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SUMMARY

We develop a structure theory for nilpotent symplectic alternating algebras.
We then give a classification of all nilpotent symplectic alternating algebras of
dimension up to 10 over any field F. The study reveals a new subclasses of
powerful groups that we call powerfully nilpotent groups, perfect nilpotent groups

and powerfully soluble groups.
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CHAPTER 1

INTRODUCTION

In this thesis we study certain algebraic structures called symplectic alternat-
ing algebras. Symplectic alternating algebras originate in a study of powerful
2-Engel groups [[13],[18]] although here we will study them purely as structures
that are interesting in their own right with many beautiful properties. This thesis
continues the development of the theory of symplectic alternating algebras that
was started in [19]. Some general theory was also developed in [17]. The aim
is to explore these algebraic structures and in particular to develop a theory for

nilpotent symplectic alternating algebras.

Let F be a field. A Symplectic Alternating Algebra over F is a triple (L, (, ), -)
where L is a symplectic vector space over F with respect to a non-degenerate
alternating form ( , ) and - is a bilinear and alternating binary operation on L
such that (u-v,w) = (v-w,u) for all u,v,w € L. We often denote Symplectic
Alternating Algebra more shortly by SAA.

1.1 Connection with Engel groups and the Burn-

side Problem

As we said above SAA’s originate in some work on powerful 2-Engel groups. We
will not be exploring this connection in this thesis but will be primarily looking
at SAA’s as structures interesting in their own right. In this section we however

briefly describe the origin as a background to our work. As a starting point we



Chapter 1. Introduction

first mention the famous Burnside problems from which Engel groups originate.
These were posed in 1902 by William Burnside [4].

The General Burnside Problem Is a finitely generated periodic group neces-

sarily finite?

The Burnside Problem If B(r,n) is the largest r-generator group of expo-

nent n. For what values of r and n is B(r,n) finite?

The Restricted Burnside Problem For what values of r and n is there an

upper bound on the orders of finite r-generator groups of exponent n?

In 1964 Golod [6] answered the general Burnside problem by constructing a
counter example that is a finitely generated infinite p-group. For the restricted
Burnside problem the answer turns out to be that such an upper bound exists for
all r and n. P. Hall and Higman [7] reduced this problem to the case when n is a
prime power exponent. The solution was then completed in 1989 by Zel'manov
[22],[21]] -

We next turn to the Burnside problem, For n = 2, 3,4, 6 it is known that B(r,n)
is finite. In general the answer is however negative and B(r,n) is known to be
infinite when 7 > 2 and n is large enough [[2], [9], [11]]. Surprisingly until now it
is unknown whether B(2,5) or B(2,8) is finite or not.

The Burnside problems lead naturally to the Engel-identities. Engel groups
have their origin in William Burnside’s paper [4]. Recall that the commuta-
tor of two elements z and y in a group is defined as [z,y] = 7'y lzy. We
adopt the left normed convention for commutators of more than two elements.

Thus [x1,xe,...,x,] = [...[[x1,22],...],z,]. We also define [y,, z] recursively

by [y,02] =y and [y,n1 2] = [[ym 2], 2] .

Definition 1.1. Let G be a group. G is said to be an Engel group if for each

pair (z,y) € G x G there exists an integer m = m(x,y) such that

[Y,mz] = 1.

A group is said to be an n-Engel group if m(z,y) < n for all z,y € G.
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Remark 1.2. Obviously G is an 0-Engel group if and only if G = {e} and 1-Engel

groups are the abelian groups.

It is well know that groups of exponent 2 are abelian that implies that any r-
generator group of exponent 2 is of order at most 2". Burnside showed in [4] that
it is also true that groups of exponent 3 are locally finite. It was Burnside who

b commute but

observed that in groups of exponent 3, any two conjugates a,a
this property is equivalent to the 2-Engel identity [[b, a],a] = 1 and thus these
groups are 2-Engel groups. It has been shown later in [5] by Burnside that the

2-Engel groups also satisfy the laws

[z,y,2] = [y,2 7]
[xayaz]B =1

and thus any 2-Engel group where there is no element of order 3 would be nilpo-
tent of class at most 2. Omne can see furthermore that the following identity
holds

[z,y,2,t] = 1

which apparently was noticed first by Hopkins [8]. The fact that these laws
characterize 2-Engel groups is however usually attributed to Levi [10]. The last
identity shows that 2-Engel groups are nilpotent of class at most 3. Further de-
tails can be found in [20]. That we have a complete understanding of 2-Engel
groups is however no more true then saying that the law xy = yx tells us all
about abelian groups. There are still a number of open question regarding 2-
Engel groups. For example, the following well known problems were raised by
Caranti [12].

Problem 1. (a) Let G be a group of which every element commutes with all its

endomorphic images. Is GG nilpotent of class at most 27

(b) Does there exist a finite 2-Engel 3-group of class three such that Aut G =
Aut.G - Inn G where Aut.G is the group of central automorphisms of G?

We have a positive answer for question (b). In 2010 Abdollahi, A., et al con-

structed such an automorphism group [1] using GAP and Magma computations.

10
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As we mentioned before SAA’s originate from a study of powerful 2-Engel groups.

Definition 1.3. A finite p-group, p odd, is said to be powerful if [G,G] < GP.
Or equivalently if G/GP is abelian. If p = 2 then G is powerful if [G, G] < G*.

Questions about p-groups can often be reduced to powerful p-groups. In 2008
some work was done by Moravec and Traustason in [13] on powerful 2-Engel
groups. Now any powerful 3-group of exponent 3 is abelian and one might there-

fore expect that the class of powerful 2-Engel 3-groups would be smaller than 3.

In fact Moravec and Traustason showed that this is the case for 3-generator

groups.

Proposition 1.4 ([13]). Every 3-generator powerful 2-Engel group is nilpotent

of class at most 2.

We know that the class of 2-Engel groups is at most 3. Notice that as the class of
powerful 2-Engel groups is not closed under taking subgroups, it does not follows
from the last proposition that when the class of 2-Engel groups is furthermore

powerful then the class will be reduced to 2.

In fact it turns out that there is a rich family of powerful 2-Engel groups of

class 3.

Definition 1.5. A powerful 2-Engel 3-group of class 3 is minimal if all the proper

powerful sections have class at most 2.

Moravec and Traustason classified powerful 2-Engel groups of class three that
are minimal. The study reveals that there are infinitely many minimal groups of

rank 5 and also of any even rank > 4.

Symplectic vector spaces play a role in the classification. One of the families
considered has a richer structure which lead to related algebraic structures that

we call ”symplectic alternating algebras”.

In fact the study in [18] reveals there is a one-to-one correspondence between
symplectic alternating algebras over the field GF(3) and a certain class of pow-

erful 2-Engel 3-group of exponent 27. The groups form a class C that consist of

11
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powerful 2-Engel 3-groups G with the following extra properties :
(a) G ={x,H)y where H = {ge G : ¢° =1} and Z(G) = {(z) with O(z) = 27.
(b) G is of rank 2r + 1 and has order 33+%".

The associated symplectic alternating algebra L(G) is constructed as follows.
First we consider L(G) = H/G? as a vector space over GF(3). To this we as-
sociate a bilinear alternating form (,) and a alternating binary multiplication as

follows

[a’ b]3 _ xQ(a,l_))
a-b=c where [a,b]Z(G) = *Z(G) and § = yG*.
One can show that these are well defined and turn L(G) into a SAA. Suppose

that @a-b=d and b-¢ = é. Then

290@08) _ 29(de) [d,c]® = [d®, c] = [a,b,c] = [b,c,a] = [e®,a] = [e,a]® = 29

_ 9bea)

Notice that L(G) is abelian if and only if G is nilpotent of class at most 2. Traus-
tason showed that L(G) = L(K) if and only if G = K.

Suppose G = {(x,hq, ..., hs,y and that L(G) = (uy, ..., us.) is the corresponding
SAA where u; = h;G3. Form the structure coefficients for L(G)

U; - U; = aij(l)ul + -+ aij(2r>u27~

(wiru;) = By
where 1 <7 < j < 2r. We get the following powerful commutator relations for G
[hihs] = By,

Remark 1.6. Recall that a subgroup K of a 3-group G is said to be powerfully
embedded if [K, G| < K3. We then notice that powerful subgroups of G correspond

to subalgebras and powerful embedded subgroups correspond to ideals.

Example. Consider the symplectic alternating algebra L = Faxy+Fy; +Fxo+Fys
of dimension 4, over F = GF(3) where (z1,y1) = (22,%2) = 1 and (x;,2;) =

12
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(vi,yj) = (wi,y;) = 0 otherwise for 7, j € {1, 2}.

