherefy,, 1, () =fx (x) U f;(x).

Definition 3.9. Let ¥, and ; are two NP-soft set. Then, intersection of ¥y and £1;,denoted by
W, M1, ,is defined by
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Y. N, =
{(<x,min{ pg(x),puy ()}, maxf{vg(x),v, (x)}  max{oy(x), 0, (%)} = f )N f(x)):x €

E}

wherefy, 1. (x) =f(x) N £, (x).

Example 3.10.LetU = {u,,u,,ug, us}, E={ %,,%,,%;}. Then,

W= {(<x%4,0.2, 0.3, 0.4> {uy ,u,}),(<x%,,0.3,0.5,0.4> { u, ,uz})}

;= {(<x%,,0.1, 0.2, 0.4>,{ug,u,}),(<x3,0.5, 0.2 0.3>,{ugz})}

Then

W U0, ={(<x%4,0.2, 0.3, 0.4>,{u; ,u,}),(<%,,0.3,0.2, 0.4>,{ u, ,uz,u, }),(<%;,0.5,0.2 0.3>,{uyz })}
W M= { (<%,,0.1,0.5, 0.4>,{ug,uy}) }.

Wi=1{(<%4,0.4, 0.3, 0.2>,{u; ,u.}),(<x,,0.4, 0.5, 0.3>,{u, ,u, })}

Remark 3.11.%; E 1;does not imply that every element of ¥y is an element of {1; as in the
definition of classical subset. For example assume that U= {u4,u,,u,,u,}is a universal set of objects
and E ={x,,%,,%,}is a set of all parameters, if NP-soft sets ¥, and {1; are defined as

"'IJK: {(<x190-29 037 0-4>9{u19u2})a(<x290-39 05: 0-4>9{u2})}
0,={(<%,0.1, 0.2, 0.4>,U),(<x,,0.5, 0.2 0.3>,{uy,u,})}
It can be seen that ¥, = 11;, but every element of ¥ is not an element ofl};

Proposition 3.12.Let ¥, 1, € NP-soft set .Then

Proof .1t is clear from Definition 3.3-3.5.

Proposition 3.13.Let ¥,,2; and Y,; € NP-soft set, Then

¥, Cand 1, & ¥, = ¥, 0,
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Y, =0, and 0, C Y, = ¥y T Yy

Proof .It can be proved by Definition 3.3-3.5
Proposition 3.14 Let ¥ € NP-soft set. Then

(¥E)° =,

P =W,

Pl

Proof. It is trial.

Proposition 3.15.Let¥,.,(}; and Y,; € NP-soft set, Then
P U W =T,

P, U W=,

Y U W=,

Yo U0,=0, U¥,

(T U Q) U= (0, U Yy)

Proof.1t is clear

Proposition 3.16.Let Wg,01; and Y,; € NP-soft set, Then
P MW =%,

P M We=Wy

W, N ¥e=¥,

W, na,=0,nY,

(g M Q) NY=Fe N2, M Yy)

Proof.1t is clear

Proposition 3.17.Let Wg,2; and Y,; € NP-soft set, Then

W L, MYy)=(We UD,) M (¥ UTYy)
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W M, UY,=(W, M0, U, MY,

Proof .It can be proved by definition 3.8 and 3.9
Proposition 3.18.LetW¥,,1;, € NP-soft set, Then
(¥, U0 =¥;nns

(W, M0, =¥; uns

Proof.It is clear.

Definition 3.19. LetWg,(1; € NP-soft set, Then

OR-product of ¥y and £1; denoted by ¥y V {1, is defined as following

"'PK E ﬂl-:{ (<(x,y),(max{ Hg (Xj SHy (F:] } 9min {vK (Xj Vi (Xj } :min{mf{ (Xjaml- (Fj }>9fKu L (X,Y)) X,y
€EE }

wherefy,, 1 (x.¥)=f(x) U f (¥).
AND-product of ¥gand 01; denoted by W A 11, is defined as following

W A= (<(x,y),(min{pg(x) 1 (¥)},max {vg (x),v, (¥)},max {wg ()0, (¥) }>fxn 1 (X,Y)) Xy
EE }

wheref, 1. (% ¥)=f(x) N, (¥).

Proposition 3.20.LetW¥.; and Y,, € NP-soft set, Then
PAW, =Y,

(Wi A QA =g A AYy)

(T V Q)V V=T V(2 V)

Proof .It can be proved by definition 3.15

4. NP-aggregation operator

In this section, we define NP-aggregation operator of an NP-soft set to construct a decisionmethod
by which approximate functions of a soft set are combined to produce a single neutrosophic set that
can be used to evaluate each alternative.
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Definition 4.1. ¥, € NP-soft set. Then a NP-aggregation operatorof ¥ , denotedby¥ "4, is
definedby

We00=( (<u, ug® (1) v (W), " (Wi u € U )

which is a neutrosophic set over U,

where

U, :U— [0,1] 1 258 (1) = IIFI Zﬁifj ue (%) Ve, (u),
vy U= [01] v () = g D e () Vg (W)
and

wg 99U~ [0,1] "% (1) = 5 Zaez 0 () Ve (W
And where

(1, x € fi (%)
Vegx, (w) = {III, other wise

|Ulis the cardinality of U.

Definition 4.2Let ¥ € NP-soft set and ¥;“99 an aggregation neutrosophic parameterized soft set
,then a reduced fuzzy set of W;%99 is a fuzzy set over U denoted by

II"LL]J'KI. agg I: E.I.:I

IR CEL I

where Flury (298 (u) : U— [0,1] and Hogry 289 () =Hac“55 ()0 25 (1) - 005 558 (1)

NP-Decision Methods

Inspired by the decision making methods regard in [12-19].In this section, we also present NP-
decision method to neutrosophic parameterized soft set. Based on definition 4.1 and 4.2 we construct
an NP-decision making method by the following algorithm.

Now, we construct a NP-soft decision making method by the following algorithm to produce a
decision fuzzy set from a crisp set of the alternatives.

According to the problem, decision maker
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1. constructs a feasible Neutrosophic subsets K over the parameters set E,
ii. constructs a NP-soft set ¥ over the alternatives set U,

iii. computes the aggregation neutrosophic parameterized soft set Wy *5 of Wy,

iv. computes the reduced fuzzy set py, =zg,,,0f W, 558,

v. chooses the element of py, =z2,, that has maximum membership degree.

Now, we can give an example for the NP-soft decision making method

Example. Assume that a company wants to fill a position. There are four candidates who fill in a
form in order to apply formally for the position. There is a decision maker (DM) that is from the
department of human resources. He wants to interview the candidates, but it is very difficult to make

it all of them. Therefore, by using the NP-soft decision making method, the number of candidates are
reduced to a suitable one. Assume that the set of candidates U={u,, u,, uy, u,} which may be

characterized by a set of parameters E={x;, x,, %3} For i=1,2,3 the parameters i stand for

experience, computer knowledge and young age, respectively. Now, we can apply the method as
follows:

Step i. Assume that DM constructs a feasible neutrosophic subsets K over the parameters set E as
follows;

K={<x,,0.2, 0.3, 0.4>,<x,,0.3, 0.2, 0.4>,<x5,0.5, 0.2 0.3>}

Step ii. DM constructs an NP-soft set ¥, over the alternatives set U as follows;
We=1{(<x%4,0.2,0.3,0.4>,{u,, u,}),(<%,,0.3,0.2,0.4>,{u,,u5,u, }),(<x%5,0.5,0.2,0.3>,{uz } )}

Step iii. DM computes the aggregation neutrosophic parameterized soft set W “99 of Wyas follows;
W, 999={<u,,0.05, 0.075, 0.1>,<u,,0.1, 0.125, 0.2>,<u4,0.2, 0.1 0.175>,<u,,0.125, 0.05 0.075>}

Step iv .computes the reduced fuzzy set py fugg,:u}of W, “99as follows;
L@Kfugg,:,_,‘_}ZO.OZS
foﬂgg,:uz}=0.025
_LLxPKfagg,:,_,E}:O.US

MK‘FEEEI:H“}:O. 1
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Step v .Finally, DM chooses uj for the position from gy, 399 () since it has the maximum degree

0.125 among the others.
Conclusion

In this work, we have introduced the concept of neutrosophic parameterized soft set and studied
some of its properties. The complement, union and intersection operations have been defined on the
neutrosophic parameterized soft set. The definition of NP-aggregation operator is introduced with
application of this operation in decision making problems.
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Generalized Interval Neutrosophic Soft
Set and its Decision Making Problem

Said Broumi, Ridvan Sahin, Florentin Smarandache

Said Broumi, Ridvan Sahin, Florentin Smarandache (2014). Generalized Interval
Neutrosophic Soft Set and its Decision-Making Problem. Journal of New Results in
Science 7, 29-47

Abstract — In this work, we introduce the concept of generalized interval
neutrosophic soft set and study their operations. Finally, we present an
application of generalized interval neutrosophic soft set in decision making
problem.

Keywords — Soft set, neutrosophic set, neutrosophic soft set, decision making

1. Introduction

Neutrosophic sets, founded by Smarandache [8] has capability to deal with uncertainty, imprecise,
incomplete and inconsistent information which exist in real world. Neutrosophic set theory is a
powerful tool which generalizes the concept of the classic set, fuzzy set [16], interval-valued fuzzy set
[10], intuitionistic fuzzy set [ 13] interval-valued intuitionistic fuzzy set [14], and so on.

After the pioneering work of Smarandache, Wang [9] introduced the notion of interval neutrosophic set
(INS) which is another extension of neutrosophic set. INS can be described by a membership interval, a
non-membership interval and indeterminate interval, thus the interval value (INS) has the virtue of
complementing NS, which is more flexible and practical than neutrosophic set, and interval
neutrosophic set provides a morereasonable mathematical framework to deal with indeterminate and
inconsistent information.The theory of neutrosophic sets and their hybrid structures has proven useful in
many different fields such as control theory [25], databases [17,18], medical diagnosis problem [3,11],
decision making problem [1,2,15,19,23,24,27,28,29,30,31,32,34], physics[7], and etc.

In 1999, a Russian researcher [5] firstly gave the soft set theory as a general mathematical tool for
dealing with uncertainty and vagueness. Soft set theory is free from the parameterization inadequacy
syndrome of fuzzy set theory, rough set theory, probability theory. Recently, some authors have
introduced new mathematical tools by generalizing and extending Molodtsov’s classical soft set theory;
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fuzzy soft set [22], vague soft set [35], intuitionistic fuzzy soft set [20], interval valued intuitionistic
fuzzy set [36].

Similarity, combining neutrosophic set models with other mathematical models has attracted the
attention of many researchers: neutrosophic soft set [21], intuitionistic neutrosophic soft set [26],
generalized neutrosophic soft set [23], interval neutrosophic soft set [12].

Broumi et al. [33] presented the concept of rough neutrosophic set which is based on a combination of
the neutrosophic set and rough set models. Recently, Sahin and Kiigiik [23] generalized the concept of
neutrosophic soft set with a degree of which is attached with the parameterization of fuzzy sets while
defining a neutrosophic soft set, and investigated some basic properties of the generalized neutrosophic
soft sets.

In this paper our main objective is to extend the concept of generalized neutrosophic soft set introduced
by Sahin and Kiigiik [23] to the case of interval neutrosophic soft set [12].

The paper is structured as follows. In Section 2, we first recall the necessary background on
neutrosophic sets,soft set and generalized neutrosophic soft set. The concept of generalized interval
neutrosophic soft sets and some of their properties are presented in Section 3.In Section 4, we present
an application of generalized interval neutrosophic soft sets in decision making. Finally we conclude
the paper.

2. Preliminaries

In this section, we will briefly recall the basic concepts of neutrosophic set,soft sets and generalized
neutrosophic soft sets. Let U be an initial universe set of objects and E the set of parameters in relation
to objects in U. Parameters are often attributes, characteristics or properties of objects. Let P(U)
denote the power setof U and A € E.

2.1 Neutrosophic Sets

Definition 2.1 [8]. Let U be an universe of discourse.The neutrosophic set 4 is an object having the
form A = {< x:uy(x), wy(x),v4(x) > :x € U},where the functions u,w,v: U — |07, 17 [define
respectively the degree of membership, the degree of indeterminacy, and the degree of non-
membership of the element x € U to the set A with the condition.

07 < uy(x) +wy(x) +v,(x)) <37

From philosophical point of view, the neutrosophic set takes the value from real standard or non-
standard subsets of ]70,1"[. So instead of ]70,1'[ we need to take the interval [0,1] for
technical applications, because ]0,1*[will be difficult to apply in the real applicationssuch as in
scientific and engineering problems.

Definition 2.2 [8] A neutrosophicset Ais contained in the other neutrosophic set B, A € B iff
infu, (x) < infug(x), supuy(x) < supug(x), infwy(x) = infwg(x), supwy(x) = sup wg(x)and

infv,(x) = infvg(x), supvy(x) = sup vg(x) forall x € U.

An INS is an instance of a neutrosophic set, which can be used in real scientific and engineering
applications. In the following, we introduce the definition of an INS.
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2.2 Interval Neutrosophic Sets

Definition 2.3 [9] Let U be a space of points (objects) and Int[0,1] be the set of all closed subsets of
[0,1]. An INS A in U is defined with the form

A = {{x, ug (), wa (x), 14 (x)): x € U}

where uy(x): U — int[0,1] , wu(x):U — int[0,1] and v,(x):U — int[0,1] with 0 < supu,(x) +
supwy(x) + supv,(x) < 3 for all x € U. The intervals uy(x),wy(x) and v,(x) denote the truth-
membership degree, the indeterminacy-membership degree and the falsity membership degree of xto
A, respectively.

For convenience,

if let 1y () = [uy (), ug ()], wa(x) = [wy (), wi (0)] and v(x) = [vz (), vi ()], then
A = {(x, [ug (), uz (0], [wy ), wi (], [va (o), vz ()]):x € U}

with the condition, 0 < supu} (x) + supwy (x) + supv; (x) <3 for all x € U. Here, we only
consider the sub-unitary interval of [0,1]. Therefore, an INS is clearly a neutrosophic set.

Definition 2.4 [9] Let A and B be two interval neutrosophic sets,

A = {(x, [ug (), uz (0], [wa (), wi ()], [vg (x),v4 (0)]):x € U}
B = {{x, [ug (), ug ()], [wg (x), wg ()], [vg (x), v (x)]): x € U}.

Then some operations can be defined as follows:

()  AcB iff  uz(x) <up(o),ug (o) < uf(x),wy (x) = wg (), wi (x) = wg (x)vg (x) =
vy (x),v5 (x) = vi (x) foreachx € U.

(2) A=BiffAC BandB C A.

() A= {n[vi (0, v (0] [1 = wi (1), 1 = wi (0], [ug (x), ug (0)]):x € U}

2.3 Soft Sets

Defnition2.5 [5] A pair (F,A) is called a soft set over, where F is a mapping given by F : A —
P (U). In other words, a soft set over U is a mapping from parameters to the power set of U, and it is
not a kind of set in ordinary sense, but a parameterized family of subsets of U. For any parametere €
A, F (e) may be considered as the set of e —approximate elements of the soft set (F, A).

Example 2.6 Suppose that U is the set of houses under consideration, say U = {hy, h;,..., hs}. Let E
be the set of some attributes of such houses, say E = {eq, e,, €3, €4}, where e, e,, €3, e, stand for the
attributes “beautiful”, “costly”, “in the green surroundings” and “moderate”, respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so on. For
example, the soft set (F, A) that describes the “attractiveness of the houses” in the opinion of a buyer,

say Thomas, may be defined like this:

F(e) = {hy h3, hs}, F(e;) = {hy hu}, F(es) = {hs hs}for A = {e, e;,e4}.
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2.4 Neutrosophic Soft Sets

Definition 2.7 [21] LetU be an initial universe set and A c E be a set of parameters. Let NS(U)
denotes the set of all neutrosophic subsets of U. The collection (F, A) is termed to be the neutrosophic
soft set over U, where F is a mapping given by F: A — NS(U).

Example 2.8 [21] Let U be the set of houses under consideration and E is the set of parameters. Each
parameter is a neutrosophic word or sentence involving neutrosophic words. Consider E = {beautiful,
wooden, costly, very costly, moderate, green surroundings, in good repair, in bad repair, cheap,
expensive}. In this case, to define a neutrosophic soft set means to point out beautiful houses, wooden
houses, houses in the green surroundings and so on. Suppose that, there are five houses in the universe U
given byU = {hy, h,,..., hs} and the set of parameters

A = {eq, e,, e3,e,},where e; stands for the parameter “beautiful', e, stands for the parameter “wooden',
e3 stands for the parameter "costly' and the parameter e,stands for ‘moderate'. Then the neutrosophic set
(F,A) is defined as follows:

hy h; hs3 hy hs
(el (0.5,0.6,0.3)’ (0.4,0.7,0.6)’ (0.6,0.2,0.3)’ (0.7,0.3,0.2)’ (0.8,0.2,0.3) )
hy h, hs R, hs
(F.A) = (ez (0.6,0.3,0.5)'(0.7,0.4,0.3)'(0.8,0.1,0.2)'(0.7,0.1,0.3)'(0.8,0.3,0.6))
’ hy h, hs R, hs
<e3 (0.7,0.4,0.3)’ (0.6,0.7,0.2) " (0.7,0.2,0.5)’ (0.5,0.2,0.6)’ (0.7,0.3,0.4) )
hy h, hs R, hs
\(e‘* (0.8,0.6,0.4)’ (0.7,0.9,0.6) " (0.7,0.6,0.4)’ (0.7,0.8,0.6)’ (0.9,0.5,0.7) )J

2.5 Interval Neutrosophic Soft Sets

Definition 2.9 [12] LetU be an initial universe set and A C E be a set of parameters. Let INS(U)
denotes the set of all interval neutrosophic subsets of U. The collection (F, A) is termed to be the
interval neutrosophic soft set over U, where F is a mapping given by F: A — INS(U).

Example 2.10 [12] Let U = {x1,x3} be set of houses under consideration and E is a set of
parameters which is a neutrosophic word. Let E be the set of some attributes of such houses, say E =
{eq1, e3,e3,e,4}, where eq, e,, e3,e, stand for the attributes e; = cheap, e, = beautiful, e3 = in the
green surroundings, e, = costly and eg = large, respectively. Then we define the interval
neutrosophic soft set A as follows:

X1 X2
(e1 [0.5,0.8],[0.5,0.9],[0.2,0.5]'[0.4,0.8],[0.2,0.5],[0.5,0.6]

X1 X2
[0.5,0.8],[0.2,0.8],[0.3,0.7]'[0.1,0.9],[0.6,0.7],[0.2,0.3]

)
)
X1 X3 )
)
)

[0.2,0.7],[0.1,0.5],[0.5,0.8] '[0.5,0.7],[0.1,0.4],[0.6,0.7]

(
(
( X1 X2
(

[0.4,0.5],[0.4,0.9],[0.4,0.9]'[0.3,0.4],[0.6,0.7],[0.1,0.5]
X1 X2

\\é5{[0.1,0.7],[0.5,0.6],[0.1,0.5] '[0.6,0.7], [0.2, 0.4], [0.3,0.7]
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2.6 Generalized Neutrosophic Soft Sets
The concept of generalized neutrosophic soft is defined by Sahin and Kiigiik [23] as follows:

Definition 2.11 [23] LetU be an intial universe and E be a set of parameters. Let NS(U) be the set of
all neutrosophic sets of U. A generalized neutrosophic soft set F#* over U is defined by the set of
ordered pairs

Ft-={(F(e),u(e)):e € E,F(e) €N(U),u(e) € [0,1]},

whereF isa mapping given byF:E — NS(U) X I and u is a fuzzy set such that i: E - [ =[0,1].
Here,F*is a mapping defined byF*: E - NS(U) X I.

For any parameter e € E, F(e) is referred as the neutrosophic value set of parameter e, i.e,

F(e) = {(x, up(ey (), Wr(ey (), Vi (o) (X)): x € U}

where u,w,v : U— [0 ,1] are the memberships functions of truth, indeterminacy and falsity
respectively of the elementx € U.Foranyx € Uande € E,

0 < up(e) (X) + WE(e) (X) + Up(e) (X) <3.