T1T2 0
Y1Y2 —U
T1Y1 L2
L1Y2 —1
oy = 0
Tays = 0

The corresponding group is G(L) = {x1,y1, T2, Yo, ) with the relations

[$17$2
[y1, Yo
T1, Y1
T1,Y2

T2, Y1

]
]
[21, 1]
21, 42] r
[22,41]
(72, yo]

1.2 An overview of this thesis

We now give a detailed summary of the thesis. The thesis is divided into two
parts. In the first part we develop a structure theory for nilpotent symplectic al-
ternating algebras. We will first discuss some background material in Chapter 2,
which we will need throughout the thesis. We then begin Chapter 3 by describing
some results that in particular lead to specific type of presentations that we call
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent
and conversely any nilpotent algebra will have a nilpotent presentation. In par-
ticular we will focus on the algebras that are of maximal class and we will see
that their structure is very rigid. In Chapter 4 we also illustrate the theory by
classifying all nilpotent SAA’s of dimension up to 8 over an arbitrary field F. The
classification of the nilpotent symplectic alternating algebras of dimension up to
8 is implicit in [13] although this is not done explicitly and the context there
is a more general setting. There are three algebras and one family of nilpotent

Symplectic alternating algebras of dimension 8 over any field.

13



Chapter 1. Introduction

The second part of the thesis is to deal with the challenging classification of
nilpotent symplectic alternating algebras of dimension 10 over any field. It turns
out that the classification of algebras with a center that is not isotropic can be
easily reduced to the classification of algebras of dimension 8. The main bulk of
work is thus about algebras with isotropic center. The dimension of the center
lies between 2 and 5 and we deal with these cases in turn. At some points there
are interesting geometrical situations that arise, like when dealing with algebras
that have an isotropic center of dimension 4. There are 22 such algebras when
the field is algebraically closed. Over the field GF (3), where there is a 1-1 cor-
respondence with a class of powerful 2-Engel 3-groups, there are 25 algebras. In

general the classifications depends strongly on the field.

1.3 Publication details

Part I of this thesis is joint work with Gunnar Traustason. This has been pub-

lished in the Journal of Algebra, and forms reference [16].

Part II is is also joint work with Gunnar Traustason and the majority of this

is currently being prepared for publication [14, 15].

14
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CHAPTER 2

BACKGROUND MATERIAL

2.1 Symplectic Alternating Algebras

Definition 2.1. Let F be a field. A Symplectic Alternating Algebra over F is a
triple (L, (, ), -) where L is a symplectic vector space over F with respect to a
non-degenerate alternating form ( , ) and - is a bilinear and alternating binary
operation on L such that

(u-v,w) = (v-w,u)
for all u,v,w € L.

Notice that (u - z,v) = (z-v,u) = —(v-x,u) = (u,v - x) and thus the multi-
plication from the right by z is self-adjoint with respect to the alternating form.
As the alternating form is non-degenerate, L is of even dimension and we can
pick a basis 1,41, ..., Ty, Y, with the property that (x;,z;) = (vi,y;) = 0 and

(wi,y;) = 0;5 for 1 <i < j < n. Werefer to a basis of this type as a standard basis.

Suppose we have any basis uq,...,us, for L. The structure of L is then de-
termined from

(wiwj, u) = Yije, 1<i<j<k<2n.

We refer to such data as a presentation for L. The convention is to only list those
triple values that are non-zero. Alternatively we can describe L as follows, if we
take the two isotropic subspaces Fxy + - - - + Fz,, and Fy; + - - - + Fy,, with respect
to a given standard basis, then it is suffices to write down only the products

x5, vy, 1 < i < j < n. The reason for this is that having determined these

16



Chapter 2. Background Material

products we have determined all the triples (u;u;,u)) where 1 <1i < j < k < 2n,
since two of those are either some x;, x; or some y;,y; in which case the triple
is determined from z;x; or yy;. Since (z;xj,xx) = (xjx), ;) = (Tpxi, x;) and
(viys, yk) = (YjYk, ¥i) = (Yr¥i, y;), this put some more conditions on the products

x;x; and y;y;.

We adopt the left-normed convention for multiple products. Thus zixs -z,
= (- (x1 x3) -+ )z,. Many of the terms that will be used are analogous to the
corresponding terms for related structures. Thus a subspace I of a SAA L is an
ideal if IL < I. Also U <V stands for ‘U is a subspace of V.

Now let L be a SAA of dimension 2n. We next look at some general proper-
ties that hold for L.

Lemma 2.2 ([19]). If I is an ideal of L then I+ is also an ideal. Furthermore
any isotropic ideal I of a SAA L is abelian.

Proof. As (I*-L,I) = —(I-L,I*) =0, I*is an ideal in L. For the latter suppose
that I is an isotropic ideal of L. Thus I < I+ and so (I -I,L) = (I-L,I) =0

implies that [ is abelian as required. O

We define the lower central series in an analogous way to related structures like
associative algebras and Lie algebras. Thus we define the lower central series

recursively by
L'=Land L" = "L,

and the upper central series by
Zo(L) ={0} and Z,.1(L) ={xe L:xLe Z,(L)}.

It is readily seen that the terms of the lower and the upper central series are all
ideals of L. The following beautiful property that shows relation between the

upper and the lower central series will be used frequently.

Lemma 2.3 ([19]). Z,(L) = (L")

Proof. We have a € Z,(L) < alL---L =0« 0= (aL---L,L) = (a, L") =
~— ~—

ae (L"), O

Notice also that dim Z,,(L) + dim L™ = dim L.

17
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Lemma 2.4 ([19]). Any one-dimensional ideal of L is contained in Z(L) and any

two-dimensional ideal is abelian and contains a non-trivial element from Z(L).

Proof. Let I be an ideal of dimension one. Then L/I* is an alternating alge-
bra of dimension one and hence abelian. It follows that L? < I+ and hence

I< (LYt =2Z(L).

Now let I be an ideal of dimension two. Then L/It is an alternating alge-
bra of dimension two. Thus dim (L/I*+)? < 1 and so (L/I*)? < L/I*, that is
L>L*+1t= (LA n D)t = (Z(L) n I)*. Hence Z(L) n I > {0}. O

We define simplicity for SAA in the natural way. L # {0} is simple if it has no

proper nontrivial ideals.

Definition 2.5. Suppose that L is a SAA with ideals I4,..., I, which all are
SAA’s and where
L=LSL& - OI,.

We then say that L is the direct sum of the SAA’s I, ..., I,.
Remark 2.6. [t follows that I,1; < I; n I; = {0} when i # j.

Definition 2.7. We say that a SAA is semi-simple if it is a direct sum of simple
SAA’s.

As we said before, some general theory was developed in [19] and [17]. In par-
ticular a well-known dichotomy property for Lie algebras also holds for SAA’s.

Thus a SAA is either semi-simple or has a non-trivial abelian ideal.

Theorem 2.8 ([19]). Fither L has a non-trivial abelian ideal or L is semi-simple.

In the latter case the direct summands are uniquely determined as the minimal

tdeals of L .

It is however still unknown whether there exist a non-trivial SAA L where
Aut L = {id}. We are interested in the classification of SAA. Suppose that
V' is a symplectic vector space with a non-degenerate alternating form (,). Let
T1,..., %9, be astandard basis of V. Thus (x4, 2;—1) = 1 but (z;,z;) = 0 other-
wise for any 1 <7 < j < 2n. The next proposition show that in fact we can turn
this into a SAA.

18
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Proposition 2.9 ([19]). Let n = 2 and for each (i,7,k), 1 <i < j <k < 2n,
choose a number (i, 7, k) in the field F. There is a unique SAA of dimension 2n

over ' satisfying

(xixjvxk) = Oé(iuja k)
forl <i<j<k<2n.

Proof. We only need to define a bilinear alternating product on V' that interacts
with the alternating form in such a way that (uv,w) = (vw,u) for all u,v,w e V.
As the product and the alternating form are both bilinear, everything reduces
to working with the basis vectors. Now extend the function « to all triples of
pairwise disjoint numbers 1 < 1,7,k < 2n such that «(i,7, k) = a(j, k,i) =
alk,i,j), a(j,i, k) = a(k,j,i) = a(i,k,j) = —a(i, j, k) and we let every product
(xiz;,xx) = 0 if there is a repeated occurrence of a basis vector. A bilinear

alternating product is determined completely from z;z;, i < j. Now let
rjx; = —a(f,4,2)r; + (g, i, )zg — - — g, i, 2n)zon—1 + a(J,4,2n — 1)z9,

where ¢ < j. We thus have that V' is the unique SAA satisfying the stated

conditions. N

We next get from this some information about the growth of SAA’s. The map
L3 > F, (u,v,w) — (u-v,w) is an alternating ternary form and each alternating
ternary form on a given symplectic vector space, with a non-degenerate alternat-
ing form, defines a unique SAA. Classifying SAA’s of dimension 2n over a field F
is then equivalent to finding all the Sp(V')-orbits of (A3V)* under the natural ac-
tion, where V' is a symplectic vector space of dimension 2n with a non-degenerate
alternating form. Suppose that F is a finite field and suppose that the disjoint
Sp(V)-orbits of (A3V)* are ui?") . us?™) Then

2n 2n+1)
3

m < [F|(5) = |(A*V)*| < m|Sp(V)| < m|F|("2).

n3
It follows that m = |F|"5 (). Because of the sheer growth, a general classifi-

cation of SAA’s seems impossible.

We end this section by looking at all the SAA’s of dimension up to 4. It is
clear that the only SAA of dimension 2 is the abelian one. Furthermore, it is

easily seen that apart from the abelian one there is only one SAA of dimension

19
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4 that can be described by the following multiplication table. (see [19]).

129 = 0
Y12 = —h
L: my =
T1Y2 = —I1
rayr = 0
Tray2 = 0

The presentation is thus (z1y1,y2) = 1. As we said before there is a close connec-
tion between SAA’s over the field GF(3) of three elements and a certain class of
2-Engel groups, and in [19] the SAA’s over GF(3) of dimension 6 were classified.
There are 31 such algebras of dimension 6 of which 15 are simple. None of the 31
has a trivial automorphism group. We would like to mention here also the work
of Atkinson [3] who in his thesis looked at alternating ternary forms over GF(3)

in order to study a certain class of groups of exponent 3.

2.2 Nilpotent Symplectic Alternating Algebras

Definition 2.10. A symplectic alternating algebra L is nilpotent if there exists

an ascending chain of ideals Iy, ..., I, such that
0y=Ih<hL< - <I,=L

and I,L < I,_4 for s = 1,...,n. The smallest possible n is then called the

nilpotence class of L.

Definition 2.11. More generally, if [y < [} < --- < [, is any chain of ideals of

L then we say that this chain is central in L if I,[L < I, for s=1,...,n.

Remark 2.12. Equivalently we have that L is nilpotent of class n = 0 if n is the

smallest non-negative integer such that L™ = {0} or equivalently Z, (L) = L.

Another interesting property is that any SAA that is abelian-by-nilpotent must
be nilpotent.

Proposition 2.13 ([17]). Let L be a SAA. If L is abelian-by-(nilpotent of class

< n) then it is nilpotent of class at most 2n + 1.
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Proof. Let I be an abelian ideal of L such that L/I is nilpotent of class at most

n. Then L™ < I. But this is equivalent to saying that 0 = (L*™!. L") =

(LY, L-L---L)=(L,L**"?) and L is nilpotent of class at most 2n + 1. O
N —

n+1

Notice that this result is however not true if we assume that our algebra is
nilpotent-by-abelian. The the non-abelian SAA L of dimension 4 still provides a

counter example

Example. [17] Consider

T1T9 = 0

Y1Yy2 = —U1,

the only nonabelian SAA of dimension 4 over a field F. Notice that
Z(L) = ]Fx% L2 = Z([/)L = ]F.Z'l + ]F..'lfz + ]Fyl

Notice that (L?)® = {0} and thus L is nilpotent-by-abelian. However L is not

nilpotent as 1,55 = (—1)"y; for any integer n > 1.
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CHAPTER 3

GENERAL THEORY

3.1 Introduction

Here we develop a structure theory for nilpotent SAA’s. As we said before some
general theory was developed in [19] and [17]. We will describe some general
results that in particular lead to specific type of presentations that we call later
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent
and conversely any nilpotent algebra will have a nilpotent presentation. We will
also focus on the algebras that are of maximal class and we will see that their

structure is very rigid.

The lack of the Jacobi identity means that many properties that hold for Lie
algebras do not hold for SAA’s. As the following example shows, it is not true in
general that the product of two ideals is an ideal. That example also shows that

the formula L'LY < L™/ does not hold in general.

Example. Consider the 12-dimensional SAA which has a standard basis

T1,Y1,T2,Y2, T3,Y3, T4,Y4,T5,Ys5, L6, Yo where

(T3ys5,Ys) = (T2ya, Ys) = (T1Y4, y5) = (Y1y2,y3) = 1
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and (uv,w) = 0 if w,v,w are basis elements where {u,v,w} ¢ {{z3,vs, s},

{T2,Ya,Y6}, {21, Y1, Y5}, {y1,y2,y3}}. Notice that this implies that

T3Ys = Tg, L1Ys = Ts, Y2Ys = T,

T3Ye = —Ts, T1lYs = —T4, YalY5 = —Y1,
T2Ys = g, Y1Y2 = T3, YalYs = —Y2,
T2Ye = —L4, Y1Ys = —T2, YsYe = —Ys-

From this one sees that

L? = Fag+Faos+ -+ Foy + Fy, + Fyy + Fys,
L3 = Faxg+Fas+ -+ Fayq,
L' = Fag+ Fos + Fay,
L’ = 0,
[?L? = Fxy+ Fxy + Fay.

In particular L is nilpotent of class 4, L?L? is not an ideal and L2L? & L*.

This example indicates that SAA’s do differ from Lie algebras. We are going
to see in the following sections that there are some shared properties but the
next lemma underlines the difference by showing that the two classes of algebras
do not have many algebras in common when the characteristic is not 2. In fact
only the SAA’s that are obviously Lie algebras are there, namely those of class

at most 2.

Lemma 3.1. Let L be a SAA where charL # 2 and L is either associative or a
Lie algebra. Then L3 = {0}.

Proof. Let us first assume that L is associative. We then have

0= (vyz — 2(y2),t) = (v, tzy — t(y2)) = (z,tzy — tyz)

for all z,y, z,t € L. It follows that tzy = tyz = —ytz for all ¢, z,y € L. Using this
last property repeatedly we get that

TYZ = —2ZxY = YT = —TYZ

and thus 2zyz = 0 for all z,y,z € L. As char L # 2, it follows that L3 = 0.
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Now suppose L is a Lie algebra. We then have
0 = (zyz + yzx + zay, t) = (x,tzy — t(yz) — tyz) = 2(z, tzy — tyz).

As char L # 2, it follows again that tzy = tyz for all ¢, z,y € L and this implies
again that L? = {0}. O

One handicap that the SAA’s have is that when [ is an ideal then L/I is in general
only an alternating algebra as there is no natural way of inducing an alternating
form on this quotient. For example simply for the reason that the quotient can
have odd dimension. There is however a weaker form of a quotient structure that
we can associate to any ideal I of L that works. Thus for any ideal I we have
that (I+ + I)/I is a well defined SAA with the natural induced multiplication
and where the induced alternating form is given by (u + I,v + I) = (u,v) for
u,v € I*+. The reader can easily convince himself that this is well defined and
that ((I* + I)/I)* = 0. This algebra is also isomorphic to I+/(I n I*) that has

a similar naturally induced structure as a SAA.

Remark 3.2. There are some familiar facts for Lie algebras that do not reply on
the Jacobi identity and remain true for SAA’s. Such properties are particularly
useful as we can use them when dealing with quotients L/I where we only know
that the resulting algebra is alternating. For example L? has co-dimension at
least 2 in any nilpotent alternating algebra L of dimension greater than or equal
to 2. From this and the duality given in Lemma 2.3, it follows tmmediately that
the dimension of Z(L) is at least 2 for any non-trivial nilpotent SAA which is

something that we will also see later as a corollary of Lemma 3.13.

3.2 Symplectic Alternating Algebras

Remark 3.3. Let U,V be subspaces of L. Notice that
UV =0« (UV,L)=0< (UL, V)=0< UL< V™"

In other words we have that U annihilates V if and only if it annihilates L/V*.

This is useful property that we will be making use of later.

Lemma 3.4. Let I and J be ideals in a SAA L. We have that I - L < J if and
only if I - J* = {0}. In particular L™ - Z,,(L) = {0}.
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Proof. From the property given in last remark, we know that I annihilates L/.J
if and only if I annihilates J*. The second part follows this, the fact that L™
annihilates L/L™*!, and the fact that (L") = Z,,(L). O

Remark 3.5. It follows in particular that I - I+ = {0} for any ideal I. In
particular any isotropic ideal is abelian. Notice also that the property L™ Z,,(L) =
{0} is equivalent to the fact that Z,,(L) annihilates L/Zy,_1(L).

Remark 3.6. We have seen in the introduction that it is not true in general that
L' < L. As (L™t = Z,,_1(L), we however have that

L' < L' < ('L, Ziyj 1 (L)) =0 (L'Zyj 1 (L), L7) =0
< L'Ziwj1 (L) < Zj-a(L).