In fact, F*is a parameterized family of neutrosophic sets overU, which has the degree of possibility of
the approximate value set which is represented by u (e) for each parameter e, so F* can be expressed
as follows:

x X3

1 X,
FaG e T )

o=

Definition 2.12 [4] A binary operation ®: [0,1] x [0,1] — [0,1]is continuous t —norm if @ satisfies
the following conditions:

(1) ® is commutative and associative,

(2) ® is continuous,

3) a®1=a,vac€|[01],

(4) a®b < c®dwhenevera < c,b < danda,b,c,d € [0,1].

Definition 2.13 [4] A binary operation @:[0,1] X [0,1] — [0,1]is continuous t —conorm if @
satisfies the following conditions:

(1) @ is commutative and associative,

(2) @ is continuous,

(3) a®0=a,va€|[0,1],

(4) a®b < cdwhenevera < c,b <danda,b,c,d € [0,1].
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3. Generalized Interval Neutrosophic Soft Set

In this section, we define the generalized interval neutrosophic soft sets and investigate some basic
properties.

Definition 3.1. Let U be an initial universe and E be a set of parameters.Suppose that/NS(U)is the set
of all interval neutrosophic sets overU and int[0,1]is the set of all closed subsets of [0,1]. A generalized
interval neutrosophic soft set F# over U is defined by the set of ordered pairs

Ft={(F(e),u(e)):e € E,F(e) € INS(U),u(e) € [0,1]},

where F is a mapping given byF: E = INS(U) X [ and u is a fuzzy set such that i: E = I = [0, 1].
Here,F*is a mapping defined byF*: E — INS(U) X I.

For any parameter e € E,F(e) is referred as the interval neutrosophic value set of parameter e, i.e,
F(e) = {(X; Up(e) (%), Wr(e) (%), Vp(e) (X)): x € U}
where Up(e), Wr(e), Vr(e): U = Int[0,1]with the condition
0 < supup(e)(x) + sup wg(e)(x) +supvpeEe) (x) <3
forall x € U.

The intervals ug (e (X), Wr(e) (x) and vp(e) (x)are the interval memberships functions of truth, interval
indeterminacy and interval falsity of the element x € U, respectively.

For convenience, if let

Up(e) () = [Up(e) (), Uy (V)]
Wi ey () = [Wiey (1), Wiy ()]
Vr(e)(X) = [VE ey (), ey ()]

then

F(e) = {(x, [uf) (x),ug(e) )], [Wie (x),wg(e) ], [V ey (), vfp'(e) ()]):x € U}

In fact, F*is a parameterized family of interval neutrosophic sets on U, which has the degree of
possibility of the approximate value set which is represented by u (e) for each parameter e, so F¥can
be expressed as follows:

x Xy

1 xn
o Tom - Team) ©)

o=

Example 3.2. Consider two generalized interval neutrosophic soft set F#and G®. Suppose that U =
{hy,hy,,hs} is the set of house and E = {ej, e, ,e3} is the set of parameters where
e, =cheap,e, =moderate,e; =comfortable. Suppose that F* and G%are given as follows, respectively:
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Fh(e,) —( o ha ha ) (0.2)
v = \([0.2,0.31,103,0.5],[0.2,0.3]) ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ’ ([0.5, 0.6], [0.2, 04],[0.5,0.7D)/) " "
_ h1 h2 h'3
Fri(en) = (([0.1, 0.4],10.5, 061,103,047’ ([0.6,0.7],10.4,05],[05,08]) ' (10.2,041,[03,0.6], [0.6, 0.9])) /(05)
_ h1 h2 h'3
|F*(ea) = (([0.2, 0.61,102,05],[0.1,05])’ ([03,05],[0.3, 0.6],[0.4,05]) * ([0.6,0.8], 0.3, 041, [0.2, 0.3])) /(06))
and
_ hy h, hs
67 (en) = (([0.1, 0.2],10.1,0.2],[0.1,02])’ (104, 05],[02,0.3],10.3,05]) * ([0.6,0.7], 0.1, 0.3], [0.2, 0.3])) /(04
¢2) = \{[0.2,051,[0.3,0.4],[0.2,0.31)’ ([0.7,0.8], [0.3, 0.4], [0.4,0.6]) ' ([0.3,0.6], [0.2,0.5], [0-4,0.6])) " "
_ hl hz h-3
|67 (ea) = (([0.3, 0.51,10.1,0.31,[0.1,03])’ ([04,05],[0.1,0.5],10.2,03]) ' (107, 0.9, 0.2, 0.3], [0.1, 0.21)> (08))

For the purpose of storing a generalized interval neutrosophic soft sets in a computer, we can present it
in matrix form. For example, the matrix form ofF*can be expressed as follows;

([0.2,03],[0.3,05],[0.2,03]) ([0.3,0.4],[0.3,04],[05,06]) ([0.5,06], [0.2,04], [05,0.7]),(0.2)
([0.1,0.4],[0.5,0.6],[03,04]) ([0.6,0.7],[0.4,05],[0.508]) ([0.2,0.4],[03,0.6],[0.6 09]), (0.5
([0.2,06],[0.2,05],[0.1,05]) ([0.3,05],[0.3,06],[0.405]) ([o.608], [0.3,04],[0.2,03]), (0.6)

Definition 3.3. A generalized interval neutrosophic soft setF*over U is said to be generalized null
interval neutrosophic soft set ,denoted by @*, if @*: E =IN(U) XI such that

P (e) = {(F(e),u (e)}, where F(e) = {< x,([0,0],[1,1],[1,1]) >} and u(e) = 0 for each e €
Eandx € U.

Definition 3.4. A generalized interval neutrosophic soft setF#over U is said to be generalized
absolute interval neutrosophic soft set, denoted by U#, if U*:E — IN(U) X Isuch that U*(e) =
{(F(e),u (e)},where F(e) = { < x,([1,1],[0,0],[0,0]) >}andu (¢) = 1 foreache € Eandx € U.

Definition 3.5. LetF#be a generalized interval neutrosophic soft set over U, where

F¥ (e) = {(F(e),u (e)}

and

F(e) = {(x, [uzl?(e) (x),ué’(e) (x)], [Wﬁ(e) (x)'Wg(e) (x)], [vﬁ(e)(x), v}v](e) (])x € U}
for all e € E . Then, fore,, € E and x,, € U,

(1) F* = [FJ,Fplis said to be interval truth membership part of F#

whereF”™ = {(F*mn (em) , u (em))} and F* () = {(xnr [ulLr(em) (xn)'ui"](em) (xn)])}s
2) F' = [F},F}lis said to be interval indeterminacy membership part of F*
whereF' = {F'py, (€m) , i (em)} andF ' (em) = {(xn: [ng(em) (xn), WIE‘](em) (xn)])}:
3) F2& = [Fp,F§lis said to be interval falsity membership part of F#

whereF® ={F s, (em) , f (em)} and F& i (em) = {0tn, [VFe,) (in), V(e (i)}

We say that every part of F# is a component of itself and is denote by F# = (F*, F,F#). Then matrix
forms of components of F*in example 3.2 can be expressed as follows:

57



Florentin Smarandache (author and editor) Collected Papers, X

([0.2,0.3],[0.3,0.6],[0.4,0.5]) (0.1)
F*= | ([0.2,0.5],[0.3,0.5],[0.4,0.7]) (0.4)
([0.3,0.4],[0.1,0.3],[0.1,0.4]) (0.6)

([0.2,0.3],[0.3,0.5],[0.2,0.5]) (0.1)
F'=| ([0.2,0.5],[0.4,0.8],[0.3,0.8]) (0.4)
([0.3,0.4],[0.2,0.5],[0.2,0.3]) (0.6)

([0.2,0.3],[0.2,0.4],[0.2,0.6]) (0.1)
Fa={ ([0.2,0.5],[0.8,0.9],[0.3,0.4]) (0.4)
([0.7,0.9],[0.3,0.7],[0.5,0.7])  (0.6)

where

F*n(en) = {(xn: [ué(em) (), ug(em) (xn)] )}
Fzmn (em) = {(xn' [Wé(em) (xn): Wg(em) (xn)] )}
F® i (em) = {On [V e, o), Ve, ) )}

are defined as the interval truth, interval indeterminacy and interval falsity values of n —th element the
according to m —th parameter, respectively.

Remark 3.6. Suppose that F is a generalizedinterval neutrosophic soft set over U.Then we say that
each components of F#can be seen as the generalizedinterval valued vague soft set [15]. Also if it is
taken u (e) =1 for all e € E,the our generalized interval neutrosophic soft set concides with the
interval neutrosophic soft set [12].

Definition 3.7. Let U be an universe and E be a of parameters, F* and G% be two generalized
interval neutrosophic soft sets, we say that F¥ is a generalized interval neutrosophic soft subset G? if

(D) U is a fuzzy subset of 0,
2) For e € E, F(e) is an interval neutrosophic subset ofG(e), i.e, for all e, € E and m,n € A,

F* rn(em) < G mn(em), Flmn(em) = Gln(en) and F2 0 (e) = G2 un(e) where,
ué(em) (xn) < u(L;(em) (xn).u?(em) (xn) < ug(em) (xn)
Wﬁ(em) (xn) = Wé(em) (xn).Wzy(em) (xn) = W(l;](em) (xn)
Uli(em)(xn) = vé(em)(xn),vg(em)(xn) = vé’(em)(xn)

For x,, € U.

We denote this relationship by F* £ G®. Moreover ifG? is generalized interval neutrosophic soft
subset of F¥, thenF* is called a generalized interval neutrosophic soft superset of G this relation is
denoted by F* 2 G°.

Example 3.8. Consider two generalized interval neutrosophic soft set F* and G? suppose that U=

{hy,hy;,hs;] is the set of houses and E = {e;,e;,e3} is the set of parameters where
e,=cheap,e, =moderate,e; =comfortable. Suppose that F# and G ?are given as follows respectively:
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Fh(e,) —( o ha ha ) (0.2)
v = \([0.1,0.2],[03,0.5],[0.2, 0.3]) ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ’ ([0.5, 0.6], [0.2, 04],[0.5,0.7D)/) " "
_ h1 hZ h'3
Fr(ea) = (([0.1, 0.4],105,0.6],10.3,04])’ (10.6,0.7],[04,05],105,08]) * ([02,0.4],[03,0.6], [0.6, 0.9])) /(05)
_ h1 hZ h'3
|F*(es) = (([0.2, 061,102, 051,101,051’ (10.3,0.5], 103, 0.6], [0.4,0.5]) ' (0.6, 0.8], [0.3,0.4], [0.2, 037/ * *-®)
and
_ h1 hZ h'3
6% (er) = (([0.2, 03],10.1,0.2],[0.1,02])’ (104, 05],[02,0.3],10.3,05]) * ([06,0.7], 0.1, 031, [0.2, 0.3])) /(04
GO (ey) = e hz i ) (0.7)
2) = \{10.2,0.5],10.3,0.4],[0.2,0.3])’ ([0.7, 0.8], [0.3, 0.4], [0.4, 0.6]) ’ ([0.3,0.6], [0.2,0.5], [04,0.6]))" "
_ h1 h2 h3
67 Cea) = (([0.3, 0.7],101,03],10.1, 03])’ ([04, 0.5], [0.1, 0.5],[0.2,03]) ' (10.7,09],[0.2,0.3], [0.1, 0.2])) (08))

Then FHis a generalized interval neutrosophic soft subset ofG, that isF* = G9.

Definition3.9. The union of two generalized interval neutrosophic soft setsF*andG®over U, denoted
by H* = F* U GY is a generalized interval neutrosophic soft setH*defined by

H* = ([ H},H, [ Hi, H, [HE HED)
wherel (e;,) = u (e,;,)D0 (ey),

Hzmn = FZmn(em)G9GZmn(€m)
Hip = Flonn (Em)®GL, . ()
Hfmn = Ffmn (em)®Gl€mn(em)

and

Hin = Fii () @Gy, (e)
Hip = Firp, (€m) @Gy, (€m)

HlAlmn = FlA]mn (em)®G6mn(em)

foralle, € Eandm,n € A.

Definition 3.10. The intersection of two generalized interval neutrosophic soft setsF*and G%over U,
denoted by K& = F# 1 G ?isa generalized interval neutrosophic soft setK€defined by

K® = ([KL Kyl [ KL, Kyl [ KL, KGD
wheree (e,,) = t (e,)® 6 (e,),

Kl = FLnn (€m)®GL  (e1)
Kimn = Fimn (em) GaGimn (em)
Kfmn = FLAmn (em) @Gfmn (em)

and

Upn = Flpnn (€m)®Gy,,.. (€m)
K;A]mn = FEA]mn (em)eaGi]Amn(em)
KUmn = FUmn (em)eaGUmn(em)
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forall e, € Eand m,n € A.

Example 3.11. Let us consider the generalized interval neutrosophic soft sets F*and G?defined in
Example 3.2. Suppose that the t-conorm is defined by @(a, b) = max{a, b} and the t — norm
by®(a, b) = min{a, b}fora,b € [0,1].Then H* = F* i G%is defined as follows:

H(ey) —( o hz hy ) (0.4)
v = \([0.2,0.3],[0.1,0.2],[0.1,0.2]) ([0-4, 0.5], [0.2, 0.3], [0.3, 0.5]) ’ ([0.6,0.7], [0.1,0.3],[0.2,0.3])) " "
H(ey) —( e hz i ) 0.7)
2) = \([02,0.5],[0.3,0.4],[0.2,0.3]) ([0.7, 0.8], [0.3, 0.4], [0.4, 0.6]) ' ([0.3, 0.6],[0.2,0.5], [0.4,0.6])/) " """

_ h1 h2 h’3
|H(es) = (([0.3, 0.6],10.1,03],[0.1,03])’ ([04, 0.5}, [0.1,05],[0.2,03]) * (0.7, 0.9],[0.2,0.3], [0.1, 0.2])) (08))

Example 3.12. Let us consider the generalized interval neutrosophic soft sets F*and G%defined in
Example 3.2. Suppose that the t —conorm is defined by@® (a,b) = max{a,b}and the t —norm by
®(a,b) = min{a,b} fora, b € [0,1].ThenK? = F* N G%is defined as follows:

_ hy ha hs 0.2
K(en) = (([0.1,0.2],[0.3,0.5], [0.2,0.31)’ ([0.3,0.4], [0.3,0.4], [0.5,0.6]) ' ([0.5, 0.6], [0.2, 0.4], [0.5,0.7]))‘( 2)
_ h‘l hz h3 05
K(eo) = (([0.1, 0.41,10.5, 0.6, [0.3,0.4])’ ([0.6, 0.7], [0.4, 0.5], [0.5,0.8]) ’ ([0.2, 0-4], [0.3, 0.6],[0.6,0.9]))'( )
_ h‘l hZ h3
(K (es) = (([0.2, 0.51,10.2,0.5],[0.1,0.5])’ ([0.3, 0.5], [0.3,0.6], [0.4,0.5]) ’ ([0.6,0.8], [0.3, 0.4], [0.2, 0.3])) (0.6))

Proposition 3.13. Let F#,G%and H* be three generalized interval neutrosophic soft sets over U.
Then

(1)  F*u G9=GPuFH,
(2)  F*n G%=6onFH,
(3)  (F*u G%)uH*=F*u (G% uHY,
4)  (F*n G%)nH*=F*n (G° n HY).
Proof. The proofs are trivial.

Proposition 3.14. Let F#,G%and H* be three generalized interval neutrosophic soft sets over U. If
we consider the t —conorm defined by @(a, b) = max{a, b} and the t —norm defined by®(a, b) =
min{a, b}for a, b € [ 0, 1], then the following relations holds:

(1) HA*n(F*u 6% )y=HANF*u (H*nGY),
2 H*u@FE*n ¢%)=H*uFHn (H*uGY).

Remark 3.15. The relations in above proposition does not hold in general.

Definition 3.16. The complement of a generalized interval neutrosophic soft sets F# over U, denoted
by F*(©is defined byF*(©) = (] FZ(C), F:,(C)], [ Fz(c), Fz,(c)], [ FLA(C), Fs(c)]) where

uOen) = 1- pulem)

and

mn Lmn
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F;(nfi =Ff Ffj(;i =1-F, ; F,ﬁifj =F,

Example 3.17. Consider Example 3.2. Complement of the generalized interval neutrosophic soft set
F* denoted by F*(©) is given as follows:

u(©, ~ _ hy h, hs

F=" e = (([0.2, 0.31,[0.5,0.7], [0.2,0.31)’ ([0.5, 0.6, [0.6, 0.7], [0.3, 0.4]) ’ ([0.5, 0.7], [0.6, 0.8, [0.5, 0.6])) /(08)
u©,  _ hy h, hs

F™en) = (([0.3, 041,104, 05],[0.1,047) (105,0.81,[05,0.6],10.6,0.7]) ' ([0.6,0.9],[04,0.7],[0.2, 0.4])> (0.5)

hy h, h3 0.4
([0.1,0.5],[80.5,0.5], [0.2, 0.6])’ ([0.4, 0.5], [0.4, 0.7], [0.3, 0.5]) ’ ([0.2,0.3], [0.6, 0.7], [0.6, 0.8])) (04))

kFﬂ(C)(e3) — (

Proposition 3.18. LetF* and G? be two generalized interval neutrosophic soft sets over U. Then,

(1)  F*is a generalized interval neutrosophic soft subset of F# LI F#(€)
(2) F*n F*Ois a generalized interval neutrosophic soft subset of F¥.

Proof: It is clear.

Definition 3.19. ”And” operation on two generalized interval neutrosophic soft sets F*andG? over
U,denoted byH* = F* A G? is the mappingH*: C — IN(U) x I defined by

H* = ([HL,Hyl [HL, Hy) [HE HED)
whereA (e,,) = min( u (ey), 0 (ep) and

HZ (em) = min{FZ(ekn)v GZ (ehn)}
Hi (em) = maX{Fi (exn), GEL (enn)
HE (em) = max {Ff (exn), GL (enn)}

and
HG (em) = min{FG (ekn)' G{(J (ehn)}
Hil (em) = maX{Fi} (exn), G;J (enn)}
HLAI(em) = max {FlA] (exn), Gﬁ(ehn)}

for alle,, = (ex,ep) EC S EXEandm,n,k,h € A.

Definition 3.20. “OR” operation on two generalized interval neutrosophic soft sets FfandG? over
U,denoted byK* = F¥* v G? is the mappingK?: C — IN(U) X Idefined by
K® = ([KL Kyl ki, Kyl [ KL KGDD

where € (e,,,)= max( u (ey), 8 (ep) and

K7 (em) = max{F] (exn), GL (enn)}
Ki (em) = min{FlE (exn), Gi (enn)}
KIA, (em) = min{FLA (exn), GLA (enn)}

and

K{J(em) = max{Fj(exn), Gjy(enn)}
Ki} (em) = min{FlU(ekn): GZU (enn)}
Ks(em) = min{FlA] (exn), GLAI (ehn)}
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foralle,, = (ey,ep) EC S E X Eandm,nk,h € A.

Definition 3.21. LetF*andG? be two generalizedinterval neutrosophic soft sets over UandC € E X E
, a function R: C —»IN(U) xIdefined by R= F* A G%and R(e,,, ep) = F*(en) A GO (ep)is said to be a
interval neutrosophic relation from F* to Gfor all (e,,, ;) € C.

4. Application of Generalized Interval Neutrosophic Soft Set

Now, we illustrate an application of generalized interval neutrosophic soft set in decision making
problem.