The obvious fact that L™L < L™ thus gives us the interesting fact from last
lemma that L™ Z,,(L) = {0}.

Lemma 3.7. Let I be an ideal of L. Then IL < I+ if and only if I is abelian.
Proof. We have that I annihilates I if and only if I annihilates L/I*. m

Remark 3.8. As I is an ideal we have in fact that IL < I+ if and only if
IL <In It Herel n I+ isthe ‘“isotropic part’ of I.

Lemma 3.9. Let I,J be ideals of a SAA L and let x € L. We have Jx < I if
and only if Itz < J*+.

Proof. We have that Jz < I is equivalent to (uz,v) = 0 for all u € J and v € I+,
But this is equivalent to saying that (va,u) = 0 for allve [t andue J = (Ji)l
and this is the same as saying that [+z < J*. O

In particular we have that
{0}=ly<sh<---<I,=1L

is an ascending central chain if and only if
L=1Iy=0L> >1I,={0}

is a descending central chain.
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Proposition 3.10. Let L be a SAA. No term of the upper central series has
co-dimension 1. Equivalently, no term of the lower central series has dimension
1.

Proof. The first fact is a well-known fact about alternating algebras and follows
from the fact that if A is an alternating algebra then A/Z(A) cannot be one-
dimensional. Now the interesting second statement is a consequence of this and
the duality (L")t = Z,_1(L). O

From the last proposition we know that no term of the lower central series of a
SAA can be 1-dimensional. Next proposition shows that some of terms of the

lower central series cannot be 2-dimensional.

Proposition 3.11. Let L be a SAA we have that dim L™ # 2 for 2 < m < 4.

FEquivalently Z,,(L) is not of co-dimension 2 if 1 < m < 3.

Proof. We first prove that dim L? # 2. We argue by contradiction and suppose
dim L? = 2. Then

2 = dim L? = dim Z(L)* = dim L — dim Z(L).
Suppose L = Z(L) + Fu + Fv. Then L? = Fuwv, which contradicts dim L? = 2.

Next we turn to showing that dim L? # 2. We argue by contradiction and let L
be a counter example of smallest dimension. We first notice that Z(L) must be
isotropic as otherwise L = I&I* for some 2-dimensional ideal I = Fu+Fv < Z(L)
where (u,v) = 1. But then M = It is a SAA of smaller dimension where M3 = L3
is of dimension 2. This however contradicts the minimality of L. We can thus

assume that Z(L) is isotropic. Notice that
2 = dim L? = dim Z5(L)* = dim L — dim Z5(L).

Say, L = Zy(L) + Fx + Fy. Then L? = Z(L) + Fzy and, as Z(L) is isotropic
and zy € L? = Z(L)*, L? is isotropic. Thus L? < (L*)* = Z(L) and we get the
contradiction that L3 = {0}.

It now only remains to deal with L?. For a contradiction, suppose that dim L* =
2. Then
2 = dim L* = dim Z3(L)* = dim L — dim Z3(L).
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Say L = Z3(L) + Fu + Fv. Then L? < Zy(L) + Fuv and using the fact that
Zy(L) - L? = {0} we get

L? - L* < (Zo(L) + Fuv) - L* = Fuv - L* < Fuv - (Za(L) + Fuv) = F(uv)(ww) = 0.

Thus 0 = (L, L*- L?) = (L3, L?) = 0= (L* L) = 0, that gives us the contradic-
tion that L* = {0}. O

Example. Let L be the nilpotent alternating algebra with presentation

(We only list the triples that have non-zero value)

P (voys,ya) =7, (192,y3) = 1, (1y2,ys) = 1.

Then inspection shows that dim L> = 2. The bound 4 in the last proposition is

therefore the best one.

3.3 Nilpotent Symplectic Alternating Algebras

We next see that, like for Lie algebras, all minimal sets of generators have the

same number of elements and we can thus introduce the notion of a rank.

Definition 3.12. Let L be a nilpotent SAA. We say that {xi,...,z,} is a min-
imal set of generators if these generate L (as an algebra ) and no proper subset

generates L.

Lemma 3.13. Let L be a nilpotent SAA. Any minimal set of generators has the

same size which is dim L — dim L?.

Proof. Let x1,...,x, € L and let M be the subalgebra of L generated by these
elements. It suffices to show that L = M if and only if x;+L?, ..., z,+L? generate
L/L* as a vector space. Suppose first that L = M. Notice that M = Fay + - - +
Fx, + M n L? and thus it is clear that L/L? is generated by z; + L%, ..., z, + L?
as a vector space. Conversely suppose now that the images of xy,...,z, in L/L?

generate L/L? as a vector space. An easy induction shows that
L=M+LS+1 Ls:Ms+Ls+1

for all integers s > 1. If the class of L is n, we get in particular that L =
M+ L™ = M. O
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Definition 3.14. Let L be a nilpotent SAA. The unique smallest number of

generators for L, as an algebra, is called the rank of L and is denoted r(L).

By last lemma we know that r(L) = dim L — dim L?. This has the following

curious consequence.

Corollary 3.15. Let L be a nilpotent SAA. We have r(L) = dimZ(L). In
particular if L # {0} then dim Z(L) = 2.

Proof. From Lemma 2.3 we know that Z(L) = (L?)*. Therefore
r(L) = dim L — dim L? = dim (L*)* = dim Z(L).

Finally, we cannot have r(L) = 1 as then we would have that L is one-dimensional.
Hence dim Z(L) > 2. O

Lemma 3.16. Let I,J be ideals of a nilpotent SAA where [ < J. If dimJ =
dimI + 1 then I < J is central. If I is an ideal such that diml < 2n = dim L
then there exists an ideal J such that dimJ = dim I + 1. If furthermore I is an

1sotropic ideal and dimI < n then J can be chosen to be isotropic.

Proof. Suppose J = I + Fz for some x € L. Let y € L. To show that [ < J is
central, it suffices to show that x -y € I. Suppose that zy = u; + ax for u; €
and a € F. As I < L it follows by induction that xy" = u, + a"x for some u, € I.

If L is nilpotent of class at most m it follows that 0 = u,,, + a™x and hence a = 0.

For the latter part suppose first that I is any ideal such that dim [ < 2n. Let
m be the largest positive integer such that L™ « I. Pick w € L™\ . Then
J = I + Fu is the required ideal such that I < J is central. Now suppose fur-
thermore that I is isotropic and that dim/ < n. Then I+ is also an ideal and
I < I*. Let m be the largest non-negative integer such that I+ u £ 1. Let

we I+ L--- L\I and again the ideal J = I + Fu is the one required. ]

m

Lemma 3.17. Let L be a nilpotent SAA with ideals I, J where J = I +Fx + Fy,
(x,y) = 1 and Fx + Fy < I*. Then JL < I. Furthermore if I is isotropic then

J is abelian.

Proof. As J is an ideal of L and as (zt,z) = 0 for all ¢t € L we have that I + Fz
is an ideal of L. By Lemma 3.16 we have that I < I + Fx is central. Similarly
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I < I + Ty is central and thus JL < I. For the second part notice that if I is
isotropic then I = J n J* thus JL < I = J n J* and by Lemma 3.7 it follows
that J is abelian. O

Lemma 3.18. Let L be a nilpotent SAA. Every ideal I of dimension 2 is con-

tained in Z(L). Equivalently, every ideal of codimension 2 must contain L?.

Proof. The second statement is a trivial fact that holds in all nilpotent alternating

algebras. The first statement is a consequence of this and that duality given by
I<Z(L)= L?>=Z(L)* <I O

Remark 3.19. Suppose that L is any nilpotent alternating algebra such that L/L?
is 2-dimensional. Then it follows immediately that the dimension of L?/L? is at
most 1 and that the dimension of L?/L* is at most 2. Using this general fact and
Proposition 3.10 one can quickly show that all nilpotent SAA’s of dimension up
to 4 must be abelian. This is clear when the dimension is 2. Now suppose that L
is a nilpotent SAA of dimension 4. We know that dim L/L* = 2. If dimL? = 2
then by the reasoning above, we would have that dimL?® = 1 that contradicts
Proposition 3.10. By that proposition we neither can have that dim L? = 1. Thus

we must have L? = 0 and L is abelian.

A Useful Inequality. Let L be a nilpotent SAA. Then

N |

dim ZZ_Q(L) — ].)
Proof. Let V; be the complement of Li*! in L!. Then

Li _ V;@LH_I
L = Viowhse --oV,eoL™!
Ui = VioWhao---av,.

Thus it follows that we have

dimV; = dim Z(L) —dim Z;_,(L)
dimU; = dim (L") = dim Z;(L).
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Now calculation gives that

‘/; @Li-l-l _ Lz _ Li—lL _ (V;—l @Lz)(Uz—l @Lz)
= ViU + L™

and we see that we have

dlmV; < dim ‘/7;_1(UZ'_2 + ‘/;;_1)

dim V;_
< (dim V;_;)(dim Uy_s) + ( m Vs 1).

2

It follows that

N | —

[l
In particular as dim L — dim Li*! = dim Li*1" — dim Li" = dim Zi(L) —
dim Z;_1(L), thus equivalently we have that
- o1
dim L' > dim L' — 3 (dim Z;_, (L) — dim Z;_o(L))(dim Z;_, (L) + dim Z;_4(L)—1).

Theorem 3.20. Let L be a nilpotent SAA of dimension 2n > 2. There exists an

ascending chain of isotropic ideals
Oy=Ih<hLh<--<Il,1<I,

such that dimI, = r forr = 0,...,n. Furthermore, for 2n > 6, I.- | is abelian

and the ascending chain
OV<hh<ly<--<l, <I- <IF,<---<Iy <L

1s a central chain. In particular L is nilpotent of class at most 2n — 3.

Proof. Starting with the ideal Iy = {0}, we can apply Lemma 3.16 iteratively to
get the required chain
{0} =Ly <L <-- <1,

By Lemma 3.18 we have that [, < Z(L). By this and Lemma 3.16 we thus have
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that the chain
IO<12<I3<"'<[n—1

is central in L. By Lemma 3.9 it follows that the chain
o<, < <Iy <lIy

is also central. It is only remains to see that I, ; < I-  is central and that I;- ,
is abelian. As I+ | = I, + Fx + Fy for some x,y € L where (z,y) = 1 and as

I,,_1 is isotropic, this follows from Lemma 3.17. O

Remark 3.21. When dimZ(L) = r < n, we can choose our chain such that
I, = Z(L). We then get a central chain

Lhy<l,<Ljg<---<Il,,<It <I},< .. <I'<lL.

In particular the class is then at most 2n —3 — 2(r — 2) = 2n — 2r + 1.

Presentations of nilpotent symplectic alternating algebras. Last theo-
rem tells us a great deal about the structure of nilpotent SAA’s. A moments re-
flection should convince the reader that we can pick a standard basis 1, y1, 2, 2,

.oy T, Yn such that

L =Fx,, Ihb=Fx,+Fzx, 1, ..., I, =Fx,+ - +Fxy,

L =1, +Fy, I; =1, +Fy +Fyo, ..., Iy = L =1, +Fy, + - +Fy,.
Now let u, v, w be three of the basis elements. Since I, is abelian we have that
(uv,w) = 0 whenever two of these three elements are from {zy,...,z,}. The fact
that

{0y <L < <1,

is central also implies that (z;y;,yx) = 0 if i > k. So we only need to consider
the possible non-zero triples (x;y;, k), (yiy;, yx) for 1 <i < j < k < n. For each
triple (7,7, k) with 1 <7 < j < k < n, let a(i, j, k) and 5(i, j, k) be some elements
in the field F. We refer to the data

P (xzijyk) :OZ(Z,],]C), (ylijyk) 25@7]71{:)7 1<Z<]<I{?<TL

as a nilpotent presentation. We have just seen that every nilpotent SAA has a
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presentation of this type. Conversely, given any nilpotent presentation, let
]r = Fxn + IE?xn—l +oee Fwn-‘rl—r

and we get an ascending central chain of isotropic ideals {0} = Ip < I} < --- < I,

such that dimI; = j for j = 1,...,n. By Lemma 3.9 we then get a central chain
O=L<h<-<Il,<If <Ir,< --<Ify=1L

and thus L is nilpotent. Thus every nilpotent presentation describes a nilpotent

SAA.

Remark 3.22. Notice that there are 2(7;) parameters for these presentations.
If F is a finite field this thus gives the value |]F|2(g) as the upper bound for the
number of 2n-dimensional nilpotent SAA’s over the field F. Armed with this
information it is not difficult to get some good information about the growth of
nilpotent SAA’s over a finite field F. Let V' be a 2n-dimensional vector space over
F and consider (A3V)*. After fizing a standard basis for V', each presentation of
a SAA corresponds to an element in (A3V)*. Now let N be the subset of (A3V)*
corresponding to all nilpotent presentations. The number of nilpotent SAA’s of

dimension 2n is the same as the number of Sp(V')-orbits of (A3V)* consisting of
Sp(V)

i

presentations that give nilpotent algebras. Suppose these are u
Then

,i=1,...,m.

N | Ju?Y)
J
and thus ]F[z(g) =[N <m-|Sp(V)| <m- |IF|(2”2+1). These calculations show that

the number of nilpotent SAA’s is

m = |F|n3/3+0(n2).

3.4 The structure of nilpotent symplectic alter-

nating algebras of maximal class

We have seen previously that nilpotent SAA’s of dimension 2n have class at most
2n — 3. For every algebra of dimension 2n > 8 this bound is attained. As well
as demonstrating this we will see that the structure of these algebras of maximal

class is very restricted.
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Let L be a nilpotent SAA of dimension 2n > 8 with an ascending chain of
isotropic ideals
{0} =Lh <L < - <I,

where dim/I; = j for j =1,...,n.

Theorem 3.23. Suppose L is of mazximal class. Then
Iy=27,(L), Iy =Zy(L), ..., 1,1 = Zn_o(L),

N =Z, (L), IY = Z,(L), ..., Iy = Zon_4(L).

Furthermore Zo(L), Z1(L), . .., Zon_3(L) are the unique ideals of L of dimensions
0,2,3, ....n—1,n+1,n+2,...,2n—2 2n.

Proof. Let Jo = {0}, Ji =1Ip,....,Jno=Iy 1, Jn 1 =11 |, Ju=1I+5 .. Jon 4=
I2L, Jon_3 = L. By Theorem 3.20, the chain Jy < J; < --- < Jy,_3 is central. We
argue by contradiction and let ¢ be the smallest integer between 1 and 2n — 4
where J; < Z;(L). Let uwe Z;(L)\ J; and let k be the smallest integer between i
and 2n — 4 such that u € Jy,1. Then

Jp < Jp + Fu < Jk+1.

If Jyy1/Jk has dimension 1 it follows that Jx,; < Zi(L) and we get the contra-
diction that the class is at most 2n — 4. We can thus suppose that Ji.1/J; has
dimension 2 and there are two cases to consider, either k =n —2 or k = 2n — 4.

In the former case we have
Inoy < Iy, +Fu<It,

which implies that I = I,,_; + Fu is an isotropic ideal of maximal dimension n.
As u € Z, 5(L), we have that I, o < I is centralised by L. By Lemma 3.9 it

follows that [ < I- , is also centralised by L and we get a central series
O=Ihy<lh<lz<---<Il,o<I<It,<IF < . <Ify<If=1L

of length 2n —4 and we get again the contraction that the class is less than 2n —3.
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Finally suppose that k = 2n — 4. So we have
I <Iy +Fu<L

and u € Zo,_4(L). Now let v € L\ (Iy + Fu). Then L = Ij + Fu + Fv and
L? = (I + Fu)L < Zy, 5(L). Hence L < Zy, 4(L) that again contradicts the

assumption that L is of class 2n — 3.

We now want to show that these terms of the upper central series are the unique
ideals of dimensions 0,2,3,...,.n—1,n+1,n+2,...,2n — 2,2n. First let I be
an ideal of dimension 2. By Lemma 3.18 we have that I < Z(L) and as we
have seen that Z(L) has dimension 2, it follows that [ = Z(L). Now suppose
that for some 2 < k < n — 2 we know that Z;_;(L) is the only ideal of dimen-
sion k. Let I be an ideal of dimension k£ + 1. As L is nilpotent we have that I
contains an ideal J of dimension k. By the induction hypothesis we have that
J = Zy_1(L) and as I/J is of dimension 1 we have that I < Z,(L). We have
that Zy(L) has dimension k + 1 and thus I = Z;(L). We have thus seen that
there are unique ideals of dimensions 0,2,3,...,n — 1. Now let I be an ideal of
dimension i € {n+1,n+2,...,2n—2,2n}. Then I* is an ideal whose dimension
is in {0,2,3,...,n — 1}. By what we have just seen I is unique and thus I as
well. O]

Remark 3.24. (1) In particular it follows that Z,(L)* = Zay 3 (L) for 0 <
k< 2n—3.

(2) As LF = Z,_(L)*, it follows that L,L?,...,L*"~? are the unique ideals of
dimensions 2n,2n —2,2n—3,...,.n+1n—1,n—2,...,2,0. Also

LF = 7, 1(L)" = Zop—y—o(L).