Example 4.1. Supposethat the universe consists of three machines, that isU ={x;,x,,x3} and
consider the set of parameters E = {e;,e,,e3} which describe their performances according to certain
specific task. Assumethat a firm wants to buy one such machine depending on any two of the
parameters only. Let there be two observations F* and G®by two experts A and B respectively,
defined as follows:

ha hs

Fri(ey) = (( 02,031, 02 03] [0.2,03])’ ([03,0.6],103,05],[0.2,047) ' (104,051, 02,05, [02, 06])) 0.2)
Fi(e,) = ( , ha , hs ) (0.5)
([0.2,05], 02 o 5],[0.2,0.5])’ ([0.3, 0.5], [0.4, 0.8], [0.8, 0.9]) ’ ([0.4,0.7], [0.3, 0.8], [0.3, 0.4])
hz h’3
|F*(ea) = (( 03,04],[03, 04] [0.7,0.9]) ([0.1,0.3],[0.2,0.5], [0.3,0.7]) ’ ([0.1,0.4], [0.2, 0.3], [0.5, 0. 7])) 0.6))
hz h3
67 (en) = (( 02,03], 03 05] [0.2,03]) (03, 0.4], 0.3, 04],[0.5,0.6]) ' (105, 0.6], [0.2, 04], [05, 07])) 03
6% = 2 , e ). 0:6)
([0.1,0.4], 0.5, 0 6],[0.3,0.4])’ ([0.6,0.7], [0.4,0.5], [0.5,0.8]) ’ ([0.2, 0.4], [0.3, 0.6], [0.6, 0.9])
_ h1 hZ h3
|67 (ea) = (([0.2,0.6], [0.2,051,[0.1,0.5])' (10.3,05],[03, 0.6], 104 0.5]) * ([0.6,0.8], [0.3,0.4],10.2,03 )) (04

To find the “AND” between the two GINSSs, we have F#and G?,R = F* A G? where

e; ([0.2,0.3],[0.3,0.6],[0.4,0.5]) (0.2)
(F”)*(ez ([0.2,0.5],[0.3,0.5],[0.4,0.7]) (0.5)
es ([0.3,0.4],[0.1,0.3],[0.1,0.4]) (0.6)
e; ([0.2,0.3],[0.3,0.5],[0.2,0.5]) (0.2)
(Fﬂ)*(e2 ([0.2,0.5],[0.4,0.8],[0.3,0.8]) (0.5))
es ([0.3,0.4],[0.2,0.5],[0.2,0.3]) (0.6)
e; ([0.2,0.3],[0.2,0.4],[0.2,0.6]) (0.2)
(FM2=|e, ([0.2,0.5],[0.8,0.9],[0.3,0.4]) (0.5))
e ([0.7,0.9],[0.3,0.7],[0.5,0.7]) (0.6)
e; ([0.2,0.3],[0.3,0.4],[0.5,0.6]) (0.3)
(G@)*<e2 ([0.1,0.4],[0.6,0.7], [0.2,0.4]) (0.6))
es  ([0.2,0.6],[0.3,0.5],[0.6,0.8]) (0.4)
e; ([0.3,0.5],[0.3,0.4],[0.2,0.4]) (0.3)
(6= e, ([0.5,0.6],[0.4,0.5],[0.3,0.6]) (0.6)
e, ([0.2,0.5],[0.3,0.6],[0.3,0.4]) (0.4)
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€1
(GG)A: €y
€3

([0.2,0.3],[0.5,0.6],[0.5,0.7])  (0.3)
([0.3,0.4],[0.5,0.8], [0.6, 0.9])
([0.1,0.5],[0.4,0.5],[0.2,0.3]) (0.4)

0.6)

Collected Papers, X

We present the table of three basic component of R, which are interval truth —_membership, Interval
indeterminacy membership and interval falsity-membership part.To choose the best candidate, we
firstly propose the induced interval neutrosophic membership functions by taking the arithmetic
average of the end point of the range, and mark the highest numerical grade (underline) in each row of
each table. But here, since the last column is the grade of such belongingness of a candidate for each
pair of parameters, its not taken into account while making. Then we calculate the score of each
component of R by taking the sum of products of these numerical grades with the corresponding
values of u. Next, we calculate the final score by subtracting the score of falsity-membership part of R
from the sum of scores of truth-membership part and of indeterminacy membership part of R.The
machine with the highestscore is the desired machine by company.

For the interval truth membership function components we have:

= e,

6= 2

([0.2,0.3],[0.3,0.6], [0.4,0.5])
([0.2,0.5],[0.3,0.5],[0.4,0.7])
([0.3,0.4],[0.1,0.3], [0.1, 0.4])

([0.2,0.3],[0.3,0.4], [0.5, 0.6])
([0.1,0.4],[0.6,0.7],[0.2, 0.4])
([0.2,0.6],[0.3,0.5], [0.6, 0.8])

R)" =
(R)*(eq,€1) =

(R)*(e1,e2) =

(R)*(eq,e3) =

(R)*(ez,€1) =

(R)"(ez,e2) =

(R)"(ez,e3) =

(R)"(es,e1) =

(R)"(es,e2) =

Ry (es o) = {7

0.2)
(0.5)
(0.6)

(0.3)
(0.6)
(0.4)

(0203 0304 0405)'02
(0103 0306 0205)'02
(0203 0305 0204)'02
(0203 0304 0406)'03
(0104 0305 0204>'05
(0205 0305 0407>'04
(0203 0103 0104)'03
(0104 0103 0104>'06

0.2,0.4]° 0103 0104)'04}
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X1 X2 X3 H
(e1,€1) [0.2,0.3] [0.3,0.4] [0.4,0.5] 0.2
(e1,€3) [0.1,0.3] [0.3,0.6] [0.2,0.5] 0.2
(e1,e3) [0.2,0.3] [0.3,0.5] [0.2,0.4] 0.2
(e2,€e1) [0.2,0.3] [0.3,0.4] [0.4,0.6] 0.3
(e2,e3) [0.1,0.4] [0.3,0.5] [0.2,0.4] 0.5
(e5,e3) [0.2,0.5] [0.3,0.5] [0.4,0.7] 0.4
(e3,€e1) [0.2,0.3] [0.1,0.3] [0.1,0.4] 0.3
(e3,€e1) [0.1,0.4] [0.1,0.3] [0.1,0.4] 0.6
(e3,€e3) [0.2,0.4] [0.1,0.3] [0.1,0.4] 0.4
Table 1: Interval truth membership function.
X1 X2 X3 H
(e1,e1) 0.25 0.35 0.45 0.2
(e1,€e3) 0.2 0.45 0.35 0.2
(e1,e3) 0.25 0.4 0.3 0.2
(e;,e1) 0.25 0.35 0.5 0.3
(ey,€ey) 0.25 0.4 0.3 0.5
(e2,e3) 0.35 0.4 0.55 0.4
(e3,e1) 0.25 0.2 0.25 0.3
(e3,e1) 0.25 0.2 0.25 0.6
(e3,€;) 0.3 0.2 0.25 0.4

Table 2: Induced interval truth membership function.

The value of representation interval truth membership function [a, b] are obtained using mean
value.Then, the scores of interval truth membership function of x;,x, andx;are:

Sry(x1) = (0.25 x 0.3) + (0.25 x 0.6) + (0.3 x 0.4) = 0.325
Sry(x2) = (0.45%0.2) + (0.4 x 0.2) + (0.4 x 0.5)) = 0.37
Sry(x3) = (0.45 x0.2) + (0.5%0.3) + (0.55x 0.4)) + (0.25 x 0.3) + (0.25 x 0.6)

= 0.685.

For the interval indeterminacy membership function components we have:

([0.2,0.3],[0.3,0.5], [0.2,0.5])
(F*)'=| ([0.2,0.5],[0.4,0.8],[0.3,0.8])
([0.3,0.4],[0.2,0.5], [0.2,0.3])

([0.3,0.5],[0.3,0.4],[0.2,0.4])
(¢%)'=1 ([0.5,0.6],[0.4,0.5],[0.3,0.6])
([0.2,0.5],[0.3,0.6],[0.3,0.4])

(R)!

R)'(er,e0) =

(0.2)
(0.5)
(0.6)

(0.3)
(0.6)
(0.4)

X1 X3 X3 )03}
/"

0.3,0.5]’10.3,0.5] '[0.2,0.5
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N _ X2 X3 )
(R)'(er,e2) = (0506 [0.4,05] 103,001 "¢
. _ X2 X3 )
(R)'(e1,e5) = (0205 [03,06] '[03,051) %4
. _ X2 X3 )
(R)'(ez,e0) = (0305 (04,08 ‘03,08 *°
2 — X2 X3 )
(R)'(ez,e2) = (0506 [0.4,08] '[0.3,08])'*°
. _ X X3 )
(R)'(ez,e3) = (0205 (04,08 ‘0308 ">
X
R Ces.e0 = {537 1) 06}
(R)'(ese) = {03, 081" 0305] [0.2,0a])%¢
. X2 X3 ) }
(R)'(es, e2) = {(0506 [04,05] 'T03,06])*¢
X
o {5 o
(R)'(es.¢3) = ({03, 037" 0306] (03,047 %6
X1 X2 X3 H
(e1,e1) [0.3,0.5] [0.3,0.5] [02,05] |03
(e1,e,) [0.5,0.6] [0.4,0.5] [03,06] |06
(e1,e3) [0.2,0.5] [0.3,0.6] [03,05] |04
(ey,e1) [0.3,0.5] [0.4,0.8] [03,08] |05
(e,,e,) [0.5,0.6] [0.4,0.8] [03,08] |06
(ey.e3) [0.2,0.5] [0.4,0.8] [03,08] |05
(es,e;) [0.3,05] [0.3,0.5] [02,04] |06
(es,e;) [0.5,0.6] [0.4,0.5] [03,06] |06
(es,e,) [0.3,0.5] [0.3,0.6] [03,04] |06
Table 3: Interval indeterminacy membership function
X1 X2 X3 H
(e1.e1) 0.4 0.4 0.35 03
(e1.e,) 0.55 0.45 0.45 0.6
(e1,es) 0.35 0.45 0.4 0.4
(e,,e1) 0.4 0.6 0.55 0.5
(e, e) 0.55 0.6 0.55 0.6
(e, , s ) 0.35 0.6 0.55 0.5
(e, ;) 0.4 0.4 03 0.6
(es, 1) 0.55 0.45 0.45 0.6
(es, ) 0.4 0.45 0.35 0.6

Table 4: Induced interval indeterminacy membership function
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The value of representation interval indeterminacy membership function[a, b] are obtained using mean
value. Then, the scores of interval indeterminacy membership function of x;, x, andxsare:

Sery (¥1) = (0.4 x 0.3) + (0.55 % 0.6) + (0.4  0.6) + (0.55 % 0.6) = 1.02

Sery (¥2) = (0.4 x 0.3) + (0.45 x 0.4) + (0.6 X 0.5) + (0.6 X 0.6) + (0.6 X 0.5) + (0.4 X 0.60)

+ (045 % 0.6)+ = 1.77

Sy (x2) = 0.

For the interval indeterminacy membership function components we have:

(FH)A=

(GQ)A:

([0.2,0.3],[0.2,0.4], [0.2, 0.6])
([0.2,0.5],[0.8,0.9], [0.3, 0.4])
([0.7,0.9],[0.3,0.7], [0.5, 0.7])

0.2)
(0.5)
(0.6)

([0.2,0.3],[0.5,0.6], [0.5, 0.7])
([0.3,0.4],[0.5,0.8], [0.6, 0.9])
([0.1,0.5],[0.4,0.5], [0.2, 0.3])

0.3)
(0.6)
0.4)

(R)* =

(R)* (e1,€1)

(R)* (e1,e2) =

(R)A (el ’ 63) -

(R)A (eZ , el) -

(R)* (e2,€3) =

(R)” (e3,e1) =

oz
(53
(wz
(wz
(®)* ez ) = {(753
(=
(757
(157

(R)% (e3,e3) =

(R)* (e3,e3) =
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X1 X2 X3 2
(e1,€1) [0.2,0.3] [0.5,0.6] [0.5,0.7] 0.3
(e1,€3) [0.3,0.4] [0.5,0.8] [0.6,0.9] 0.6
(e1,e3) [0.2,0.5] [0.4,0.5] [0.2,0.6] 0.4
(ex,e1) [0.2,0.5] [0.8,0.9] [0.5,0.7] 0.5
(ex,e5) [0.3,0.5] [0.8,0.9] [0.6,0.9] 0.6
(e2,e3) [0.2,0.5] [0.8,0.9] [0.3,0.4] 0.5
(e3,€e1) [0.7,0.9] [0.5,0.7] [0.5,0.7] 0.6
(e3,€e1) [0.7,0.9] [0.5,0.8] [0.6,0.9] 0.6
(e3,e3) [0.7,0.9] [0.4,0.7] [0.5,0.7] 0.6
Table 5: Interval falsity membership function.
X1 X2 X3
(e1,e1) 0.25 0.55 0.6 0.3
(e1,€e3) 0.35 0.43 0.75 0.6
(e1,e3) 0.35 0.45 0.4 0.4
(ey,e1) 0.35 0.85 0.6 0.5
(ex,e3) 0.4 0.85 0.75 0.6
(e5,€e3) 0.35 0.85 0.35 0.5
(e3,e1) 0.8 0.6 0.6 0.6
(e3,e1) 0.8 0.43 0.75 0.6
(e3,€) 0.8 0.55 0.6 0.6

The value of representation interval falsity membership function [a, b] are obtained using mean value.

Table 6: Induced interval falsity membership function.

Then, the scores of interval falsity membership function of x4, x, and xsare:

Serys (1) = (0.8 % 0.6) + (0.8 0.6) + (0.8 0.6) = 1.44

Serys (¥2) = (0.45 x 0.4) + (0.85 x 0.5) + (0.85 x 0.6) + (0.85 x 0.5) = 1.54
Serys (x3) = (0.6 X 0.3) + (0.75 x 0.6) = 0.63.

Thus, we conclude the problem by calculating final score, using the following formula:

so,

S(xi) = Swy(x1) + Sry(x1) — Srys (x1)

S(x;) = 0.325+1.02 — 1.44 = —0.095

S(x,) = 0.37 + 1.77 — 1.54 = 0.6

S(x3) = 0.685+ 0 — 0.63 = 0.055.

Collected Papers, X

Then the optimal selection for Mr.X is the x.

Table 1, Table 3 and Table 5 present the truth—-membership function, indeterminacy-membership
function and falsity-membership function in generalized interval neutrosophic soft set respectively.
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5. Conclusions

This paper can be viewed as a continuation of the study of Sahin and Kii¢lik [23]. We extended the
generalized neutrosophic soft set to the case of interval valued neutrosophic soft set and also gave the
application of GINSS in dealing with some decision making problems. In future work, will study
another type of generalized interval neutrosophic soft set where the degree of possibility are interval.
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Soft Neutrosophic Left Aimost Semigroup
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Florentin Smarandache, Mumtaz Ali, Munazza Naz, Muhammad Shabir (2014). Soft
Neutrosophic Left AlImost Semigroup. SISOM & ACOUSTICS 2014, Bucharest 22-23 May,
140-149

In this paper we have extended neutrosophic LA-semigroup, meutrosophic sub LA-semigroup,
neufrosophic ideals, neutosophic prime ideals, neutrosophic semuprime 1deals, neutresophic strong
unreducible 1deals to soft neutrosophic LA-semigroup.soft neutosophic sub LA-semigroup.soft
neutresophic ideals soft neutrosophie prime 1deals soft neutrosophic semuprime 1deals and soft strong
nreducible neutrosophic ideals respectvely. We have found some new nofions related to the strong or
pure part of neutrosophy and we give explamation with necessary illustrative examples. We have also
given ngorious theorems and propositions. The notion of soft neutrosophic homomeorphizm 1z
presented at the end.

Eeyweords: MNeutrosophie LA-zemigroup, neutrosophic sub LA-zemigroup. neutrosophic ideal, soft
LA-semugroup, soft LA-subsemigroup, soft ideal, soft neutrosophic LA-semmzroup, soft sub-
neutresophic LA-semigroup, soft neutrosophic 1deal.

1. INTRODUCTION

In 1995, Florentin Smarandache introduced the concept of neutrosophy. In neutrosophic logiceach
proposition is approximated to have the percentage of truth in a subset T, the percentage of indeterminacy
in a subset I, and the percentage of falsity in a subset F, so that this neutrosophic logic is called an extension
of fuzzy logic. In fact neutrosophic set is the generalization of classical sets,conventional fuzzy

set[l],intuitionistic fuzzy set [2] and interval valued fuzzy set[3] .This mathematical tool is used to
handle problems like imprecise,indeterminacy and inconsistent data etc. By utilizing neutrosophic theory,

Vasantha Kandasamy and Florentin Smarandache introduced neutrosophic algebraic structures in[l 1] .

Some of them are neutrosophic fields, neutrosophic vector spaces, neutrosophic  groups,
neutrosophic bigroups, neutrosophic N-groups, neutrosophic semigroups, neutrosophic bisemigroups,
neutrosophic N-semigroup, neutrosophic loops, neutrosophic biloops, neutrosophic N-loops, neutrosophic
groupoids, and neutrosophic bigroupoids and so on.

Neutrosophic LA-semigroup is already introduced. It is basically a midway algebraic
structure between neutrosophic groupoid and commutative neutrosophic semigroups. This is in fact a
generalization of neutrosophic semigroup theory. In neutrosophic LA-semigroup we have two basic types
of notions and they are traditional notions as well as strong or pure neutrosophic notions. It is also an
extension of LA-semigroup and involves the origin of neutralities orindeterminacy factor in LA-semigroup
structure. This is a rich structure because of the indeterminacy’s presence in all the corresponding notions
of LA-semigroup and this property makes the differences between approaches of an LA-semigroup and
a neutrosophic LA-semigroup. Molodstov introduced the concept of soft set theory which is free from the
problems of parameterization inadequacy.

In his paper [11], he presented the fundamental results of new theory and successfully applied it into
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several directions such as smoothness of functions, game theory, operations research, Riemann-integration,
Perron integration, theory of probability. After getting a high attention of researchers, soft set theory is
applied in many fields successfully and so as in the field of LA-semigroup theory. A soft LA-semigroup
means the parameterized collection of sub LA-semigroup over an LA-semigroup. It is more general concept
than the concept of LA-semigroup.

We have further generalized this idea by adding neutrosophy and extended operations of soft set
theory. In this paper we introduced the basic concepts of soft neutrosophic LA-semigroup. In the proceeding
section we define soft neutrosophic LA-semigroup and characterized with some of their properties. Soft
neutrosophic ideal over a neutrosophic LA-semigroup and soft neutrosophic ideal of a neutrosophic LA-
semigroup is given in the further sections and studied some of their related results. In the last section, the
concept of soft homomorphism of a soft LA-semigroup is extended to soft neutrosophic homomorphism of
soft neutrosophic LA-semigroup.

2. PRELIMINARIES

2.1. Definition 1
Let (S,*)be an LA-semigroup and let (Su 1)={a+bl:a,beS}. The neutrosophic LA-semigroup is
generated by S and | under * denoted as N (S) :{<S U I>,*} , where | is called theneutrosophic element

with property 1?2 =1 .For an integer n,n+ | and nl are neutrosophic elements and 0.1 =0. 17", the inverse
of | is not defined and hence does not exist.Similarly we can define neutrosophic RA-semigroup on the
same lines.

Definition2Let N (S) be a neutrosophic LA-semigroup and N (H) be a proper subset of N(S). Then
N (H)is called a neutrosophic sub LA-semigroup if N (H )itself is a neutrosophic LA-semigroup under
the operation of N (S).

Definition3A neutrosophic sub LA-semigroup N (H) is called strong neutrosophic sub LA-semigroup or
pure neutrosophic sub LA-semigroup if all the elements of N (H )are neutrosophic elements.
DefinitiondLet N (S) be a neutrosophic LA-semigroup and N (K) be a subset of N (S). Then N (K) is
called Left (right) neutrosophic ideal of N(S) if N(S)N(K)c= N (K) {N(K)N(S)c N(K)}If
N (K) is both left and right neutrosophic ideal, then N (K) is called a twc’) sided neutrosophic ideal or

simply a neutrosophic ideal.
DefinitionSA neutorophic ideal N (P) of a neutrosophic LA-semigroup N (S) with left identity e is

called prime neutrosophic ideal if N(A)N(B)< N(P) implies either N(A)c N(P) or
N(B)< N(P),where N (A),N(B) are neutrosophic ideals of N (S).
Definition 6A neutrosophic LA-semigroup N (S) is called fully prime neutrosophic LA-semigroup if all of

its neutrosophic ideals are prime neutrosophic ideals.
Definition7A  neutrosophic  ideal N(P)is called  semiprime neutrosophic  ideal if

N(T).N(T)< N(P)implies N(T)< N (P) for any neutrosophic ideal N (T) of N (S).
Definition8A neutrosophic LA-semigroup N (S) is called fully semiprime neutrosophic LA-semigroup if

every neutrosophic ideal of N (S) IS semiprime neutrosophic ideal.
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Definition9 A neutrosophic ideal N (R)of a neutrosophic LA-semigroup N(S) is called strongly
irreducible  neutrosophic ~ ideal if for any neutrosophic ideals N (H),N(K) of
N(S) N(H)AN(K)< N(R) implies N (H)< N (R) or N(K)< N (R).