Remark 3.25. Let L be any nilpotent SAA of dimension 2n = 6 with the property
that dim Z(L) = 2. Notice that Z(L) must be isotropic since otherwise we would
have a 2-dimensional symplectic subalgebra I within Z(L) and we would get a
direct sum TSI+ of two SAA’s. As I* has non-trivial center this would contradict
the assumption that Z(L) is 2-dimensional. Now L has rank 2. Suppose it is
generated by x,y. Then L is generated by x,y, vy modulo L and thus dim Zy(L) =
dim (L®)* = dim L — dim L? = 3.
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The complete list of ideals of L. We have seen that there is a unique ideal
of dimension k for any 0 < k < 2n apart from k = 1,k = n and k = 2n — 1.
Let us now turn to the remaining dimensions. Now every ideal of dimension 1
is contained in Z(L) and conversely every subspace of dimension 1 in Z(L) is an
ideal.

Next consider an ideal I of dimension 2n — 1. Then I+ is an ideal of dimen-

sion 1 and is thus any subspace of dimension 1 such that
{0} < I+ < Z(L)
Equivalently, I is any subspace of dimension 2n — 1 such that
L?=Z(L)Yr <I<{0}r=L.

Finally consider an ideal I of dimension n. Since L is nilpotent there exists
an ideal J of dimension n + 1 containing I. By last theorem we have that
J=L""1=Z,5(L)*. Also I contains an ideal of dimension n — 1 that we know
is Z,—2(L). Thus

Zn_o(L) < I < Z,_o(L)*.

We also know from our previous work that Z,_o(L) is an isotropic ideal of di-
mension n — 1. [ is thus an isotropic ideal of the form

Zn_o(L) + Fu

For some u € Z, o(L)* \ Z,_o(L). Conversely, as Z, o(L)*L < Z, (L) we
have that for any intermediate subspace I of dimension n between Z,_5(L) and
Zn_o(L)*, I is an ideal.

We thus have a complete picture of the ideals of L.

We now focus on the characteristic ideals. It turns out that there are as well

always characteristic ideals of dimension 1,n and 2n — 1 when 2n > 10.

Remark 3.26. Notice that if I is a characteristic ideal then the ideal I* is also
characteristic. To see this let ¢ be any automorphism of the SAA L and let
aeIt. As ¢ is an automorphism we have that ¢(a) € ¢(I)* = I+,
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Theorem 3.27. Let L be a nilpotent SAA of dimension 2n > 10 that is of

mazimal class. L has a chain of characteristic ideals
O=Ly<h<-<I,<Ii,<---<If<Iy=1L

where for 0 < k < n, Iy is isotropic of dimension k.

Proof. By Theorems 3.20 and 3.23, we know that we can get such a chain of
ideals where all the ideals apart from Iy, 1, and I, ; are characteristic. We
want to show that we can choose our chain such that I, I, and Is,_; are also

characteristic. Let x1,y1,...,2,,y, be a standard basis such that
Iy =Fx,+Fx, 1+ - +Fr, 1 ¢

for 1 < k£ < n. Then ['4[2l = Fx, 3y, o is a characteristic ideal. We claim
that this is non-trivial. Otherwise x,_3y, 2 = 0 and then (z,_su,y, 2) = 0 for
all v € L that implies that z,, 3L < Fz, + Fz,_; and we get the contradiction
that x,_3 € Zy(L) = I3. Thus we have got a characteristic ideal of dimension 1,
namely I4Iy = Z3(L) - L?. Notice that we are assuming here that n > 5. From

this we get that (I;13)" is a characteristic ideal of dimension 2n — 1.

It remains to find a characteristic ideal of dimension n. We know that L" =
Fa, +Fx, 1+ +Fpy, L1 =T =Fa,+  +Fa; +Fy, and L" 2 = [1 , =
It |+ Fyy. As L™t = ["2. L it follows that L™ + Fay + Fy; = (L" ! + Fyo)L
and thus

L"+Fxy +Fy, = L" + L.

Thus there exist u,v € L such that you + L™ = 21 + L™ and yov + L™ = y; + L™.
Then

(you,z1) = 0, (you,y1) # 0, (yov,21) # 0, (y2v,y1) = 0.

Equivalently

($1y27u) = 07 (xly%U) 7 07 (y1y27u) 7 07 (y1y27v) =0

and this implies that z1y9, y192 are linearly independent (something that will also

be useful later). Consider next the 2-dimensional characteristic subspace

Ln_an_2 = IFQleQ + ]FylyZ-
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Notice that L"'L""2 < I,_,. Let k be the smallest positive integer between 1
and n—3 such that L" 1L" 2 < I;.;. Let J = L" ' L" 2~ 1. Thendim J = 1 and
there is a unique one-dimensional subspace Fu of Fa; +Fy; such that FuL" 2 = J.
Now I = I,_; + Fu is the characteristic ideal of dimension n that we wanted.
Notice that [ = {z € L,41 : 21,2 < J}. O

Remark 3.28. If L is a nilpotent SAA of dimension 8 that is of mazimal class
then there is no characteristic ideal of dimension 1. The reader can convince
himself of this by looking at the classification of these algebras given in the next
chapter.

Corollary 3.29. Let L be a nilpotent SAA of mazimal class and dimension
2n = 10. The automorphism group of L s nilpotent-by-abelian.

Proof. Consider a chain of characteristic ideals as given in the last theorem
O=ILy<h<-<I,<Il,<It,<---<Iy=L.

Consider the ordered basis (,, Tp_1, ..., %1, Y1, - - -, Yn) associated with this chain,
that is I, = Fx,, + Fz,_1 + -+ + Fo, 1. As the ideals in the chain are all
characteristic we see that the matrix of any automorphism with respect to that

ordered basis will be upper triangular. The result follows. O

We next move on to presentations of nilpotent SAA’s of maximal class. Suppose

L is any nilpotent SAA with a presentation
P (wyy,u6) = qujr, Yy, U6) = Bigr, 1 <i<j<k<n

We would like to read from the presentation whether the algebra is of maximal

class. This turns out to be possible.

Theorem 3.30. Let L be a nilpotent SAA of dimension 2n > 8 given by some
nilpotent presentation P. The algebra is of mazimal class if and only if x,_oyn_1,

Tp_3Yn_2, ..., Toly3 are non-zero and r1Yys, yY1ys are linearly independent.

Proof. Let us first see that these conditions are necessary. Suppose that L is of
maximal class. In the proof of Theorem 3.27 we have already seen that x1y, and

11y must be linearly independent. As before we let I}, = Fx, 4+ +Fx,,1_ ;. As
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Tn_o ¢ Z(L), we have (z,_2Yn_1,yn) # 0 and thus x,_sy,_1 # 0. As the terms of

the central chain
Ih<h<Iz<- <l <If <Ir,< --<Ify<lI

are the terms of the lower central series, we know that I 1L = I} for 2 < k <
n — 2. Thus we have for 3 < k <n — 2 that

Iy 1+ Frp i1 = ([k + IFa:n,k)L

From this it follows I_1+Fx, 111 = [x_1+x,_r L. In particular there exist u € L
such that Iy_1 + zp_gi1 = Ix_1 + zp_pu. It follows that 0 # (2, pu, Yp_k+1) =

—(Tp—kYn—k+1, ). Hence x,_y,_r+1 is non-zero for 3 <k <n —2.

Let us then see that these conditions are sufficient. We do this by showing that
ILy=LL Iy=01L, ..., I, o=1, L, I, y=1- L I+, =1I-,L ... If=
I+L, I+ = IfL. This is sufficient as this would imply that L% = [, # 0
and thus L is nilpotent of class 2n — 3. Firstly as x,_oy,_1 # 0 we have that
(Tn—2Yn—1,Yn) # 0 and thus I3L = x, oL = Fx,, + Fz,,_; = Is. Now suppose we
have already established that I, = I, L for all 2 < kK < m where 2 < m < n-—3.
Then
Lol = (Iyyr +Faypp 1) L=1p+Tp_pm- L

AS Ty 1Yn—m # 0 we have (T 1%, Yn—m) = —(Tn—m—1Yn—m, u) # 0 for some
w € L and thus I,,,,oL = I, + vo_n1L = I, + Fx,,_,, = I,,,-1. We have thus
established by induction that

L=ILL, ..., I, o=1,,L.

We next show that I,f_lL = I,_1. As 215 # 0 we have that there exist u € L
such that 0 # (z1y2,u) = —(x1u,y2) and

IM L= (I,_y +Fay +Fy))L = I,_o + Fay = I, ;.

Next we show that I ,L = I |. As z19s, 119> are linearly independent there

exist u,v € L such that

(T1y2,u) =0, (21y2,v) # 0, (Y1y2,u) # 0, (Y1y2,v) =0
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and thus
(you,z1) = 0, (you,y1) # 0, (yov,21) # 0, (y2v,y1) = 0.
Hence
Ii—ZL = (Ii_1 +Fys)L =1, 1+ Fys L = I, 1 + Fxy + Fy; = ],f_l.

Now suppose that we have established that I} |L = I}: form+ 1<k <n-—1
where 3 <m <n—2. AsS Tp_mYn_m+1 # 0 it follows that there exists u € L such

that 0 # (:En—myn—m-‘rla u) = (yn—m+1u; xn—m)‘ Thus
[#_1—1[’ = (I#z + Yn-m+1)L = TJr_H-]. + Yn-my1L = nl1+1 + Fyn—m = [#L'

It now only remains to see that ]OLL = Ij. But this follows from z, sy, 1 # 0

that implies that (yn_1Yn, Tn—2) = (Tn—2Yn—1,Yn) # 0. Thus
ITL = (Iy +Fyp_1 +Fy, )L = Iy + (Fyp_1 + Fy, )L = I + Fy,_y = I5.

This finishes the proof. n

Remark 3.31. In particular it follows that for each 2n > 8 there exist a nilpotent
symplectic alternating algebra of maximal class. One just needs to choose the

presentation such that the conditions from Theorem 3.30 hold. One possibility is

P (xn—Qyn—layn) = _17 (xn—Syn—Zayn) = _17 sy (m2y37yn) = _17 (xly%yn) = _17
(y1y27yn—1) = -1

In fact the conditions are not a strong constraint. In particular the values of
(xiy;, yk)s (Yiyj, yi) where j —i = 2 can be chosen freely. The number of such
triples 1s 2(”;) that is a polynomial in n of degree 3 with leading coefficient 1/3.
Let ' be any finite field. By a similar argument as we used for determining the
growth of nilpotent SAA’s we see that the number m(n) of nilpotent SAA’s of

mazimal class satisfies

m<n) _ |F|n3/3+0(n2).

Remark 3.32. (1) Let L be a nilpotent SAA of dimension 2n = 10 that is of

mazimal class and consider a chain {0} = Iy < --- < I,, of characteristic ideals
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where Iy is of dimension k. We have, for4 <m <n —1,

1
Im]m—2 = IE‘5E7L+1—myn+2—m

and thus we get that Fxoys, Fxsyy, ..., Fx,_sy,_o are one-dimensional character-

istic subspaces of L. Also,

I;—lf{z = Fx1ys + Fyiyo

n

is a characteristic subspace. So is I-1+ , = Fxyys.

(2) If V is a characteristic subspace of dimension d then we get a chain of char-

acteristic subspaces
VAL <VAaL< <Vl <Vl <---<Vnly=V

Thus there is a chain of characteristic subspaces Vi < Vo < -+ <V where V; is

of dimension 1.
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CHAPTER 4

NILPOTENT SYMPLECTIC ALTERNATING
ALGEBRA OF DIMENSION 2n < 8

The classification of the nilpotent SAA’s of dimensions at most 8 is implicit in
[17] although this is not done explicitly and the context there is a more general
setting. To demonstrate the machinery that we have developed we will offer a
much shorter approach here. Throughout this chapter we will be working with

an arbitrary field F.

We have observed earlier that nilpotent SAA’s of dimensions 2 or 4 must be

abelian.

4.1 Algebras of dimension 6

Let L be a non-abelian nilpotent SAA of dimension 6 with a nilpotent presenta-

tion P. There are at most two non-zero triple values

<$1y27’y3) = a, (y1y2ay3> = .

As L is non-abelian, one of these must be non-zero and, by replacing x1,y; by
—y1, 1 if necessary, we can assume that b # 0. Replacing then x3,y3 by bxs, %yg
implies that we can further assume that (y;y2,y3) = 1. Finally replacing 1, y; by

x1 — ayy,y; and we can also assume that (z1y2,y3) = 0. Apart from the abelian
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Chapter 4. Nilpotent Symplectic Alternating Algebra of dimension 2n < 8

algebra, there is thus only one algebra of dimension 6 with presentation

Pég’l) o (niye,y3) = 1.

(We will normally only write down those triples where the value is non-zero).

4.2 Algebras of dimension 8

First suppose that Z(L) is not isotropic. We can then choose our standard basis
such that I = Fzy + Fy, < Z(L) and we get a direct sum [ @ I+ of SAA’s of
dimensions 2 and 6. From 4.1 we then know that apart from the abelian algebra,
there is only one such algebra L = Fxy + Fas + Fzg + Fry + Fyy + Fys + Fys + Fyy
with presentation

POV (i ) = 1.

We then turn to the situation where Z(L) is isotropic. Let us first see that
dim Z(L) # 4. We argue by a contradiction and suppose that dim Z(L) = 4. Pick
a standard basis such that Z(L) = Fxy + Fx3 + Fxy + Fzy. Now L is not abelian
and thus (v;y;, yx) # 0 for some 1 < i < j < k < 4. Without loss of generality, we
can suppose that (yiy2,y3) = 1. Suppose now that (y192,v4) = a, (y2ys,ys) = b
and (ysy1,y4) = c. Let vy = yqs — by1 — cya — ays. Inspection shows that y,
is orthogonal to L? = Fy1ys + Fyoys + Fysys + Foayr + Fyaye + Fyays. Thus
gy € (L?)* = Z(L) and we get the contradiction that dim Z(L) > 5. Thus we
have shown that dim Z(L) # 4 and as dim Z (L) is always at least 2, we have two
cases to consider: dim Z(L) = 3 and dim Z(L) = 2.

4.2.1 Algebras with an isotropic center of dimension 3

We can choose the standard basis such that

Z(L) = Fzxy+ Faz+ Fay
L? = Z(L)Y* = Fay+Fos + Fay + Foy + Fy,.

By Theorem 3.20, we know that L? = L?L < Z(L) and by Propositions 3.10 and
3.11 we must then have L* = Z(L). As z; ¢ Z(L), we must have (z1y;,y;) # 0
for some 2 < i < j < 4. Without loss of generality (x1ys,y3) # 0. By replacing

Ya, Y1 by ys + ax1,y1 + axy for a suitable a, we can assume that (yoys4,ys) = 0.
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Let V = Fyy + Fys + Fys. Now (y2y3,v4) = 0 and L? = Z(L) + Fa; + Fy;. As
L = L? +V it follows that V? = Fz; + Fy; and as V2 is not isotropic we must
have that some two of yoys, y4y3, y2y4 are not isotropic. Without loss of generality
we can suppose that these are yoy3 and y4y3. By replacing y4, x4 by ayy, %x4 for

a suitable a € F, we can furthermore assume that (y2ys, y4ys) = 1. Thus
Fay + Fyr = V2 = Fyays + Fyays

and yoys = ayoys + bysys for some a,b € F. It follows that (ys +bys)(ys—ays) = 0.
Now replace ys, Y4, 3 by Y2 + bys, y4 — ays, r3 — brs + axy and then replace x1, y;
by y2y3, yay3. It follows that we get a new standard basis where

Yay3 = T1, Yays = Y1, Yoys = 0.

This implies that the only non-zero triples are (y1y2,y3) = 1 and (z1ys3,y4) = 1.

There is thus only one possible candidate here, the algebras L with presentation

73553,2) C (thye,ys) = 1, (21y3,y4) = 1.

Conversely, one sees by inspection that Z (L) = Fay+Fz3+Fzy and this candidate

is a genuine example with dim Z(L) = 3.