Definition 10 Let S, T be two LA-semigroups and ¢:S — T be a mapping from S to T . Let N(S) and
N (T) be the corresponding neutrosophic LA-semigroups of S and T respectively. Let
@:N(S)—> N(T) be another mapping from N(S) to N(T). Then & is called neutrosophic
homomorphis if ¢ is homomorphism from Sto T .

2.2 Soft Sets

Throughout this subsection U refers to an initial universe, £ is a set of parameters, P(U) is the power

setof U ,and A C FE . Molodtsov [12] defined the soft set in the following manner:
Definition 11 A pair (F, A) is called a soft set over U where F'is a mapping given by

F:A—P(U).
In other words, a soft set over U is a parameterized family of subsets of the universe U.For a € A ,
F(a) may be considered as the set of a -elements of the soft set (F, A) , or as the set of a-approximate

elements of the soft set.
Definition 12 For two soft sets (F,A) and (H,B) over U, (F,A) is called a soft subset of

(H,B) if
1) ACB and
2) F(a) C H(a),forall a € A .

This relationship is denoted by (F,A)C (H,B) . Similarly (F,A) is called a soft superset of
(H.B)if (H,B) isasoftsubsetof (F,A) whichisdenotedby (F,A)> (H,B).
Definition 13Let (F,A) and (G,B) be two soft sets over a common universe U such that
AN DB = ¢ . Then their restricted intersection is denoted by (F,A)N, (G,B) = (H,C) where
(H,C) isdefinedas H(c) = F(c)NG(c) forall ce C = ANB.
Definition 14The extended intersection of two soft sets (F,A) and (G, B) over a common universe U
is the soft set (H,C) .where C = AU B ,andforall c € C, H(c) is defined as
F(c) ifce A—B

H(c) = G(c) ifce B-—A

F(c¢) N G(e) ifce AN B.
We write (F,A)N. (G,B) = (H,C) .
Definition 15The restricted union of two soft sets (F,A) and (G,B) over acommon universe U is

the soft set (H,C)  where C = AUB ,andforall ceC , H(c) is defined as the soft set
(H,C)=(F,A) Uy (G,B) where C = AN B and H(c) = F(c)UG(c) forall c€C .
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Definition 16 The extended union of two soft sets (F,A) and (G,B) over a common universe U is
the soft set (H,C) . where C =AUB , and for all ceC |, H(c) is defined
F(c) ifce A—-B
asH(c) = G(c) ifce B—A
F(c) U G(c) ifce AnB.
We write (F,A)U_ (G,B) = (H,C) .

2.3 Soft LA-semigroup

Definition 17 The restricted product (H,C) of two soft sets (F, A) and (G, B) over an LA-semigroup S
is dfined as the soft set (H,C)=(F,A)©(G,B), where H(c)=F(c)G(c) forallceC=ANB.
Definition 18 A soft set (F, A) over S is called soft LA-semigroup over S if (F,A)O(F,A)c(F,A).
Definition19 A soft LA-semigroup (F, A) over S is said to be soft LA-semigroup with left identity e if
F(a) # ¢ is a sub LA-semigroup with left identiy e ,where e is the left identity of S forall ae A.

Definition 20 Let (F,A) and (G,B) be two soft LA-semigroups over S. Then the operation * for soft

sets is
defined as (F, A)*(G,B)=(H,AxB), where H (a,b)=F(a)G(b) forallac A, be B and

Ax B is the Cartesian product of A,B.
Definition 21A soft set (F,A) over an LA-semigroup S is called a soft left (right) ideal over S if
As O(F,A)c(F, A),((F, A)O As c (F, A)) where As is the absolute soft LA-semigroup over S .

Definition 22 Let (F,A) and (G,B) be two soft LA-semigroups over S. Then the Cartesian product is

defined
as (F,A)x(G,B)=(H,AxB),where H(a,b)=F(a)xG(b) forallac A and beB.

Definition 23 Let (G, B) be a soft subset of (F, A) over S. Then (G, B)is called a soft ideal of (F, A),
if G(b)is an ideal of F (b) forall beB.

3. SOFT NEUTROSOPHIC LA-SEMIGROUPS

The definition of soft neutrosophic LA-semigroup isintroduced in this section and we also examine some of
their properties.Throughout this section N (S) will dnote a neutrosophic LA-semigroup unless stated

otherwise.

Definition 24 Let (F, A) be asoft set over N (S). Then (F, A) over N (S) is called soft neutrosophic
LA-semigroup if (F,A)O(F,A)c(F,A).

Proposition 1 A soft set (F, A) over N (S) is a soft neutrosophic LA-semigroup if and only if ¢ = F (a)
isa

neutrosophic sub LA-semigroup of N (S) forall ae A.

Example 1 Let N(S)={12,34,11,21,31,41} be a neutrosophic LA-semigroup with the following
table.
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*(1 (2 |3 |4 |1 |21 |3 |4l
1 1 (4 |2 |3 |11 |4 (21 |3l
2 |3 |2 (4 |1 (31 |21 |4 |1
3 (4 (1 (3 |2 |4 |11 |31 |2
4 |12 |3 1 (4 |21 (3 |11 |4l

u (1 |4 (21 |31 |1 (41 |21 |3l
21 |31 |21 (41 |11 (31 |21 |4 |1
30 |4l (1 |31 |21 (41 |11 |31 |2
4 |21 (31 |11 |41 (21 |31 |1 |4l

Let (F,A) be a soft set over N(S). Then clearly (F,A) is a soft neutrosophic LA-semigroup

overN(S),
where F(a)={L1l}, F(a,)=1{2.21},

F(a3)={3,3l}, F(a4)={4,4l}.
Theorem 1A soft LA-semigroup over an LA-semigroup S is contained in a soft neutrosophic LA-
semigroup over

N(S).
Proposition 2 Let (F, A) and (H,B) be two soft neutronsophic LA-semigroup over N (S). Then
1) Their extended intersection (F,A)n, (H,B)is a soft neutrosophic LA-semigroup
over N (S)
2) Their restricted intersection (F, A)n, (H,B) s also soft neutrosophic LA-semigroup over
N(S).
Remark 1 Let (F,A) and (H,B) be two soft neutrosophic LA-semigroup over N (S). Then
1) Their extended union (F,A)u, (H,B)is not a soft neutrosophic LA-semigroup over
N(S).
2) Their restricted union(F, A)u, (H,B) is nota soft neutrosophic LA-semigroup over
N(S).
Proposition 3 Let (F, A) and (G, B) be two soft neutrosophic LA-semigroup over N (S). Then
(F,A) A (H,B) is also soft neutrosophic LA-semigroup if it is non-empty.
Proposition 4 Let (F, A) and (G, B) be two soft neutrosophic LA-semigroup over the neutosophic LA-
semigroup N (S). If AnB=¢ Then their extended union (F,A)u, (G,B) is a softneutrosophic LA-
semigroup over N(S).
Definition 25 A soft neutrosophic LA-semigroup (F, A) over N (S) is said to be a soft neutosophic
LA-semigroup with left identity eif for all a € A, the parameterized set F (a) is aneutrosophic sub LA-
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semigroup with left identity e where e is the left identity of N (S).

Lemma 1 Let (F , A) be a soft neutrosophic LA-semigroup with left identity e over N (S) , then
(F,A)O(F,A)=(F,A).

Proposition 5 Let (F, A) and (G, B) be two soft neutronsophic LA-semigroups over N (S). Then the

cartesian product of (F, A) and (G, B) is also soft neutrosophic LA-semigroup over N (S).

Definition 26 A soft neutosophic LA-semigroup (F , A) over N (S) is called soft strong neutrosophic LA-

semigroup or soft pure neutrosophic LA-semigroup if each F (a) is a strong or pure neutrosophic sub LA-

semigroup forall ae A.
Theorem 2 All soft strong neutrosophic LA-semigroups or pure neutrosophic LA-semigroups are trivially
soft neutrosophic LA-semigroups but the converse is not true in general.

Definition 28 Let (F, A) be a soft neutrosophic LA-semigroup over N (S). Then (F, A) is called an

absolute soft neutrosophic LA-semigroup if F(a)=N(S) forall ae A.We denote it by An(s) .
Definition 29 Let (F, A) and (G, B) be two soft neutrosophic LA-semigroup over N (S). Then (G,B)

is soft sub neutrosophic LA-semigroup of (F,A), if
1) Bc A,and
2) H (b) is aneutrosophic sub LA-semigroup of F (b),forall beB .

Theorem 3Every soft LA-semigroup over S is a soft sub neutrosophic LA-semigroup of a soft neutrosophic
LA-
semigroup over N (S).

Definition 30 Let (G, B) be a soft sub-neutrosophic LA-smigroup of a soft neutrosophic LA-semigroup
(F,A) over N(S).Then (G,B) is said to be soft strong or pure sub-neutrosophic LA-semigroup of
(F,A) ifeach G(b)is strong or pure neutrosophic sub LA-semigroup of F(b),forall beB.

Theorem 4 A soft neutrosophic LA-semigroup (F, A)over N (S) can have soft sub LA-semigroups, soft

sub-neutrosophic LA-semigroups and soft strong or pure sub-neutrosophic LA-semigroups.
Theorem 5 If (F , A) over N (S) is a soft strong or pureneutrosophic LA-semigroup, then every soft sub-

neutrosophic LA-semigroup of (F : A) is a soft strong or pure sub-neutrosophic LA-semigroup.

4. SOFT NEUTROSOPHIC IDEALS OVER A NEUTROSOPHIC LA-SEMIGROUP

Definition 31A soft set (F, A) over a neutrosophic LA-semigroup N (S) is called a soft neutrosophic left
(right) ideal over N (S) if Awis) ®(F,A) < (F,A),((F,A)© Aus)  (F,A)) where Ax) is the
absolute soft neutrosophic LA-semigroup over N (S). Asoftset (F, A) over N(S) is a soft neutrosophic
ideal if it is soft neutrosophic left ideal as well as soft neutrosophic right ideal over N (S) .
Proposition 5Let (F, A) be asoft set over N (S). Then (F, A) is a soft neutrosophic ideal over N (S) if
and only if F(a)# ¢ is a neutrosophic ideal of N (S), forall ae A.
Proposition 6Let (F, A) and (G, B) be two soft neutrosophic ideals over N (S). Then

1) Their restricted union (F, A) U, (G, B) is a soft neutrosophic ideal over N (S).
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2) Their restricted intersection (F, A)n, (G,B) is a soft neutrosophic ideal over N (S).

3) Their extended union (F,A)u, (G, B) is also a soft neutrosophic ideal over N (S).

4) Their extended intersection (F,A)n, (G, B) is asoft neutrosophic ideal over N (S).
Proposition 7Let (F, A) and (G, B) be two soft neutrosophic ideals over N (S). Then

1. Their OR operation (F, A)v (G, B) is a soft neutrosophic ideal over N (S).

2. Their AND operation (F, A) A(G,B) isasoft neutrosophic ideal over N (S).
Proposition 8 Let (F, A) and (G, B) be two soft neutrosophic ideals over N (S), whereN (S)isa
neutrosophic LA-semigroup with left identitye . Then (F, A)=(G,B)=(H, AxB) is also a soft
neutrosophic ideal over N (S) .

Proposition 9Let (F, A) and (G, B) be two soft neutrosophic ideals over N (S) and N (T ).Then the
cartesian product (F, A)x(G,B) is a soft neutrosophic ideal over N (S)x N (T).

Definition 32A soft neutrosophic ideal (F, A) over N (S) is called soft strong or pure neutrosophic ideal
over N (S) if F(a) isastrong or pure neutrosophicideal of N (S), forall ae A.

Theorem 6All soft strong or pure neutrosophic ideals over N (S) are trivially soft neutrosophic ideals but

the converse is not true.
Proposition 8Let (F, A) and (G, B) be two soft strong or pure neutrosophic ideals over N (S). Then

1) Their restricted union (F, A) Uy (G, B) is a soft strong or pure neutrosophic ideal over N (S) .

2) Their restricted intersection (F, A)n, (G, B) is a soft strong or pure neutrosophic ideal over

N(S).

3) Their extended union (F, A)u, (G, B) is also a soft strong or pure neutrosophic ideal over

N(S).

4) Their extended intersection (F,A)n_ (G, B) is a soft strong or pure neutrosophic ideal over

N(S).

Proposition 9Let (F, A) and (G, B) be two soft strong or pure neutrosophic ideals over N (S). Then

1) Their OR operation (F,A)v (G, B) is a soft strong or pure neutrosophic ideal over N (S).

2) Their AND operation (F, A) A (G, B) is a soft strong or pure neutrosophic ideal over N (S).
Proposition 10Let (F, A) and (G, B) be two soft strong or pure neutrosophic ideals over N (S), where
N (S) is a neutrosophic LA-semigroup with left identity e. Then (F,A)*(G,B)=(H,AxB) isalsoa
softstrong or pure neutrosophic ideal over N (S) .

Proposition 11Let (F, A) and (G,B) be two soft strong or pure neutrosophic ideals over N (S) and
N (T ) respectively. Then the cartesian product (F, A)x (G, B) is a soft strong or pure neutrosophic ideal
over N (S)xN(T).
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5. SOFT NEUTROSOPHIC IDEAL OF SOFT NEUTROSOPHIC LA-SEMIGROUP

Definition 33Let (F, A) and (G, B) be a soft neutrosophic LA-semigroups over N (S). Then (G,B) is
soft neutrosophic ideal of (F, A), if

1) BcA,and

2) H(b) is aneutrosophic ideal of F(b),forall beB.
Proposition 121f (F', A') and (G', B') are soft neutrosophic ideals of soft neutrosophic LA-semigroup
(F,A) and (G,B) over neutrosophic LA-semigroups N (S) and N (T )respectively.
Then ( F,A ) X (G', B') is a soft neutrosophic ideal of soft neutrosophic LA-semigroup (F,A)x(G,B)
over N (S)xN(T).
Theorem 17Let (F, A) be a soft neutrosophic LA-semigroup over N (S) and {(Hj, B, ): je J} be a

non-empty family of soft neutrosophic sub LA-semigroups of (F , A) . Then

1) Mg (H;,B;) is asoft neutrosophic sub LA-semigroup of (F,A).

jed

2 AR (H i Bj) is a soft neutrosophic sub LA-semigroup of (F,A).

jed

3) Ug (H i Bj) is a soft neutrosophic sub LA-semigroup of (F, A) if B,nB,=¢ forall
jed

J, kel
Theorem 8Let (F, A) be a soft neutrosophic LA-semigroup over N (S) and {(H B, ) fjeld } be a non-

empty family of soft neutrosophic ideals of (F,A). Then

1) MR (H i Bj) is a soft neutrosophic ideal of (F,A).
jed
2) /\(H i Bj) is a soft neutrosophic ideal of (F, A) :
jed
3) Ug (H i Bj) is a soft neutrosophic ideal of (F,A).
jed

4) V(Hj,Bj) is a soft neutrosophic ideal of (F, A).

jed

Proposition 13Let (F, A) be a soft neutrosophic LAsemigroup with left identity e over N (S) and

(G, B) be a soft neutrosophic right ideal of (F, A). Then (G, B) is also soft neutrosophic left ideal of
(F, A) .

Lemma 2Let (F, A) be a soft neutrosophic LA-semigroup with left identity e over N (S) and (G,B) be
a soft neutrosophic right ideal of (F,A). Then (G,B)® (G, B)is a soft neutrosophic ideal of (F, A).
Definition 34 A soft neutrosophic ideal (G,B) of a soft neutrosophic LA-semigroup (F, A) is called soft
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strong or pure neutrosophic ideal if G (b) is a strong or pure neutrosophic ideal of F (b) forall beB.

Theorem 9 Every soft strong or pure neutrosophic ideal of a soft neutrosophic LA-semigroup is trivially a
soft
neutrosophic ideal but the converse is not true.

Definition 35A soft neutrosophic ideal (G, B) of a soft neutrosophic LA-semigroup (F, A) over N(S)
is

called soft prime neutrosophic ideal if (H,C)®(J,D) < (G,B) implies either (H,C) < (G,B) or
(J,D) < (G, B) for soft neutosophic ideals (H,C) and (J,D) of (F,A).

Definition 36A soft neutrosophic LA-semigroup (F,A) over N (S) is called soft fully prime
neutrosophic LA-semigroup if all the soft neutrosophic ideals of (F , A) are soft prime neutrosophic ideals.
Definition37 A soft neutrosophic ideal (G, B) of a soft neutrosophic LA-semigroup (F,A) over N (S)
is called soft semiprime neutrosophic ideal if (H,C)®(H,C)<(G,B) impliesthat (H,C)< (G,B)
for any soft neutrosophic ideal (H,C)of (F,A).

Definition38A soft neutrosophic LA-semigroup (F,A) over N (S) is called soft fully semiprime

neutrosophic LA-semigroup if all the soft neutrosophic ideals of (F, A) are soft semiprime neutrosophic

ideals.
Definition39A soft neutrosophic ideal (G, B) of a soft neutrosophic LA-semigroup (F,A) over N (S) is

called soft strongly irreducible neutrosophic ideal if (H,C)n,(J,D) < (G,B) implies either
(H,C)<(G,B) or (J,D) = (G, B) for soft neutrosophic ideals (H,C) and (J,D) of (F,A).

6. SOFT NEUTROSOPHIC HOMOMORPHISM

Definition 40Let (F, A) and (G, B) be two soft neutrosophic LA-semigroups over N (S) and N (T)
respectively. Let f :N(S)— N(T)and g: A— B be two mappings. Then (f,g):(F,A)— (G,B)

is called soft neutrosophic homomorphism, if
1) f isaneutrosophic homomorphism from N (S) onto N (T).

2) ¢ isamaping from A onto B.
3) f(F(a))=G(g(a)) forallacA.
If fisa neutrosophic isomorphism from N (S) to N(T) and g is one to one mapping from A onto B.

Then (f,g) is called soft neutrosophic isomorphism from (F, A) to (G, B).

CONCLUSION

The literature shows us that soft LA-semigroup is a general framework than LA-semigroup but in this paper
we can see that there exista more general structure which we call soft neutrosophic LA-semigroup.A soft
LA-semigroup becomes soft sub-neutrosophic LA-semigroup of the corresponding soft neutrosophic LA-
semigroup.Soft neutrosophic LA-semigroup points out the indeterminacy factor involved in soft LA-
semigroup.Soft neutrosophic LA-semigroup can be characterized by soft neutrosophic ideals over a soft
neutrosophic LA-semigroup. We can also extend soft homomorphism of soft LA-semigroup to soft
neutrosophic homomorphism of soft neutrosophic LA-semigroup. It is also mentioned here that there is still
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a space to much more work in this field and explorations of further results has still to be done, this is just a

beginning.
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Lower and Upper Soft Interval Valued Neutrosophic
Rough Approximations of An IVNSS-Relation
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Abstract: In this paper, we extend the lower and upper soft interval valued intuitionstic fuzzy
rough approximations of IVIFS —relations proposed by Anjan et al. to the case of interval
valued neutrosophic soft set relation(IVNSS-relation for short)

Keywords: Interval valued neutrosophic soft , Interval valued neutrosophic soft set relation

0. Introduction

This paper is an attempt to extend the concept of interval valued intuitionistic fuzzy soft relation
(IVIFSS-relations) introduced by A. Mukherjee et al [45 Jto IVNSS relation .

The organization of this paper is as follow: In section 2, we briefly present some basic
definitions and preliminary results are given which will be used in the rest of the paper. In
section 3, relation interval neutrosophic soft relation is presented. In section 4 various type of
interval valued neutrosophic soft relations. In section 5, we concludes the paper

1. Preliminaries

Throughout this paper, let U be a universal set and E be the set of all possible parameters under
consideration with respect to U, usually, parameters are attributes, characteristics, or properties
of objects in U. We now recall some basic notions of neutrosophic set, interval neutrosophic
set, soft set, neutrosophic soft set and interval neutrosophic soft set.

Definition 2.1.

Let U be an universe of discourse then the neutrosophic set A is an object having the form
A= {<X: LAK), V AK), O Ax) >,X € U}, where the functions p, v, o : U—]70,17] define
respectively the degree of membership , the degree of indeterminacy, and the degree of
non-membership of the element x € X to the set A with the condition.

0 <paxtVam T waxn<3'
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From philosophical point of view, the neutrosophic set takes the value from real standard or
non-standard subsets of ]70,17[.so instead of ]70,1"[ we need to take the interval [0,1] for
technical applications, because 70,1 [will be difficult to apply in the real applications such as
in scientific and engineering problems.

Definition 2.2. A neutrosophic set A is contained in another neutrosophic set Bi.e. A € B
ifVx € U, pa(x) < pua(x), va(x) = va(x), ® a(x) = 0 B(X).

Definition 2.3. Let X be a space of points (objects) with generic elements in X denoted by x.
An interval valued neutrosophic set (for short IVNS) A in X is characterized by truth-
membership function py (X), indeteminacy-membership function v, (x) and falsity-
membership function wy (X). For each point X in X, we have that p,(Xx), va(x),

wa(x) € [0,1].

For two IVNS , Aryns =1 <x, [ns (9, pY GO, [V G0,V (0], [0k (9, 0§ (0] > [x € X}
And Biyns = <x . [15 (0. nI(0] . VB 00, W (], [05 (9, 0§ (1> | x € X } the two
relations are defined as follows:

(1) Aiyns € Biyns if and only if pk (x) < pk(x),1Y (%) < pJ (%), Vi (%) = v(x) , 03 (%) =
0g(x), () = 0§(X) , 0 (%) = 0p(x)

(2) Aryns = Biyns ifand only if, p, (x) =pg (%) , va(x) =vp(x) , 04 (x) =0p(x) for any x €
X

As an illustration ,let us consider the following example.

Example 2.4. Assume that the universe of discourse U={x1,X2,x3},where x; characterizes the
capability, x2 characterizes the trustworthiness and x3 indicates the prices of the objects. It
may be further assumed that the values of x1, x> and x3 are in [0,1] and they are obtained from
some questionnaires of some experts. The experts may impose their opinion in three
components viz. the degree of goodness,

the degree of indeterminacy and that of poorness to explain the characteristics of the objects.
Suppose A is an interval neutrosophic set (INS) of U, such that,

A = {<x1,[0.3 0.4],[0.5 0.6],[0.4 0.5] >,<x2,,[0.1 0.2],[0.3 0.4],[0.6 0.7]>,< x3, [0.2
0.4],[0.4 0.5],[0.4 0.6] >}, where the degree of goodness of capability is 0.3, degree of
indeterminacy of capability is 0.5 and degree of falsity of capability is 0.4 etc.

Definition 2.5.

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of
U. Consider a nonempty set A, A C E. A pair (K, A) is called a soft set over U, where K is a
mapping given by K : A — P(U).

As an illustration, let us consider the following example.

Example 2.6 .
Suppose that U is the set of houses under consideration, say U = {hy, ho, . . ., hs}. Let E be the
set of some attributes of such houses, say E = {ei, €2, . . ., es}, where e1, €2, . . ., es stand for the

99 ¢¢ 299 <¢

attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”, respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so
on. For example, the soft set (K,A) that describes the “attractiveness of the houses” in the
opinion of a buyer, say Thomas, may be defined like this:

A={e1,e2,€3,4,65};

K(er) = {hz, h3, hs}, K(e2) = {h2, ha}, K(e3) = {h1}, K(e4) = U, K(es) = {hs, hs}.

Definition 2.7 .
Let U be an initial universe set and A € E be a set of parameters. Let IVNS(U) denotes the
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set of all interval neutrosophic subsets of U. The collection (K,A) is termed to be the soft
interval neutrosophic set over U, where F is a mapping given by K : A — IVNS(U).

The interval neutrosophic soft set defined over an universe is denoted by INSS.

To illustrate let us consider the following example:

Let U be the set of houses under consideration and E is the set of parameters (or qualities).
Each parameter is a interval neutrosophic word or sentence involving interval neutrosophic
words. Consider E = { beautiful, costly, in the green surroundings, moderate, expensive }. In
this case, to define a interval neutrosophic soft set means to point out beautiful houses, costly
houses, and so on. Suppose that, there are five houses in the universe U given by, U =
{h1,h2,h3,hs,hs} and the set of parameters A = {e1,e2,e3,e4}, where each e; is a specific
criterion for houses:

e stands for ‘beautiful’,

e2 stands for ‘costly’,

e3 stands for ‘in the green surroundings’,

e4 stands for ‘moderate’,

Suppose that,

K(beautiful)={< hy,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] >, <
h3,[0.6, 0.7],[0.2 ,0.3],[0.3, 0.5] >,< h4,[0.7 ,0.8],[0.3, 0.4],[0.2, 0.4] >,< hs,[ 0.8, 0.4] ,[0.2
,0.61,[0.3, 0.4] >}.K(costly)={< by,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h,,[0.4, 0.5], [0.7 ,0.8],
[0.2,0.3] >, <h3,[0.6, 0.7],[0.2 ,0.3],[0.3, 0.5] >,< h4,[0.7 ,0.8],[0.3, 0.4],[0.2, 0.4] >,< hs,[ 0.8,
0.4],[0.2,0.6],[0.3, 0.4] >}.

K(in the green surroundings)= {< hy,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< b2,[0.4, 0.5], [0.7 ,0.8],
[0.2,0.3] >, <hs3,[0.6, 0.7],[0.2 ,0.3],[0.3, 0.5] >,< h4,[0.7 ,0.8],[0.3, 0.4],[0.2, 0.4] >,< hs,[ 0.8,
0.4],[0.2,0.6],[0.3, 0.4] >} .K(moderate)={< hy,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h2,[0.4, 0.5],
[0.7 ,0.8], [0.2, 0.3] >, < h3,[0.6, 0.7],[0.2 ,0.3],[0.3, 0.5] >,< h4,[0.7 ,0.8],[0.3, 0.4],[0.2, 0.4]
><hs,[ 0.8, 0.4],[0.2,0.6],[0.3, 0.4] >}.

Definition 2.8.

Let U be an initial universe and (F,A) and (G,B) be two interval valued neutrosophic soft set .
Then a relation between them is defined as a pair (H, AxB), where H is mapping given by H:
AxB—-IVNS(U). This is called an interval valued neutrosophic soft sets relation ( IVNSS-
relation for short).the collection of relations on interval valued neutrosophic soft sets on Ax
Bover U is denoted by oy (Ax B).

Defintion 2.9. Let P, Q € o;;(Ax B) and the ordre of their relational matrices are same. Then
P< QifH (eje) <J(ee) for(eje)) € AxBwhere P=(H, AxB)and Q=(J, AxB)

Example:

P
U | (e1.,6;) (e1 ,€4) (e3.,€2) (e3,€4)
hi | (j0.2,0.31,0.2, 0.31,[0.4,0.5) | ([0.4, 0.6],[0.7, 0.81,[0.1,0.4]) | ([0.4,0.6],[0.7, 0.8],[0.1,0.4]) | ([0.4, 0.6],[0.7, 0.8],[0.1,0.4])
ha | ([0.6, 0.81,[0.3, 0.4],[0.1,0.7]) ([1, 11,[0, 01,[0, 0]) (0.1, 0.51,[0.4, 0.7],[0.5,0.6]) | ([0.1, 0.5],[0.4, 0.7],[0.5,0.6])
hs | ([0.3,0.61,0.2, 0.7],[0.3,0.4]) | ([0.4,0.7],0.1, 0.3],[0.2,0.4]) (1, 11,[0, 01,[0, 0) ([0.4, 0.71,[0.1, 0.3],[0.2,0.4])
ha | ([0.6, 0.71,[0.3, 0.41,[0.2,0.4]) | ([0.3, 0.4],[0.7, 0.91,[0.1,0.2]) | ([0.3, 0.4],[0.7, 0.9],[0.1,0.2]) (1, 11,[0, 01,[0, 0])

Q
U | (e1,6;) (eq,€4) (e3.,€2) (e3,€4)
h, ([0.3, 0.41,[0, 01,[0, 0]) ([0.4, 0.61,0.7, 0.81,[0.1,0.4]) | ([0.4,0.6],[0.7, 0.8],[0.1,0.4]) | ([0.4, 0.6],[0.7, 0.8],[0.1,0.4])
hy | ([0.6, 0.81,[0.3, 0.41,[0.1,0.7]) (1, 11,[0, 01,[0, 0) ([0.1, 0.51,[0.4, 0.71,[0.5,0.6]) | ([0.1,0.5],[0.4, 0.7],[0.5,0.6])
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hs | ([0.3, 0.61,00.2, 0.71,[0.3,0.4]) | ([0.4,0.7],[0.1, 0.31,[0.2,0.4]) ([1, 11,[0, 01,[0, 01) ([0.4, 0.71,[0.1, 0.31,[0.2,0.4])
ha | ([0.6, 0.71,[0.3, 0.4],[0.2,04]) | ([0.3,0.4],[0.7, 0.91,(0.1,0.2]) | ([0.3,0.41,[0.7, 0.91,[0.1,0.2]) (1, 11,[0, 01,0, 0])

Definition 2.10.
Let U be an initial universe and (F, A) and (G, B) be two interval valued neutrosophic soft
sets. Then a null relation between them is denoted

by Oy and is defined as Oy =(Ho , A xB) where Hg (e; ;)={<hy, [0, OL,[1, 1],[1, 1]>; hy €
U} for (el-'ej) € A xB.

Example. Consider the interval valued neutrosophic soft sets (F, A) and (G, B). Then a null
relation between them is given by

Ul (e1.€2) (e1,€4) (e3,€3) (€3 ,€4)

hy ([0, OL,[1, 11,[1, 1) ([0, 01,1, 11,[1, 17) ([0, 01,1, 11,[1, 17) ([0, 0J,[1, 1],[1, 1])
hy ([0, 01,1, 1],[1, 1) ([0, 0],[1, 11,[1, 1) ([0, 0],[1, 11,[1, 17) ([0, 01,1, 1,[1, 1])
hs ([0, OL,[1, 11,[1, 1) ([0, 01,1, 11,[1, 17) ([0, 01,1, 11,[1, 17) ([0, OJ,[1, 1],[1, 1])
hs ([0, 01,1, 1],[1, 1) ([0, 0],[1, 11,[1, 1) ([0, 0],[1, 11,[1, 17) ([0, 01,1, 1,[1, 1])

Remark. It can be easily seen that P U Oy =P and P N Oy =0y for any P € o, (Ax B)
Definition 2.11.

Let U be an initial universe and (F, A) and (G, B) be two interval valued neutrosophic soft sets.
Then an absolute relation between them is denoted by Iy and is defined as Iy =(H;, A xB)

where H; (e; € )={<hy, [1, 11,[0, 0,[0, 0]>; hy, € U} for (e;e;) € A xB.

Ul (e1.e2) (e1,€4) (e3,€3) (€3 ,€4)

h, ([1, 11,[0, 01,0, OT) ([1, 11,[0, 01,[0, O]) ([1, 11,[0, 01,0, 0]) ([1, 11,[0, 01,0, 01)
hy ([1, 11,0, 0],[0, O) ([1, 11,[0, 01,[0, 0]) ([1, 11,[0, 01,0, 0]) ([1, 11,[0, 0,[0, O)
hs ([1, 11,[0, 01,0, 0]) ([1, 11,[0, 01,[0, 0]) ([1, 11,[0, 01,0, 0]) ([1, 11,[0, 01,0, 0)
hs ([1, 11,0, 0],[0, O]) ([1, 11,[0, 01,[0, 0]) ([1, 11,[0, 01,0, 0]) ([1, 11,0, 0,[0, O)

Defintion.2.12 Let P € o, (Ax B), P= (H, AxB) ,Q = (J, AxB) and the order of their relational
matrices are same.Then we define

6)) P U Q= (H oJ, AxB) where He J :AxB —-IVNS(U) is defined as
(H oJ)(e;ej)= H(e;ej) V J(eje;) for (e; ;) € A x B, where V denotes the interval
valued neutrosophic union.

(11) P N Q= (H mJ, AxB) where HmJ :AxB -IVNS(U) is defined as (HmJ)(e; e;)=
H(e;ej) A J(e;e;) for (eje)) € A x B, where A denotes the interval valued
neutrosophic intersection

(i)  P°=(~H, AxB), where ~H :AxB =IVNS(U) is defined as
~H( e; e;)=[H(e; ;)] © for (e; e;) € A x B, where ¢ denotes the interval valued
neutrosophic complement.

Defintion.2.13.

Let R be an equivalence relation on the universal set U. Then the pair (U, R) is called a
Pawlak approximation space. An equivalence class of R containing x will be denoted by [x]z.
Now for X € U, the lower and upper approximation of X with respect to (U, R) are denoted
by respectively R X and R* X and are defined by
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R:X={x€U: [x]gr €X},
R*X={ x€U: [x]g N X #}.
Now if R «X = R* X, then X is called definable; otherwise X is called a rough set.

3-Lower and upper soft interval valued neutrosophic rough approximations of an
IVNSS-relation

Defntion 3.1 .Let R € g;;(Ax A) and R=( H, Ax A). Let ©=(f,B) be an interval valued neutrosophic
soft set over U and S= (U, 0) be the soft interval valued neutrosophic approximation space. Then
the lower and upper soft interval valued neutrosophic rough approximations of R with respect
to S are denoted by Lwrg(R)and Uprg(R) respectively, which are IVNSS- relations over AxB
in U given by:

Lwrg(R)=(J, AxB) and Uprg(R) =(K, A xB)

J(ei ex) ={<X, [Aejea(inf iy, o) () A Infligce,) (X)) Aejea(SUP (e, e) () A SUP He(e, ) () ],

[/\e]'EA(ianH( e; _e]-) (X) \ ianf( ey ) (X)) J/\e]'EA(Sup VH( e; 'ej) (X) \% Sup Vf( er ) (X)) ]9
[eyeaGnf @y, g) () V infoopcey) () Ae,ca(SUP Oy o) () V SUP @) ()] X E U},

K( e; k) ={<X, [Ne,ealinfun( e, o) () V infiiec e, (%)) Ae,calSUP M q.e) () V SUP i ey ) ()
1

[/\e]'EA(ianH( e; _e]-) (X) A ianf( eg ) (X)) J/\e]'EA(Sup VH( e; 'ej) (X) A Sup Vf( er ) (X)) ]9
[eyeanf @y, o) () A INf0opcey) () e, ca(SUP Oy o) () A SUP ey ()] X E U},

Fore; e A,ex €B

Theorem 3.2. Let be an interval valued neutrosophic soft over U and S = ( U,0) be the soft
approximation space. Let Ry , R, € ay(Ax A) and R,;=( G,Ax A) and R,=( H,Ax A).Then

(i) Lwrg(Oy)=0y

(i) Lwrg(ly)=1y

(III) R1 c RZ . LWI‘S (Rl) c LWI‘S (Rz)

(iv) Ry S R, = Uprs (Ry) € Uprs (R,

(V) LWI‘S (R1 N Rz) c LWI‘S (Rl) N LWI‘S (Rz)

(vi) Uprg (Rq N Ry) € Uprs (Ry) N Uprs (Ry)
(Vii)LWI‘S (Rl) U LWI‘S (Rz) c LWI‘S (R1 U Rz)

(viii) Uprs (Rq) U Uprs (Rz) S Uprs (Ry U Ry)

Proof. (i) —(iv) are straight forward.
Let Lwrs(R; N R,) =(S, Ax B).Then for (e; ,ey) € A xB, we have

S( ei ’ ek) :{<X: [/\eiEA(inf uGoH( e; ,e]-) (X) A inf ”'f( ek) (X)) 5 /\ejEA(Sup uGoH( e; ,e]-) (X) A
Sup llf( er ) (X))]a
[/\ejEA(ianGoH( e; ,e,-) (X) \ il’lfo( er) (X)) > /\e]-EA(Sup VGoH( e; ,e]-) (X) V sup Vi(ey) (X))]a

[Neealinf Ogan( e, ;) () V Inf0r( ) (%)) AescalSUP Ogat(e1,61) () V SUP p( ) (¥)) ] x € U}
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~ (%, [eycA(MINGInf i o ) (O, Infiy o) () A InF iy ()
vAejEA(min(Sup HG( e; ,e]-) (X), sup p-H( e; ,e]-) (X)) A sup Hf(ep) (X))]a

[/\ejEA(maX(ianG( e j) (x), ianH( e;.ej) (X)) v ianf( er) (X))
,/\ejEA(maX(sup VG( e; ,e]-) (X)! sup VH( e; ,ej) (X)) V sup Vi(er) (X))]a

[Aeca(max(inf o o, o) (), infey( g, o) (X)) V inforce, ) ()
Nejea(Max(sup g g, o) (9, SUP Oy, ;) () V SUP ey y () ] 1x € Uy

Also for Lwrg (R{) N Lwrg (R;) =(Z,A x B) and ( e;,eg) € A xB ,we have,
Z( €, eK): {<x, [ Min (/\e]-EA(inf |J'G( e; .ej) (X) A inf Hf( ey ) (X)) 5 /\e]-EA(inf |J'H( e; ej) (X) A
infiigce, ) (%)) - Min(Agea(SUp g ;) () A SUD e ey ) (X)) - Aeyca(SUD gy 6, () A

Sup p’f( ek) (X)) )] s
[Max (/\ejeA(inva( e1 ) (X) V infvgce, ) (X)), /\ejeA(inva( ere;) (X) V infvgee, ) (X))
Max(/\e]'EA(sup VG( e; 'ej) (X) \% Sup Vf( ek) (X)) s /\ejEA(Sup VH( e; 'ei) (X) \ Sup Vf( ek) (X)) )] s

[Max (e calinf g o, ;) () V infoog ey (1)) - Aeyealinforp(e, o) () V infogce,) ())) -
Max(Ae,ea(SUP (g, o) (X) V SUP O ey ) (D) . AeycalSUP Wy g, o) (X) V SUP g, ) (9)))] X €
U}

Now since min(infug(,, o) » iNflg(e, o) %)) < infugee, o (X) and

min(inf ug ., R inf g, ) (X)) = infpy,, ) (x) we have '

/\ejEA(min(inf HG( e; e)) (x), inf HH(e; ) (X)) A inf Hf(er) (x)) <Min (/\el-eA(inf HG(e; €)) A
infpgce,) (X)) > Aejea(infiy(e, e) () A infpgce, ) (X))

Similarly we can get

Nejea(Min(sup Hg( ¢, e;) (X), SUP Hy( ¢, ;) () A SUP ig( ey ) (X)) < Min (Agjea(SUp Hg( e, ;) (X) A
SUP He( e, ) (X)) 5 Ae;ea(SUP Hy( ey ;) () A SUP He(ey ) (X))

Againas  max(infvg,, K infvyc, ) (X)) = infvg,, ) %) ,and

max(inf\)G( e; ,ej) , ianH( e; 'ej) (X) ) = ianH( e; ,ej) (X)
we have

/\ejeA(maX(inva( er ;) (%), inva( er ;) (X)) V infvgc,, ) (X)) = Max (/\ejeA(inva( e1 ;) x)V
infVf( er) x), /\e]-eA(ianH( e; j) x) Vv infVf( er) x))).
Similarly we can get

/\ejEA(maX(SuP Va(e; £j) (x), sup VH( ¢ £j) (X)) V sup Ve(ey) (x)) = Max (/\ejEA(Sup Va(e; £j) Vv
SUp Ve(e) x), /\e]-eA(SuP VH( e; .ej) (X) V sup Vi(er) ).
Again as max(infu)G( ere;) ° infooH( eie) x))= infu)G( ei ;) (x) ,and

max(lnfwc( e; rej) ) lnf(l)H( e; ’ei) (X) ) 2 lnwa( e; ,ej) (X)

we have
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/\ejeA(max(infu)G( ei.e)) x), infooH(ei ) (X)) V infwg(e, ) (X)) = Max (Ae;ea(inf wg, ) x) Vv
inf (e, ) () . Aeyealinfon(e, o) )V inforce, ) ().
Similarly we can get

/\e]-EA(maX(Sup wG( e; ,e]-) (X): sup (*)H( e; ,e]-) (X)) V sup Wf(ep) (X)) = Max (/\e}-EA(Sup (")G( e; ,e}-) (X) \%
SUP Wf( ;) (X)) 5 Nejea(SUP Wy( ¢, e) (X) V SUP Wf( ;) (X)) )-

Consequently, Lwrg (Ry N Ry) € Lwrg (Ry) N Lwrg (Ry)
(vi) Proof'is similar to (v)

(vii) Let Lwrg (R, U R;) =( S, AxB).Then for (e;,e;) € A xB, we have

S( €, ek):{<xa [/\ejEA(inf uGlH( e; ,e]-) (X) A inf llf( er) (X)) :/\ejEA(Sup HGIH( e; ,e]-) (X) A
SUp He( e, ) )],
[/\e]-EA(ianGIH( e j) x Vv infVf( ex) x) :/\ejEA(ianGlH( e .ej) x) Vv irlfvf( ex) )],

[/\e]'EA(inwaIH( e; ,e]-) (X) V lnf('l)f( ek) (X)) JAejEA(inwaIH( e; ,ej) (X) V lnf(Df( ek) (X)) ] X e U}

={<X, [A¢jea(max(inf g, ¢y (%), inf g q, o) () A Inflige, ) (X))
Nejea(Max(sup g g, ;) (X), SUP Hy( ¢, ;) (D) A SUP He(ey ) ()],

[Aejea(min(infvg,, ) (), infvy(,, ;) (X)) V infvece,) (X))
NeyealMin(SUp Vg o, ) (X), SUP Vi g, ¢y () V. SUD V(e y ()],

[/\ejEA(min(inwa( e; ,e]-) (X)J inwa( e; ,ej) (X)) V lnf('of( er ) (X))
Nejea(Min(Sup @ ¢, o) (%), SUP Wy( o, ¢y (X)) V SUP W, ) (X)) ] 1x € U}

Also for Lwrs(R;) U Lwrs(R;) = (Z, AxB) and (e; , ex) € A xB ,we have,

Z (e, €)= {<x, [ Max (Agjea(infiig o, o) () A Infligceg) (0) 2 Aesealinf ity g, o) () A
infigce,y (X)) > Max(Ae;jea(SUp Hg( e, e,) (X) A SUP Hcey) (X)) 5 Aejea(SUp Hy(e, e) () A
Sup (e, ) (X)),

[Min (/\e]-eA(ian(;( e; .ej) x)Vv ianf( ex) x), /\ejEA(ianH( e; .ej) x) Vv infVf( ex) x)) ,
Min(/\ejeA(SuP VG( e; ;) (X) V sup Ve(ey) X)), /\e]-EA(Sup VH( e; ej) (X) V sup Vi(er) GNP

[Min (Ae,ea(inf g, 6y () V Infopceg) () . Aeyealinfp(e, o) (O V infwg(ey) () -
Min(Ae,ea(SUP 0g( ¢, ) () V SUP Or( ) (X)) s Aeyea(SUP Wi, ) () V SUP Wp(y ) ()] ix €
U}

Now since max(infyg,, &) > INflg(e, o) (X)) 2 inflge, oy (x) and

max(inf pg K inf e, ) (X)) = infuy,, ) (x) we have

Nejea(max(infiig g, o) (%), infliy(e, ) (D) A Infligce, ) (X)) = max (Agjea(infiigie, ;) () A
infgce,) (X)) > Aejea(infhy(e, e) () A infpgce, ) (X))

Similarly we can get

Nejea(Max(sup Ug ¢, e;) (X), SUP Hyy( ¢ ;) () A SUP Hg( ey ) (X)) = Max(Ag;ea(SUP Hg( ;) (%) A
SUP He( e, ) (X)) s Aejea(SUP Hy( ey ;) () A SUP He( ey ) (X))
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Again as min(infvg,, )’ infvye, ) () )< infvg, ;) (%) ;and

min(infvg(,, o) > INfVy( g 0) X)) S infvgy, o (%)
we have

/\eieA(min(ianG( er ;) x), inva(ei ) (x)) V infvgc, y (X)) <Min (/\ejeA(inva( e ;) x) Vv
ianf( er) (X)) 5 /\ejEA(ianH( e ,e]-) (X) \% irlfo( er) (X)) )
Similarly we can get

Nejea(Min(sup Ve (e, ¢y (X), SUPVy( ¢, o) () V SUP V() (X)) < Min (Ag;ea(SUp Vg( e, ;) () V
SUP Ve ey ) (X)) 5 Aejea(SUP V(e e) (X) V SUP Vi) (X)))-

Againas  min(infwg,, ) inf oy, ) () = infwg,, ;) (X) ;and

min(infooG( ere)) * infooH( e ;) )< infcoH(ei ) (x)
we have

Nejea(min(inf og o, ) x), infwy,, ) (X)) V infwge, ) (X)) < Min (/\ejeA(infu)G( er ;) x) Vv
inf(*)f( er) (X)) 5 /\ejEA(inf(‘oH( e ,el-) (X) \% inf(‘of( er) (X)) )
Similarly we can get

/\e]-EA(min(SuP (*)G( e .ej) (x), sup (*)H( e; ;) (X)) V sup Wf(ey) (x)) < Min (/\e]-eA(sup (*)G( e;.ej) X))V
Sup ('l)f( er ) (X)) b /\e]'EA(Sup (J‘)H( e ,ej) (X) \4 Sup (J‘)f( ek) (X)) )

Consequently Lwrg (Ry) U Lwrg (R;) S Lwrs(R; N Ry)
(vii) Proof is similar to (vii).

Conclusion

In the present paper we extend the concept of Lower and upper soft interval valued intuitionstic
fuzzy rough approximations of an IVIFSS-relation to the case IVNSS and investigated some of
their properties.
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Rough Neutrosophic Sets

Said Broumi, Florentin Smarandache, Mamoni Dhar

Said Broumi, Florentin Smarandache, Mamoni Dhar (2014). Rough Neutrosophic
Sets. ltalian Journal of Pure and Applied Mathematics 32, 493-502

Abstract. Both neutrosophic sets theory and rough sets theory are emerging as
power-ful tool for managing uncertainty, indeterminate, incomplete and imprecise
information. In this paper we develop an hybrid structure called rough neutrosophic
sets and studied their properties.

Keywords: Rough set, rough neutrosophic set.

1. Introduction

In 1982, Pawlak [1] introduced the concept of rough set (RS), as a formal tool for
modeling and processing incomplete information in information systems. There
are two basic elements in rough set theory, crisp set and equivalence relation,
which constitute the mathematical basis of RSs. The basic idea of rough set is
based upon the approximation of sets by a pair of sets known as the lower
approximation and the upper approximation of a set. Here, the lower and upper
approximation operators are based on equivalence relation. After Pawlak, there
has been many models built upon different aspect, i.e., universe, relations, object,
operators by many scholars [2], [3], [4], [5], [6], [7]. Various notions that combine
rough sets and fuzzy sets, vague set and intuitionistic fuzzy sets are introduced,
such as rough fuzzy sets, fuzzy rough sets, generalize fuzzy rough, intuitionistic
fuzzy rough sets, rough intuitionistic fuzzy sets, rough vagues sets. The theory of
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rough sets is based upon the classification mechanism, from which the classification
can be viewed as an equivalence relation and knowledge blocks induced by it be
a partition on universe.

One of the interesting generalizations of the theory of fuzzy sets and intuitio-
nistic fuzzy sets is the theory of neutrosophic sets introduced by F. Smarandache
[8], [9]. Neutrosophic sets described by three functions: a membership function
indeterminacy function and a non-membership function that are independently
related. The theory of neutrosophic set have achieved great success in various
areas such as medical diagnosis [10], database [11], [12], topology [13], image pro-
cessing [14], [15], [16], and decision making problem [17]. While the neutrosophic
set is a powerful tool to deal with indeterminate and inconsistent data, the theory
of rough sets is a powerful mathematical tool to deal with incompleteness.

Neutrosophic sets and rough sets are two different topics, none conflicts the
other. Recently many researchers applied the notion of neutrosophic sets to re-
lations, group theory, ring theory, soft set theory [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32] and so on. The main objective of this study was to introduce
a new hybrid intelligent structure called rough neutrosophic sets. The significance
of introducing hybrid set structures is that the computational techniques based
on any one of theses structures alone will not always yield the best results but a
fusion of two or more of them can often give better results.

The rest of this paper is organized as follows. Some preliminary concepts
required in our work are briefly recalled in Section 2. In Section 3, the concept of
rough neutrosophic sets is investigated. Section 4 concludes the paper.

2. Preliminaries

In this section we present some preliminaries which will be useful to our work in
the next section. For more details the reader may refer to [1], [8], [9].

Definition 2.1. [8] Let X be an universe of discourse, with a generic element in
X denoted by x, the neutrosophic (NS) set is an object having the form

A= {<.T : /LA(.CE),I/A(ZL’),WA(LE» ; TE X}a

where the functions u, v,w : X —]70, 17| define respectively the degree of member-
ship (or Truth), the degree of indeterminacy, and the degree of non-membership
(or Falsehood) of the element z € X to the set A with the condition

(1) 0 < palz) +valz) +walz) < 37
From a philosophical point of view, the neutrosophic set takes the value from real
standard or non-standard subsets of |0, 1*[. So, instead of |70, 17[ we need to

take the interval [0, 1] for technical applications, because |~0, 11 will be difficult
to apply in the real applications such as in scientific and engineering problems.
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For two NS,

A= {{x,pa(x),va(x),ws(r)) | € X} and
B = {(z, us(z),vs(z),ws(z)) | v € X},

the relations are defined as follows:
() AC B if and only if jua(x) < up(x), va(x) > pp(e), wale) > wp(z),
(i) A= B if and only if pa(z) = (), va(z) = pp(z), wa(z) = wp(z),

(i) AN B = {(, min(ua(2), 15(2)), max(va (@), vi(x)), max(wa (), wp (@) |
r e X},

(iv) AU B = {{x,max(ua(x), up(z)), min(va(x),ve(z)), min(ws(z),ws(x))) |
r € X},

(v) A = {{z,wa(@),1 = va(2), palx)) | v € X}
(vi) 0, = (0,1,1) and 1,, = (1,0,0).
As an illustration, let us consider the following example.

Example 2.2. Assume that the universe of discourse U = {1, 2, 23}, where x;
characterizes the capability, x5 characterizes the trustworthiness and x3 indicates
the prices of the objects. It may be further assumed that the values of x1, zo and
xg are in [0, 1] and they are obtained from some questionnaires of some experts.
The experts may impose their opinion in three components viz. the degree of
goodness, the degree of indeterminacy and that of poorness to explain the cha-
racteristics of the objects. Suppose A is a neutrosophic set (NS) of U, such that,

A = {{z1,(0.3,0.5,0.6)) , (z2,(0.3,0.2,0.3)}, (x5, (0.3,0.5,0.6)) 1},

where the degree of goodness of capability is 0.3, degree of indeterminacy of
capability is 0.5 and degree of falsity of capability is 0.6 etc.

Definition 2.3. [1] Let U be any non-empty set. Suppose R is an equivalence
relation over U. For any non-null subset X of U, the sets

Aj(z) ={z: [z]g € X} and Ay(z) ={z:[z]gN X # 0}

are called the lower approximation and upper approximation, respectively of X,
where the pair S = (U, R) is called an approximation space. This equivalent
relation R is called indiscernibility relation.

The pair A(X) = (Ai(x), Az(z)) is called the rough set of X in S. Here [z]|g
denotes the equivalence class of R containing z.
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Definition 2.4. [1] Let A = (A;, A2) and B = (B4, B2) be two rough sets in the
approximation space S = (U, R). Then,

AUB = (A, UB;, AU By),
ANB= (A NB;, AN By),
ACBifANB = A,
~A={U—- A, U — A}

3. Rough neutrosophic sets

In this section we introduce the notion of rough neutrosophic sets by combi-
ning both rough sets and nuetrosophic sets. and some operations viz. union,
intersection, inclusion and equalities over them. Rough neutrosophic set are the
generalization of rough fuzzy sets [2] and rough intuitionistic fuzzy sets [22].

Definition 3.1. Let U be a non-null set and R be an equivalence relation on U.
Let F' be neutrosophic set in U with the membership function pug, indetermi-
nacy function vp and non-membership function wp. The lower and the upper
approximations of F in the approximation (U, R) denoted by N(F) and N(F) are
respectively defined as follows:

N(F) ={< 2, pyr) (7), vyr) (7), wy ) () >| y € [2]r, v € U},
N(F))={< %MN(F)(JU),VW(F)(JU)MN(F)(@ >|y € [r]g, v € U},
where:
pnry () =\ wr@), vam (@) =\ vr@), wxm@) =\ wr),
yEla]r yEla]r yEla]r
KN (F) (z) = \/ wr(y), VN(F) (z) = /\ vr(y), WN(F) (z) = /\ wr(y)-
yElz]r y€lz]r yElz]r
So
0 < piwr) (@) + V() (2) + wipy(z) <3
and

HMF)(QU) + UN(F) (z) + WN(F) (x) <3,

where ”V” and ”"A” mean "max” and "min” operators respectively, pr(z), vr(y)
and wr(y) are the membership, indeterminacy and non-membership of y with
respect to F. It is easy to see that N(F) and N (F) are two neutrosophic sets in
U, thus the NS mappings N, N : N(U — N(U) are, respectively, referred to as the
upper and lower rough NS approximation operators, and the pair (N(F), N(F))
is called the rough neutrosophic set in (U, R).
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From the above definition, we can see that N(F') a

d N(F ) have constant
membership on the equivalence classes of U, if N(F) ie

an
N(F);
HN(F) = HN(F)s

VN(F) = VN(F)»

WN(F) = WN(F)

For any x € U, we call I a definable neutrosophic set in the approximation (U, R).
It is easily to be proved that Zero Oy neutrosophic set and unit neutrosophic
sets 1y are definable neutrosophic sets. Let us consider a simple example in the
following.

Example 3.2. Let U = {p1,p2, ps, P4, D5, P, P7, Ps} be the universe of discourse.
Let R be an equivalence relation its partition of U is given by

U/R = {{p1,pa},{p2, 03,06}, {05} {p7. vs}}-

ket N(F)={(p1,(0.2,0.3,0.4), (ps, (0.3,0.5,0.4)), (ps, (0.4, 0.6,0.2)),

be a neutrosophic set of U. By Definition 3.1, we obtain:

N(F) = {(p1,(0.2,0.5,0.4)), (pa, (0.2,0.5,0.4)), (ps, (0.4,0.6,0.2)) };
N(F) = {(p1,(0.2,0.3,0.4)), (ps, (0.2,0.3,0.4)), (ps, (0.4,0.6,0.2)),
(pr,(0.1,0.3,0.5)), (ps, (0.1,0.3,0.5))}.

For another neutrosophic sets
N(G) ={(p1,(0.2,0.3,0.4)), (ps, (0.2,0.3,0.4)), (ps, (0.4,0.6,0.2)) }.
The lower approximation and upper approximation of N(G) are calculated as
N(G) = {(p1,(0.2,0.3,0.4)), (ps, (0.2,0.3,0.4)), (ps, (0.4,0.6,0.2)) };
N(G) = {(p1,(0.2,0.3,0.4)), (ps, (0.2,0.3,0.4)), (ps, (0.4,0.6,0.2))}.

Obviously N(G) = N(G) is a definable neutrosophic set in the approximation
space (U, R).

Definition 3.3. If N(F) = (N(F), N(F)) is a rough neutrosophic set in (U, R),
the rough complement of N(F) is the rough neutrosophic set denoted ~ N(F') =
(N(F)e, N@)C), where N(F)¢, N(F)¢ are the complements of neutrosophic sets
N(F) and N(F), respectively,

N(F) = {<z,wn), 1 = v (@), iy (@) >| @ € U,

and
N(F) ={< T, WN(F) 1 - VW(F)(:E>7UW(F)<:U) >z e U}

Definition 3.4. If N(F}) and N(F,) are two rough neutrosophic set of the
neutrosophic sets F| and F; respectively in U, then we define the following:
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(i) N(Fy) = N(F,) iff N(F) = N(F,) and N(F,) = N(F).
(ii) N(F)) € N(F) iff N(Fy) € N(F) and N(F,) € N(F).
(iii) N(F1)UN(Fy) = (N(F) UN(F), N(F) UN(F)).
(iv) N(F) N N(Fy) = (N(F) N N(F), N(F) N N(F)).
(v) N(Fi)+ N(F,) = (N(Fy) + N(F),N(F\) + N(F)) .
(Vi) N(F1)- N(Fy) = (N(F) - N(F), N(F) - N(F)) -

If N, M, L are rough neutrosophic set in (U, R), then the results in the following
proposition are straightforward from definitions.

Proposition 3.5.
(i) ~N(~N)=N
(i) NUM=MUN, NOnM=MnNN
(i) ( NUM)UL=NU(MUL)and (NNM)NL=NN(MnNL)

(iv) ( NUM)NL=(NUM)N(NUL)and (NNM)UL=(NNM)U(NNL).

De Morgan s Laws are satisfied for neutrosophic sets:

Proposition 3.6.
(i) ~ (N(F1) UN(F)) = (~ N(F1)) N (~ N(F))

(ii) ~ (N(F1) N N(F2)) = (~ N(F1)) U (~ N(F3)).

Proof. (i) (N(F)) U N(F)) =~ ({N(F)) U N(F)}, {N(F) U N(F)}) =
(~AN(FR)UN(Fy)}, ~{N(F)UN(F) ) =({N(F)UN(F)} AN (F)UN(F2)})
= (~{N(F) NN (F)}, ~{N(Fi) N N(Fy)}) = (~N(F1)) N (~ N(F)).

(ii) Similar to the proof of (i).

Proposition 3.7. If F} and F, are two neutrosophic sets in U such that Fy C F5,

(i) N(F1UF,) D N(Fy)UN(Fy),

(i) N(FyNFy) C N(F) N N(F).
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Proof.

pnFuR) () = inf{upum)(2) | 2 € X5}

inf(max{up, (z), pr, () | z € X;})

max{inf{ur (z) | x € X;},inf{up,(z) |z € X;}}
max{ pin(ry) (1), () (i) }

BN (F) Y () (T4)-

AV

Similarly,
VN (RuR) (Ti) < (Vnm) U va(m) ) (2:)
WN(FUR) (T:) < (W) Uwym)) (@)
Thus,
N(Fy U Fy) 2 N(Fy) U N(F).
We can also see that
N(F,UF,) = N(Fy) UN(F,).
Hence,

N(Fy U Fy) D N(F}) U N(F).
(ii) The proof of (ii) is similar to the proof of (i).

Proposition 3.8.

(i) N(F) = ~N(~ F)
(i) N(F) = ~ N(~ F)
(iti) N(F) 2 N(F)

Proof. According to Definition 3.1, we can obtain
() F={{z.pr(@),vp(@),wp(@) | = € X}
~ F = {(@,wp(2),1 = vp(@), ur(@)) | o € X}
N(~ F) = {2,050 @)1 = vy (@), tiery (@) |y € lalp, 2 €U
~ N~ F) = {2 e (@), 1= (0= (@), (o (2) )y € [a], @ € U}

- {<$’MN(NF>(SC)’”W(~F)(‘U)=WN(~F)(3?)> |y € [z]p, z € U}

where

PN (~F) (z) = pr(y), VN(NF)<:E> = \/ vr(y), WN(~F) (z) = \/ wr(y).
yElz]r yElz]r yE[z]R

Hence N(F) =~ N(~ F).

(ii) The proof is similar to the proof of (i).
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(iii) For any y € N(F'), we can have

pny (@) = N\ wr@w) <\ wr@), v (@) = \/ velw) = N\ vr(y)
yelz]r yelzlr yelzlr yelzlr
and wy(ry(r) = \/ wr(y) >\ wr(y).
yElz]r yElz]r

Hence N(F) C N(F).

4. Conclusion

In this paper we have defined the notion of rough neutrosophic sets. We have
also studied some properties on them and proved some propositions. The concept
combines two different theories which are rough sets theory and neutrosophic
theory. While neutrosophic set theory is mainly concerned with, indeterminate
and inconsistent information, rough set theory is with incompleteness; but both
the theories deal with imprecision. Consequently, by the way they are defined,
it is clear that rough neutrosophic sets can be utilized for dealing with both of
indeterminacy and incompleteness.
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Abstract— 1In this paper, we introduce concept of bipolar
neutrosophic set and its some operations. Also, we propose score,
certainty and accuracy functions to compare the bipolar
neutrosophic sets. Then, we develop the bipolar neutrosophic
weighted average operator (4,) and bipolar neutrosophic
weighted geometric operator (G,,) to aggregate the bipolar
neutrosophic information. Furthermore, based on the (4,,) and
(G,,) operators and the score, certainty and accuracy functions,
we develop a Dbipolar neutrosophic multiple criteria
decision-making approach, in which the evaluation values of
alternatives on the attributes take the form of bipolar
neutrosophic numbers to select the most desirable one(s). Finally,
a numerical example of the method was given to demonstrate the
application and effectiveness of the developed method.

Index Terms— Neutrosophic set, bipolar neutrosophic set,
average operator, geometric operator, score, certainty and
accuracy functions, multi-criteria decision making.

1. INTRODUCTION

O handle with imprecision and uncertainty, concept of

fuzzy sets and intuitionistic fuzzy sets originally
introduced by Zadeh [26] and Atanassov [1], respectively.
Then, Smarandache [17] proposed concept of neutrosophic set
which is generalization of fuzzy set theory and intuitionistic
fuzzy sets. These sets models have been studied by many
authors;  on  application  [4-6,10-12,15,16],  theory
[18-20,21-25,27,28], and so on.

Bosc and Pivert [2] said that “Bipolarity refers to the
propensity of the human mind to reason and make decisions on
the basis of positive and negative effects. Positive information
states what is possible, satisfactory, permitted, desired, or
considered as being acceptable. On the other hand, negative
statements express what is impossible, rejected, or forbidden.
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Negative preferences correspond to constraints, since they
specify which values or objects have to be rejected (i.c., those
that do not satisfy the constraints), while positive preferences
correspond to wishes, as they specify which objects are more
desirable than others (i.e., satisfy user wishes) without rejecting
those that do not meet the wishes.” Therefore, Lee [8,9]
introduced the concept of bipolar fuzzy sets which is an
generalization of the fuzzy sets. Recently, bipolar fuzzy models
have been studied by many authors on algebraic structures such
as; Chen et. al. [3] studied of m-polar fuzzy set and illustrates
how many concepts have been defined based on bipolar fuzzy
sets. Then, they examined many results which are related to
these concepts can be generalized to the case of m-polar fuzzy
sets. They also proposed numerical examples to show how to
apply m-polar fuzzy sets in real world problems. Bosc and
Pivert [2] introduced a study is called bipolar fuzzy relations
where each tuple is associated with a pair of satisfaction
degrees. Manemaran and Chellappa [14] gave some
applications of bipolar fuzzy sets in groups are called the
bipolar fuzzy groups, fuzzy d-ideals of groups under (T-S)
norm. They investigate some related properties of the groups
and introduced relations between a bipolar fuzzy group and
bipolar fuzzy d-ideals. Majumder [13] proposed bipolar valued
fuzzy subsemigroup, bipolar valued fuzzy bi-ideal, bipolar
valued fuzzy (1,2)- ideal and bipolar valued fuzzy ideal. Zhou
and Li [29] introduced a new framework of bipolar fuzzy
subsemirings and bipolar fuzzy ideals which is a generalization
of fuzzy subsemirings and bipolar fuzzy ideals in semirings
and and bipolar fuzzy ideals, respectively, and related
properties are examined by the authors.

In this paper, we introduced the concept of bipolar neutrosophic
sets which is an extension of the fuzzy sets, bipolar fuzzy sets,
intuitionistic fuzzy sets and neutrosophic sets. Also, we give
some operations and operators on the bipolar neutrosophic sets.
The operations and operators generalize the operations and
operators of fuzzy sets, bipolar fuzzy sets, intuitionistic fuzzy
sets and neutrosophic sets which have been previously
proposed. Therefore, in section 2, we introduce concept of
bipolar neutrosophic set and its some operations including the
score, certainty and accuracy functions to compare the bipolar
neutrosophic sets. In the same section, we also develop the
bipolar neutrosophic weighted average operator (4,,) and
bipolar neutrosophic weighted geometric operator (G,,)
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operator to aggregate the bipolar neutrosophic information. In
section 3, based on the (4,,) and (G,,) operators and the score,
certainty and accuracy functions, we develop a bipolar
neutrosophic multiple criteria decision-making approach, in
which the evaluation values of alternatives on the attributes
take the form of bipolar neutrosophic numbers to select the
most desirable one(s) and give a numerical example of the to
demonstrate the application and effectiveness of the developed
method. In last section, we conclude the paper.

II. BASIC AND FUNDAMENTAL CONCEPTS

In this section, we give some concepts related to neutrosophic
sets and bipolar sets.

Definition 2.1. [17] Let X be a universe of discourse. Then a
neutrosophic set is defined as:

A = {(x FA(x), Ta(x), Ia(x)):x € X},

which is characterized by a truth-membership function T,: X —
107, 1*[, an indeterminacy-membership function I5: X —

107, 1*[and a falsity-membership function F5: X — ]0~, 17][.
There is not restriction on the sum of Ty (x), [ (x) and F4 (%),
$0 07 < sup Ty (x) < supl(x) < supFp(x) < 3*. For
application in real scientific and engineering areas, Wang et
al.[18] proposed the concept of an single valued neutrosophic
set as follows;

Definition 2.1. [18]Let X be a universe of discourse. Then a
single valued neutrosophic set is defined as:

Ays = {(x, FA(x), TA(x), 1a(x)): x € X},

which is characterized by a truth-membership function T,: X —
[0,1], an indeterminacy-membership function I,: X —
[0,1] and a falsity-membership function F,: X — [0,1].

There is not restriction on the sum of Ty (x), [5(x) and F4 (%),
$00 <supTa(x) <suply(x) < supFu(x) < 3.

Set- theoretic operations, for two single valued neutrosophic
set.
Ans= {<%, Ta(%), [a () , Fa(x)> [ x € X } and Bys= {<x,
Tg(%), I5(x) , Fg(x)> | x € X } are given as;
1. The subset; Ayg & Byg if and only if
Ta(x) < Tg(x), [{,(x) = [3(x), Fa(x) = Fg(x) .
2. Ayns = Bys ifand only if,
Ta (%) =Tz (%) ,Ip(x) =lg(x) ,F5(x) =Fg(x) for anyx € X.
3. The complement of Ayg is denoted by A{s and is
defined by
‘I)\IS= {<X’ FA(X)r 1
The intersection

— L), A x € X}

Ans N Bys
{<X9min {TA (X)' TB (X) }:
max{F,(x), Fgx)}>x € X}
The union

Ans U Bys=

{Ia(), I},

max
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{<X5max {TA (X), TB (X) }1 min {IA (X) ) IB (X)} 5
min{F,(x), Fg(x)}>x € X}

A single valued neutrosophic number is denoted by A =

<T, 1, F> for convenience.

Definition 2.2. [15] Let A, = (T, 1;,F, and A, =
( T,,I,,F, ) be two single valued neutrosophic number. Then,
the operations for NNs are defined as below;

i. M=(1-1-T)NILF})
AM=(TH1-(1-1ph1 -1 -F)")
A +A, =(T,+ T, —T,T,, I,,F,F,)
iv. ALA, = (T, T, I, +l, — L,I,,F; + F, — F;F,)
where 4>0.

il.
iil.

Definition 2.3. [15] Let A; = ( T, 1, F, ) be a single valued
neutrosophic number. Then, the score function s(A,), accuracy
function a(A; ) and certainty function c¢(A;) of an SNN are
defined as follows:

i.sA)=(Ty+1-1, +1—F,)/3;

ii. aA,)=T, —Fy;

iii. c(A)=T,

Definition 2.4. [15] Let A, = (T;,1;,F, Yand A, =
( T,.I,, F, ) be two single valued neutrosophic number. The
comparison method can be defined as follows:
i.ifs(A;)>s(A,), then A, is greater than A, that is,
A, is superlor to A,, denoted by A,;>A,
ii. if s(A;) = s(A,) and a(A,) > a(A,), then A, is
greater than A,, that is, A; is superior to A,,
denoted by A; < A,;
iii.if s(A;) =s(A,), a(A;) =a(A,) and c(A,) > c(A,),
then A, is greater than A,, that is, A is superior
to A,, denoted by A;>A,;
iv.ifs(A,) =s(A,), a(A,) =a(A,) and c(A,) =c(A,),
then A, is equal to A,, that is, A, is indifferent to
A,, denoted by A,=A,.

Definition 2.4. [6,14] Let X be a non-empty set. Then, a
bipolar-valued fuzzy set, denoted by Agp, is difined as;

App = {{x 1), pp(X)): x € X}
where pj: X - [0,1] and pg: X - [0,1]. The positive
membership degree pf (x) denotes the satisfaction degree of an
element x to the property corresponding to Az and the
negative membership degree iz (x) denotes the satisfaction
degree of x to some implicit counter property of Agp.

III. BIPOLAR NEUTROSOPHIC SEY

In this section, we introduce concept of bipolar neutrosophic
set and its some operations including the score, certainty and
accuracy functions to compare the bipolar neutrosophic sets.
We also develop the bipolar neutrosophic weighted average
operator (A,,) and bipolar neutrosophic weighted geometric
operator (G,,) operator to aggregate the bipolar neutrosophic
information. Some of it is quoted from
[2,6,8,9,14,17,18,20,24,26].
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Definition 3.1. A bipolar neutrosophic set 4 in X is defined
as an object of the form

A= {<x,T+(x),1+(x),F+(x),T’ (x).1 (x),F (x)):xe X},
where 7° 1" F*: X —»[1,0] and 7,1, F: X —[-1,0]-
The positive membership degree 7+ (x),7*(x), F*(x) denotes
the truth membership, indeterminate membership and false
membership of an element x € X corresponding to a bipolar

neutrosophic set 4 and the negative membership degree
T (x),I (x),F (x) denotes the truth membership,

indeterminate membership and false membership of an element
x € X to some implicit counter-property corresponding to a
bipolar neutrosophic set 4.

Example 3.2. Let X = {x,,%,,%,} - Then
(x,,0.5,0.3,0.1,-0.6,-0.4,-0.01),
A=1(x,,0.3,0.2,0.7,-0.02,-0.003,-0.5),
(x,,0.8,0.05,0.4,-0.1,-0.5,~0.06)

is a bipolar neutrosophic subset of X .

Theorem 3.4. A bipolar neutrosophic set is the generalization
of a bipolar fuzzy set.

Proof: Suppose that X is a bipolar neutrosophic set. Then by
setting the positive components /*, F* equals to zero as well
as the negative components /~, F'~ equals to zero reduces the
bipolar neutrosophic set to bipolar fuzzy set.

Definition 3.5. Let 4, =
T x), I (%), Ff (%), Ty (%), I (%), F{ (x) )and A4, =
(T (%),13 (%), F3 (%), Ty (%), I7 (%), F3 (x) ) be two bipolar

neutrosophic sets. Then 4, < A, if and only if

T ST () I () < 1 (x), F L (0) 2 B (x)
and
T 02T (), ()2 1,0, F () <E (x)
forall xe X .
Definition 3.6. Let A, =
(X!Tf (X)I I;— (X)I Ff(X), Tl_ (X)’ II(X)’ Fl_ (X) ) and AZ =
(x,TF (%),I5 (), FF (%), T; (x), 15 (%), F5 (X) ) be two bipolar
neutrosophic set. Then A; = A, if and only if
T (x) =T (x). 17 (x) =1, (x), F'\(x) = 5" (),
and
I'\(x)=T, (x), I (x)=1,(x), F| (x)=F, (x)
forall xe X .
Definition 3.7. Let 4; =
(X'T1+ (X)l Ii'— (X)l FI—(X)’ Tl_ (X)’ Il_(X)’ Fl_ (X) ) and AZ =
(x,TF (%),13 (%), F§ (%), T; (x), 15 (x), F5 (x) ) be two bipolar
neutrosophic set. Then their union is defined as:
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max(ﬂ*(x),n*<x>),w,min«ﬂ*(x>,F;(x»,
(AU 4,)(x) = ol

min(T;(x),T;(x)),M,max<(ﬂ‘(x),F;(x))
forall xe X .

Example 3.8. Let X = {x,,X,,X;}. Then
(x,,0.5,0.3,0.1,-0.6,-0.4,-0.01),
(x,,0.3,0.2,0.7,-0.02,—0.003,-0.5),
(x,,0.8,0.05,0.4,-0.1,-0.5,-0.06)

A =

1

and

(x,,0.4,0.6,0.3,-0.3,-0.5,-0.1),
(x,,0.5,0.1,0.4,-0.2,-0.3,-0.3),
(x,,0.2,0.5,0.6,-0.4,-0.6,-0.7)

are two bipolar neutrosophic sets in X .
Then their union is given as follows:

(x,,0.5,0.45,0.1,-0.6,-0.5,-0.1),
4,0 4,=4(x,,0.5,0.15,0.7,-0.2,-0.1515,-0.5),
(x,,0.8,0.47,0.6,-0.4,-0.55,-0.7)

A2

Definition 3.9. Let 4; =

T x), If (%), Ff (), Ty (%), 17 (%), F{ (x) )and 4, =
(x,TF (x),1F (), F§ (x), T; (%), 15 (), F5 (x) ) be two bipolar
neutrosophic set. Then their intersection is defined as:

I7(x)+ 1,7 (x)

min(7}" (x), 7," (x)), »max((F (x), /5" (x)),

(4 N A)(x) =

max (T, (x),7," (x)),

M,min((ﬁ’(x),ﬂ’(x))

forall xe X .
Definition 3.10. Let
A= {<x,T+(x),1+(x),F+(x),T- (%), (x).F (1) :xe X}

be a bipolar neutrosophic set in X . Then the complement of
A is denoted by A° and is defined by

T )= =T, (), [ ()={"} =1, (x),
Fo)={"=F (%)
and
T ()=13-T, (%), [ (x)=4";-1, (%),
Fo={}-F (),
forall xe X .
Example 3.11. Let X = {x,,X,,X;}. Then
(x,,0.5,0.3,0.1,-0.6,-0.4,-0.01),
(x,,0.3,0.2,0.7,-0.02,-0.003,-0.5),
(x,,0.8,0.05,0.4,~0.1,-0.5,~0.06)

A
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is a bipolar neutrosophic setin X . Then the complement of A
is given as follows:

(x,,0.5,0.7,0.9,-0.4,-0.6,-0.99),
A =4(x,,0.7,0.8,0.3,-0.08,-0.997,-0.5),
(x,0.2,0.95,0.6,0.9,-0.5,-0.94)

We will denote the set of all the bipolar neutrosophic sets
(NBSs) in X by Q. A bipolar neutrosophic number (NBN) is

denoted by @ = <T+,I+,F+,T_,I_,F_>for convenience.

Definition 3.12. Let d, = { T, I, F;f, T, 17, Fy Yand @, =
( T;.,IF,F}, Ty, 15, F; ) be two bipolar neutrosophic
number . Then the operations for NNs are defined as below;
i. Ad;=(1-(1-
T U (FOY = (=TDA = (=D —(1 =
(1= (=F7)M)

ii. at=((TH1-a-1H{1-Q1-
FHt-1-01-
=TiNM, (I A, —(=FD)%)

iii. a, +d, =

(T +T =TT L Y ES, =T Ty, — (=1 —1; —

iv. Gy. Gy, =TT 415 — If 13 FP+FS —
FF,—(=Tf =Ty =T;T7),—I{I;,—F F; )

where 4 >0.

Definition 3.14. Let @, = ( T;', I, Fit, T, 17, F{ Ybea
bipolar neutrosophic number. Then, the score function s(@, ),
accuracy function a(d; ) and certainty function c(@,) of an NBN
are defined as follows:

i §(a= (THr+1-If+1-F"+1+T -
I —F)/6

ii. a@) =Ty —Ff + T —F]

iii. é@,) =T — Ff

Definition 3.15. &, = ( T}, If, F;, Ty, I7, FT Yand @, =
( T;.,IF,F}, Ty, 15, F; ) be two bipolar neutrosophic number.
The comparison method can be defined as follows:

1. if §(a@,) > §(a,), then @, is greater than @,, that is,
d, is superior to d,, denoted by a,>a,
ii. 5(d,) =8(a,) and d@(a,) > a(d,), then d, is

greater than d,, that is, d, is superior to @,,
denoted by @; < @,;

iii. if 5(a,) = 8(a,), a(a,) = a(a,) and é(a,) > é(a,),
then @, is greater than @,, that is, @; is superior
to d,, denoted by d,>d,;

iv. if §(d@;) =8§(a,), a(a,) =a(a,)) and é(a,) =
¢(d,), then @; is equal to d,, that is, d; is
indifferent to d,, denoted by @,=a,.
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Based on the study given in [15,20] we define some weighted
aggregation operators related to bipolar neutrosophic sets as
follows;

Definition 3.16. Let @; = <T7]7F7T}[7F7>
(j = 1,2, ...,n) be a family of bipolar neutrosophic numbers. A

mapping A,: @, = Q is called bipolar neutrosophic weighted
average operator if it satisfies

Ay, 8y, ., )= DT g wjd@; =(1 =TT, (1 -
wj w; w i _ .
L) I e B = T (1), = (1 -

(- E0)T),-a -1, (1 - (—Ff))wj) )

where w; is the weight of @; (j = 1,2, ...,n), w; € [0,1] and

Z?:l (l)] =1.

Based on the study given in [15,20] we give the theorem related
to bipolar neutrosophic sets as follows;

Theorem 3.17. Let d; = <T} I.F.T I, F})

&7{ If)} 2 (= FfL%a—f?’le?)of bipolar neutrosophic numbers.
en,

i. Ifd; = a forallj =1,2,..,nthen, A,,(d,,a,,...,4,) = @

iii. Ifd; <@ forallj=1,2,..,n then,

Ay (@y, 8y, .., 8y) < Ay(@5, a5 ., @,°).

Based on the study given in [15,20] we define some weighted
aggregation operators related to bipolar neutrosophic sets as

follows;

Definition 3.18. Let @; = <TrI,FTT,],F,> (=

1,2, ...,n) be a family of bipolar neutrosophic numbers. A
mapping G,,: @, — Q is called bipolar neutrosophic weighted
geometric operator if it satisfies

Gw(dl, dz, ey dn):H}l:l djwj :( H;}=1 '1}+wj 11—
(L= )1 = (1= ), = (= T (1 -
(T7)” = =17, = Tl (=F )

where w; is the weight of @; (j = 1,2, ..., n), w; € [0,1] and

Zj=1 (1)] =1.
Based on the study given in [15,20] we give the theorem related
to bipolar neutrosophic sets as follows;

Theorem 3.19. Let ﬁj = <T7’1;F}T?’];’F;>

(j = 1,2, ...,n) be a family of bipolar neutrosophic numbers.
Then,
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i. Ifd; =a forallj = 1,2, ...,n then, G, (d,,d,, ..., d,) = @
ii. minj_y 5 o {@}< Gy (@y, @y, ..., @) S Maxj—y, . {d;}
iii. Ifd; <a;" forallj =1,2,..,n then,

GW(d]J dZ' L] ﬁn) S Gw(dl*; dZ*! ey dn*)

Note that the aggregation results are still NBNs.

IV. NBN-DECISION MAKING METHOD

In this section, we develop an approach based on the A,, (or
G,,) operator and the above ranking method to deal with
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available. The customer takes into account four attributes to
evaluate the alternatives; C; =Fuel economy; C, =Aerod,
C; =Comfort; C, =Safety and use the bipolar neutrosophic
values to evaluate the four possible alternatives A;(i =

1, 2, 3,4) under the above four attributes. Also, the weight
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vector of the attributes C;(j = 1,2,34) isw = (5,7,2,2)"

Then,

Algorithm

2°4°8° 8

Step1. Construct the decision matrix provided by the customer

as;

Table 1: Decision matrix given by customer

G G

Cs

Cy

A, (0507,02,-0.7,-0.3,-0.6) (040405-07,-08-04)
A, (09,0.7,05,-0.7,—0.7,—0.1) (07,0608,~0.7,~05,~0.1)
A; (03,04,02,-0.6,-03,—0.7) (020.202-04,-07,-04)
A, (09,0.7,0.2,-08—0.6,—0.1) (030502,-05-05-02)

(0.7,0.7,0.5,—0.8,—0.7, —0.6)
(0.9,0.4,0.6,—0.1,—0.7, —0.5)
(0.9,0.5,0.5,—0.6,—0.5, —0.2)
(0.5,0.4,0.5,—0.1,—0.7, —0.2)

(0.1,0.5,0.7,—0.5,—0.2, —0.8)
(0.5,0.2,0.7,—0.5,—0.1,—0.9)
(0.7,0.5,0.3,—0.4, —0.2, —0.2)
(0.4,0.2,0.8,—0.5,—0.5, —0.6)

multiple criteria decision making problems with bipolar
neutrosophic information.

Suppose that A = {4, 4,,...,Ap}and C = {Cy,C,, ..., C} is
the set of alternatives and criterions or attributes, respectively.
Let w = (wy, 3, ..., w, )T be the weight vector of attributes,
such that Z}‘zl wj =10 20 (G=12..,n)and wj refers to
the weight of attribute C;. An alternative on criterions is
evaluated by the decision maker, and the evaluation values are
represented by the form of bipolar neutrosophic numbers.

Assume that (@), = (<T4,a1U,FU,T,,,1U,F¢>>mxn s the
decision matrix provided by the decision maker; d;; is a bipolar

neutrosophic number for alternative A; associated with the
criterions C;. We have the conditions Tl F.T, 1, and

F,€ [0,1] such that 0 < Tl +F.~-T,~1,-F, < 6 for

i=12,...,mandj =12, ..,n
Now, we can develop an algorithm as follows;

Algorithm

Step1. Construct the decision matrix provided by the decision

makeras;  (a@;) = <<T} I.F.Tol, Fu>>

Step 2. Compute a; = A,,(d;1, A, ..., Qi) (OT
G, (G;q, a5, ..., A;p)) foreachi = 1,2, ..., m.

mxn

Step 3. Calculate the score values of §(d;) (i = 1,2, ..., m.) for
the collective overall bipolar neutrosophic number of @; (i =
1,2,..,m.)

Step 4. Rank all the software systems of d; (i = 1,2,...,m.)
according to the score values.

Now, we give a numerical example as follows;

Example 4.1. Let us consider decision making problem
adapted from Xu and Cia [20]. A customer who intends to buy a
car. Four types of cars (alternatives) A;(i = 1,2,3,4) are
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Step 2. Compute 3; = A,(3j1, 32, dj3,dj4) for each i =
1,2,3,4 as;

3,=(0.471,0.583,0.329,—0.682,—0.531, —0.594)
4,=(0.839,0.536,0.600,—0.526, —0.608, —0.364)
3;=(0.489,0.355,0.235,—0.515, —0.447, —0.544)
3,=(0.751,0.513,0.266,—0.517,—0.580, —0.221).

Step 3. Calculate the score values of §(3;) (i = 1,2,3,4) for the
collective overall bipolar neutrosophic number of 3; (i =
1,2, ...,m.) as;5(3;)=0.50

3(4,)=0.52
3(35)=0.56
3(3,)=0.54.

Step 4. Rank all the software systems of A; (i = 1,2,3,4.)
according to the score values as;
Ay > Ay > A, > Ay

and thus A is the most desirable alternative.

V. CONCLUSION

This paper presented a bipolar neutrosophic set and its score,
certainty and accuracy functions. Then, the 4,, and G,
operators were proposed to aggregate the bipolar neutrosophic
information. Furthermore, based on the A,, and G,, operators
and the score, certainty and accuracy functions, we have
developed a bipolar neutrosophic multiple criteria
decision-making approach, in which the evaluation values of
alternatives on the attributes take the form of bipolar
neutrosophic numbers. The 4,, and G,, operators are utilized
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to aggregate the bipolar neutrosophic information
corresponding to each alternative to obtain the collective
overall values of the alternatives, and then the alternatives are
ranked according to the values of the score, certainty and
accuracy functions to select the most desirable one(s). Finally, a
numerical example of the method was given to demonstrate the
application and effectiveness of the developed method.
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Abstract

This paper is an extension of "(t, i, f)-Neutrosophic Structures"
applicability , where were introduced for the first time a new type of
structures, called (t, i, f)-Neutrosophic Structures, presented from a
neutrosophic logic perspective.

In any field of knowledge, each structure is composed from two
parts: a space, and a set of axioms (or laws) acting (governing) on it. If the
space, or at least one of its axioms (laws), has some indeterminacy of the
form (t, i, f) * (1, 0, 0), that structure is a (t, i, f)-Neutrosophic Structure. Ifthe

structure is applied to social environment, we have (t, i, f)- Neutrosophic
Social Structures.

The (t, i, f)- Neutrosophic Social Structures [based on the components t =
truth, i = numerical indeterminacy, f = falsehood] are exponential
remodeled in social space from the perspective of social actor.

The social structure allows an infinite freedom of opinion, that is,
everybody believes what he wants. The neutrosophic effervescence of social
space is more powerful than of scientific environment for the case of natural
sciences.

Keywords: Neutrosophy, neutrosophic structures, neutrosophic social
structures, social science

104



Florentin Smarandache (author and editor) Collected Papers, X

1 Introduction

The specifics of indeterminacy, of the hesitation between truth and false

in social space is given by the fact that this uncertainty is not just a status of
variables, but a status of the epistemic subject.
Therefore, in the social environment the indeterminacy is raised of two: that we
have a first neutrosophic indetermination specific any epistemic object, but we
additionally have an indeterminacy induced by the epistemic subject. To natural
entropy it is added exponentially an entropy generated by the people's perceptions
variability. Man is the most important entropy inductor. The society, the first of
all is not the issue of true and false, but it is the issue of opinion and belief
compliance. Social structures so, are double and exponential neutrosophic
articulated: indeterminacy also introduce the epistemic object, and epistemic
subject, in addition the respect of each other's opinion in society makes that the
probability of indeterminacy to increase with every opinion.

Any uncertainty is an uncertainty of creativity. The superior minds have
uncertainties, the mediocre one have indecision. In fact, the uncertainty involves a
decision in terms of unpredictability. As it is known, Immanuel Kant postulated
intelligence as the ability to bear the uncertainty: the more ability to bear the
uncertainty is greater, the higher the intelligenceis. ~ Uncertainty is
inextricably bound by a decision: there is not uncertainty without a thinking
direction of estimation, prediction, forecasting, alternative future type. When we
are talking about neutrosophic social structures, we have to take into account that
the social structure is not a homogeneous and uniform construction. Its uni-plan
appearance is the result of a correct conjecture on horizontal dimension.
However, on the vertical dimension of social structure are identifiable three levels
of the social mechanism of interaction-communication presented as network.
The first level is the individual one, of the actor and the relationships he has with
other actors individually. The second level is that of structure / structures of
which the actor belongs (family, group, clique, clan etc.). Finally, the third level is
the social network as an integer as a whole. The social structure is configured as a
whole what comprises and crosses the individuals relational (Vladutescu, 2013).

2 Arguments for Neutrosophical Social Structures

In specialty literature, T. L. Duncan and J. S. Semura emphasize that ,,the

uncertainty about the detailed state of a system cannot decrease over time -
uncertainty increases or stay the same”. This conducts to enunciate a principle of
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“information loss” : “No process can result in a net gain of information” (Duncan
& Semura, 2007, p. 1771), and uncertainty reducing: ,The construct entails
obtaining greater quality, decreases dimensionality, and reduced uncertainty”
(Blasch, 2005, p. 5).

In the same context, Tom T. Mitchell, asserts “the information gain
would be made on two issues: entropy and uncertainty, reduction of entropy is
associated with uncertainty reduction” (Mitchell, 1997). Similarly, E. Blasch
correlates uncertainty reduction with entropy: "uncertainty reduction: gain
knowledge from entropy” (Blasch, 2005, p. 18). E. Blasch considers that in
information fusion, ,all the methods are based on the simple idea: uncertainty
reduction” (Blasch, 2005, p. 13).

In the structure plan, in fact we deal with two components: the part
(actor and micro-social structure of membership) and the whole (the social
network). As part, the actor is defined through role and the concrete relationships
they develop with other actors. On the systemic- abstract dimension, the actor
appears as a way of meeting, arrival, "departure” of some connections, bridges,
links. On the other hand, as node are also shaped the sub-structures of the
individual actor belonging (organizations, associations, groups, etc.). Depending
on the relations between the actors, we have to deal with casual acquaintances,
buddies, friends, relatives, business partners, members of the interest groups
(cliques, clans, cliques, factions, etc.) (Vlidugescu, 2012).

These relationships are reflected on systemic plan as weak or strong
connections. The sub-structures, on the other hand, appear as sub-sets of nodes
that are in the strength connection. Within the social structure the actors develop
among them interdependencies and constraints subsumed to some ideas, objective
values, financial exchanges, specific relations of friendship, enmity, hatred,
violence, trade etc. As a whole, the social structure appears as the panel of nodes
and connections that represent abstract actors and relevant relations between
them. The main elements of a social structure are the actor and his relationships
(Vlidutescu, 2012).

The agent has a decisive role in ,structuring of social relations”. Anthony
Giddens suggests an analysis procedure of social relationships on two dimensions:
a) »a syntagmatic dimension, the patterning of social relations in time-space” and
b) ,a paradigmatic dimension, involving a virtual order of modes of structuring
recursively implicated” (Giddens, 1984, p. 17).

From interpersonal interactions result an impersonal structure. About the
mode how appears such as structure, John Levi Martin shows: ,Structure emerges,
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perhaps, out of unstructured interactions quite like the emergence of crystalline
structure in a seeming fluid” (Martin, 2009, p. 3). It is nameable in this context
that Georg Simmel saw the “systems” and the “super-individual-organizations” as
simmediate interactions that occur among men” and ,have become crystallized
(-..) as autonomons phenomena” (Simmel, 1950, p. 10). In his opinion, ,society,
as its life, is constantly being realized, always signifies that individuals are
connected by mutual influence and determination” (Simmel, 1950, p. 10).
Therefore, in society the systems-organizations permanently crystallize, being the
result of instant interactions of individuals connected by influence and
determination relationships.

3 (t,i, f)-Neutrosophic Social Structures

In general, each structure is composed from: a space, endowed with a set
of axioms (or laws) acting (governing) on it. If the space, or at least one of its
axioms, has some numerical indeterminacy of the form (¢, i, f) = (1, 0, 0), we
consider it as a (t, i, f)-Neutrosophic Social Structure.

Indeterminacy with respect to the space is referred to some elements that
partially belong [i.e. with a neutrosophic value (t, i, f) # (1, 0, 0)] to the space, or
their appurtenance to the space is unknown.

An axiom (or law) which deals with numerical indeterminacy is called
neutrosophic axiom (or law).

We introduce these structures to social structures because in the real
world we do not always know exactly or completely the space we work in; and
because the axioms (or laws) are not always well defined on this space, or may have
indeterminacies when applying them.

Elements of a group/set/space of a social structure:

Type 1 -individual; Type 2 -group, family, click..; Type 3 -social
network;

3.1. Numerical Indeterminacy (or Degree of Indeterminacy), which
has the form (t, i, f) # (1, 0, 0), where t, i, f are numbers, intervals, or subsets
included in the unit interval [0, 1], and it is the base for the (t, i, f)-Neutrosophic
Social Structures.

3.2 Indeterminate Space (due to Unknown Element).
Let the set (space) be NH = {4, 6, 7, 9, a}, where the set NH has an
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unknown element "a", therefore the whole space has some degree of
indeterminacy. Neutrosophically, we write a(0, 1, 0), which means the element a
is 100% unknown.

Example

We establish a space structure NS = {el, €2, €3, z}

The established a relation for elements of the space. According to this
releation the neutrosophic social structure looks like: €1(1, 0, 0); €2(1, 0, 0); €3(1,
0,0);z(0, 1,0)

The element “z” does not belong to this space, it is unknown, it does not
observe the law that decide the appurtenance to group/space, this element is an
uncertainty 100%.

3.3 Indeterminate Space (due to Partially Known Element).

Given the set M = {3, 4, 9(0.7, 0.1, 0.3)}, we have two elements 3 and 4
which surely belong to M, and one writes them neutrosophically as 3(1, 0, 0) and
4(1, 0, 0), while the third element 9 belongs only partially (70%) to M, its
appurtenance to M is indeterminate (10%), and does not belong to M (in a
percentage of 30%).

Example 1

We build the space L = {el, €2, €3, e4}

We establish the relation/law of the structure, opinion about assertion:
“In Bucharest the sky is overcast, it’s raining”.

Element Place neutrosophic structure status

el Bucharest (1,0,0) is certainty 100%

e2 Bucharest (1,0,0) is certainty 100%

e3 Brasov (0.7,0.3,0.2) is partially
certainty 70%

e4 Lasi (0,0.8,0.1) is uncertainty

80%, this element does not belong to this space/set

Any other new element of space can be inducer of uncertainty if he is not
from Bucharest, he is entropy generator, increase the uncertainty.

Example 2

We establish relation/law: Observing the Law of Moses

We establish the T, I F as neutrosophic status

T : Stone throwing sinful woman to respect the Law of Moses, the
woman dies, Jesus is not the Savior of the world;

F : Do not throw the stone; it is not observed the Law of Moses, the
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woman survives, Jesus breaks the laws;

I : To throw the stone in sinful woman, the first man without sin; the
woman is not punished according to the Law of Moses; Jesus is the Savior; But
who is without sin?

We define a space M = {al, a2, a3} composed of three elements al, a2, a3.

The neutrosophic structure looks like: al (0.8, 0, 0); a2(0.2,0.83,0.12); a3
(0.2,0.4,0.85) and the relation/law was mentioned above.

Elemental partially appurtenances to the space M, 80%.

Elements a2 and a3 do not belong to the defined space because; a2 has

83% indeterminacy comparing 20% true and a3 has 40% indeterminacy and 85%
false.

4 Conclusion

Social structures comply essentially with the neutrosophy rules, it is
observed the idea of neutrosophy behavior, these structures fall into states (t, i, f)
of neutrosophy, they have a multiple spectrum structures, the structure elements
are inducing entropy producing uncertainty. A space with an item, it means an
opinion, another element induces another opinion, another element in turn
induces another opinion, and so on. The opinion of each element of the structure
must be respected. In this way it builds a neutrosophic social structure. The result
is a very large socio-neutrosophic structure that is intended to be filtered,
evaluated, analyzed by scientific algorithms.
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Abstract

In this paper, we discuss a subclass of interval valued neutrosophic graphs called
strong interval valued neutrosophic graphs, which were introduced by Broumi et al.
[41]. The operations of Cartesian product, composition, union and join of two strong
interval valued neutrosophic graphs are defined. Some propositions involving strong
interval valued neutrosophic graphs are stated and proved.

Keyword

Single valued neutrosophic graph, Interval valued neutrosophic graph, Strong
interval valued neutrosophic graph, Cartesian product, Composition, Union, Join.

1 Introduction

Neutrosophic set proposed by Smarandache [13, 14] is a powerful tool to deal
with incomplete, indeterminate and inconsistent information in real world. It
is a generalization of the theory of fuzzy set [30], intuitionistic fuzzy sets [27,
29], interval-valued fuzzy sets [22] and interval-valued intuitionistic fuzzy sets
[28]. The neutrosophic set is characterized by a truth-membership degree (t),
an indeterminacy-membership degree (i) and a falsity-membership degree (f)
independently, which are within the real standard or nonstandard unit
interval ]-0, 1*[. Therefore, if their range is restrained within the real standard
unit interval [0, 1], the neutrosophic set is easily applied to engineering
problems. For this purpose, Smarandache [48] and Wang et al. [17] introduced
the concept of a single valued neutrosophic set (SVNS) as a subclass of the
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neutrosophic set. The same authors introduced the notion of interval valued
neutrosophic sets [18] as subclass of neutrosophic sets in which the value of
truth-membership, indeterminacy-membership and falsity-membership
degrees are intervals of numbers instead of the real numbers. Recently, the
concept of single valued neutrosophic set and interval valued neutrosophic
sets have been applied in a wide variety of fields including computer science,
enginnering, mathematics, medicine and economics [3, 4, 5, 6, 16, 19, 20, 21,
23,24, 25, 26, 32, 34, 35, 36,37, 38, 43].

Lots of works on fuzzy graphs and intuitionistic fuzzy graphs [7, 8, 9, 31, 33]
have been carried out and all of them have considered the vertex sets and edge
sets as fuzzy and /or intuitionistic fuzzy sets. But, when the relations between
nodes (or vertices) in problems are indeterminate, the fuzzy graphs and
intuitionistic fuzzy graphs fail.

For this purpose, Smarandache [10, 11] defined four main categories of
neutrosophic graphs. Two are based on literal indeterminacy (I), called I-edge
neutrosophic graph and I-vertex neutrosophic graph; these concepts are
studied deeply and has gained popularity among the researchers due to their
applications via real world problems [1, 12, 15, 44, 45, 46]. The two others
graphs are based on (t, i, f) components and are called (t, i, f)-edge
neutrosophic graph and (t, i, f)-vertex neutrosophic graph; these concepts are
not developed at all. Later on, Broumi et al. [40] introduced a third
neutrosophic graph model combining the (t, i, f)-edge and and the (t, i, f)-vertex
neutrosophic graph, and investigated some of their properties. The third
neutrosophic graph model is called single valued neutrosophic graph (SVNG
for short).

The single valued neutrosophic graph is the generalization of fuzzy graph and
intuitionistic fuzzy graph. The same authors [39] introduced neighborhood
degree of a vertex and closed neighborhood degree of vertex in single valued
neutrosophic graph as a generalization of neighborhood degree of a vertex and
closed neighborhood degree of vertex in fuzzy graph and intuitionistic fuzzy
graph. Broumi et al. [41] introduced the concept of interval valued
neutrosophic graph, which is a generalization of fuzzy graph, intuitionistic
fuzzy graph, interval valued fuzzy graph, interval valued intuitionistic fuzzy
graph and single valued neutrosophic graph. Also, Broumi et al. [42] studied
some operations on interval valued neutrosophic graphs.

In this paper, motivated by the operations on (crisp) graphs, such as Cartesian
product, composition, union and join, we define the operations of Cartesian
product, composition, union and join on strong interval valued neutrosophic
graphs and investigate some of their properties.
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2 Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets,
single valued neutrosophic sets, interval valued neutrosophic sets, fuzzy graph
and intuitionistic fuzzy graph, interval valued intuitionstic fuzzy graph and
interval valued neutrosophic graph, relevant to the present work.

See especially [2, 7, 8, 13, 17, 40, 41] for further details and background.

Definition 2.1 [13]

Let X be a space of points (objects) with generic elements in X denoted by x;
then the neutrosophic set A (NS A) is an object having the form A = {< x: T4 (%),
[5(x), FA(x)>, x € X}, where the functions T, [, F: X—]-0,1+[ define respectively
the a truth-membership function, an indeterminacy-membership function,
and a falsity-membership function of the element x € X to the set A with the
condition:

-0 < Ty (X)+ [, (x)+ FA (%)< 3*. (1)

The functions Ty (x), [5(X) and F4 (x) are real standard or nonstandard subsets
of ]-0,1+[.

Since it is difficult to apply NSs to practical problems, Smarandache [48] and
Wang et al. [16] introduced the concept of a SVNS, which is an instance of a NS
and can be used in real scientific and engineering applications.

Definition 2.2 [17]

Let X be a space of points (objects) with generic elements in X denoted by x. A
single valued neutrosophic set A (SVNS A) is characterized by truth-
membership function T,(x), an indeterminacy-membership function I5(x),
and a falsity-membership function F (x).

For each point x in X Ty (x), [5(X), FA(x) € [0, 1].
A SVNS A can be written as —

A={<x: Tp(x), [o(x), Fo(x)> x € X}. (2)
Definition 2.3 [7]

A fuzzy graph is a pair of functions G = (o, n) where o is a fuzzy subset of a non
empty set Vand p is a symmetric fuzzy relation on o.i.e 6:V - [0,1] and p:
VxV—[0,1] such that p(uv) < o(u) A o(v) for all u, v €V where uv denotes the
edge between u and v and o(u) A o(v) denotes the minimum of o(u) and o(v).
o is called the fuzzy vertex set of V and p is ca