4.2.2 Algebras with an isotropic center of dimension 2

We know that the class of L is at most 2 -4 — 3 = 5 and thus L° < Z(L).
Let k be the smallest positive integer 2 < k < 5 such that L* < Z(L). As
dim L* < 2, it follows from Proposition 3.11 that k¥ = 5. Hence L is of maximal
class and by Theorem 3.23 can choose our standard basis such that, we get ideals
Iy, =Fxy+ -+ Fagqg, k=0,...,4 where

W=Ilh<h< - <L=I<Iif<--<Ii=1L
4 3 0
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is a central series with Iy = Z(L) = L5, Iy = Zy(L) = L*, It = Z3(L) = L? and
Iy = Z,(L) = L% Thus we have

Ya
Ys

L5 = 7Z(L)

L' = Zy(L) |zg|y2 | L = Zu(L)

z1 |y | L° = Z3(L)

By Theorem 3.30 we furthermore have that x,ys, 41y are linearly independent
and thus a basis for Z(L) = Fxy + Fx3. We can now pick our standard basis such
that z1ys = x4 and Y192 = 3. As xo ¢ Z(L), we also have that (z2ys,y4) # 0.
This means that we have the non-zero triples (x1y2,y4) = 1, (y1y2,y3) = 1
and (x9ys,ys) = 7 # 0. The only remaining triples that are possibly non-zero are
(x1Y3,Y4), (Y193, y4) and (y2y3,y4). Replacing z1,y; and ys by 21 —axs, y; —bxs and
Yo + ay, — bxy — cxo for suitable a, b, c € F, we can assume that these extra triples

are zero. We can thus choose our basis so that our algebra L has presentation

7355273)(7“) b (Tays,ya) =1, (T1y2,ys) = 1, (1y2,y3) = 1. (4.1)

We finally need to sort out when, for r,s € F* = F\ {0}, the two presentations
P§2’3)(7") and PéQ’S) (s) describe the same algebra L. We will see that this happens
if and only if s/r € (F*)3. To see that this is a sufficient condition, suppose
we have an algebra L that has a presentation 7>§2’3) (r) with respect to some
standard basis 1, y1, T, Yo, T3, Y3, T4, Ys. Suppose that s = ar for some a € F*.
Let @1 = 21, 41 = Y1, T2 = aTa, Yo = ~Ya, T3 = +a3, Y3 = ays, T4 = ~4 and
ys = ayy. Inspection shows that L has presentation 735(;2’3)(3) with respect to the
new basis. It remains to see that the condition is also necessary. Consider the
algebra L with presentation Péz’g)(r) and take an arbitrary new standard basis
21,1, T2, Y2, T3, Y3, T4, Ys such that L satisfies the presentation 73;2’3)(3) for some
s € F*. We want to show that s/r € (F*)3. Now

¥z = ayz + bys + u,
Ya = cys + dys + v,
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for some u,v € L? and a, b, c,d € F where ad — bc # 0. As dim L? —dim L? = 1 it
follows readily that L?L? < L* and it follows that

UsYs¥s = (ays + bys)(cys + dys)(ays + bys) + w,
UsYa¥s = (ays + bys)(cys + dys)(cys + dys) + z,

for some w, z € L*. As L°® = 0 we have that L* is orthogonal to L3 and thus in

the following direct calculations we can omit w and z. We have
—5° = (Y3003, U39a0s) = —(ad — be)*r?.

Hence s/r € (F*)3.
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Part 11

The Classification of nilpotent
SAA of dimension 10
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INTRODUCTION

This part will be mostly about extending the classification of nilpotent SAA’s
to algebras of dimension 10. Throughout this part we will be working with an
arbitrary field IF. The classification depends strongly on the field we are working
with. When the field is algebraically closed we will see that there are 22 such
algebras of dimension 10. Over the field GF (3), where there is a 1-1 correspon-

dence with a class of powerful 2-Engel 3-groups, there are 25 algebras.

We will first consider the case when the center of L is not isotropic as then

we can use our classification of algebras of lower dimension.

By a similar argument as in the previous chapter we see that L is a direct sum
of an abelian algebra Fxs; + Fys; of dimension 2 and an algebra of dimension 8.
Our classification of the latter yields that we get the following presentations for

algebras of dimension 10 with non-isotropic center:

Q%’l) © (Y2, y3) = 1.
Q%l) : (y1y27y3) =1, ($1y3,y4) = 1.
4,1
QW (r) : (waysyya) =7, (11, ya) = 1, (12, y3) = 1,

where Q10 (r) and Q1o () describe the same algebra L if and only if s/r €
(F=)°.

We now turn into the case where the center Z(L) is isotropic. We have that
dim Z(L) is between 2 and 5. Thus we have 4 cases to deal with in the following
4 chapters.



CHAPTER b

ALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 5

Let L be a nilpotent SAA of dimension 10 with an isotropic center of dimension

5. We can then choose a standard basis x1, y1, T2, Y2, 3, Y3, T4, Ya, 5, Y5 such that
Z(L) = Fxs + Fry + Frs 4+ Fag + Fay.

Here x1,y1, 22, Y2, 3, Y3, T4, Ys, T5, Y5 Will be determined later such that some fur-
ther conditions hold. The elements y, ...,y are not in Z(L) and without loss of
generality we can assume that (y192,y3) = 1. Now suppose that (yiyj,?/4) =

and (y;y;,vs5) = Bi; for 1 < 4,7 < 3. Replacing x1, x2, ©3, ya, y5 by

T = T1 + o3y + Pa3s, Ya = Ya — Q12Y3 — a3y — 3192,
Ty = To + ag124 + B31T5, Us = Ys — Pr2ysz — Pasyr — B31y2,

T3 = T3 + 1224 + P125,

We can assume that our standard basis has the further property that (viy;,ys) =
(yiyj,ys) = 0 for 1 < i < j < 3. As ys ¢ Z(L), we know that one of
(Y194, Ys), (Y2, Ys), (Ysya, ys) is non-zero. Without loss of generality we can as-
sume that (y1v4,ys5) = 1. The only triples whose values are not known are then
o = (Y29, ys5) and 8 = (y3ya, ys). Replacing 1,92, y3 by 71 = 71 +axs+ 13,72 =
Yo — 1, Y3 = y3 — By1, we get a new standard basis where the only nonzero triple
values are (y192,y3) = 1 and (y1y4,y5) = 1. We have thus proved the following

result.
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Proposition 5.1. There is a unique nilpotent SAA of dimension 10 that has

1sotropic center of dimension 5. L can be described by the nilpotent presentation

5,1
771(0 ) : (y1y2,y3) =1, (y1y4,y5) = 1.
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CHAPTER 6

LALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 4

The situation here is far more complicated and we will need to consider several
subcases. Let L be a nilpotent SAA of dimension 10 with an isotropic center of

dimension 4. We can pick our standard basis such that
Z(L) = Fay + Foy + Fag + Fao.

Then
L? = Z(L)* = Z(L) + Fa, + Fy,

and by Lemma 3.17 we know that L3 = L*L < Z(L). As L? £ Z(L) we have
L3 # {0} and by Propositions 3.10 and 3.11 we then have that 3 < dim L? < 4.
We will consider the cases L? < Z(L) and L? = Z(L) separately.

6.1 The algebras where L° < Z(L)

In this case we can choose our basis such that
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Ys
L | ya L3 = Fas + Fry + Fay
Y3 Z(L) = L* + Fa,
Z(L) |z |ya| Zo(L) L? = Z(L)* = L? + Fay + Fay + Fyy
: Zy(L) = (L) = Z(L) + Fay + Fy1 + Fys
1 oy | LP = Z(L)*

Notice that, as Zo(L) - L? = {0}, we have that Zy(L) is abelian and thus in
particular z1ys = 1172 = 0. As Zy(L) is an abelian ideal we also have that
Z5(L)L is orthogonal to Z,(L) and thus Z(L)- L < Zy(L)* = L3. Tt follows that

Fzy + Fzy + Fyy + L* = L* = Fysys + Fysys + Fyays + L.

Suppose
Ty + L = aysys + BYsys + Yyays + L.

Now at least one of «, 3,7 is nonzero and by the symmetry in ys, y4, y5 We can
assume that a # 0. Thus

zo + L? = (y3 — gys)(a% + Bys) + L.

By replacing x4, x5, Y3, ya by @4 = 24,75 = 25 — §I4 + 13,03 = Y3 — Lys, Y =
ays+ Bys, we can then assume that xo+ L3 = ysys + L3, In particular (yoys, y4) =
1. Suppose that (ysy4,ys) = 7. Replacing xq, y5 by 2 = xo+7x5 and 5 = y5—TYs
we can furthermore assume that (ysys,ys) = 0. If we let V' = Fys + Fy, + Fys, it

follows that we now have
V2 = Fay + Fzq + Fy; and ysys = xo. (6.1)
By (6.1) we know that

1 = oysys + BYsys + YYays = axy + BYsys + YYaYs,
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where without loss of generality we can assume that v # 0. Then

B
vy = (ya + ;Z/S)(—Oéys +7Ys).-

Replacing w3, x5, y4,ys by T3 = 3 — 5554 + S5, 75 = %335,??4 = ys + 593 and
Us = —Qys + VY5, We obtain

YaYs = T1. (6.2)
Notice that (6.1) is not affected by these changes. Finally we know from (6.1)
and (6.2) that
Y1 = —axs — Pr1 + YYsys

for some 0 # v € F. Then
a
y1=(ys + ;?M)(Wy:a + Bya).

Now replace x3, x4,y3,ys by T3 = ,-1Y$3, Ty = Tg — S5 — gxs, ys = vys + Bys and
Ys = Ys + %y4. This gives us
YsYs = Y1 (6.3)

This does not affect (6.2) but instead of (6.1) we get ysys = yx2. Now we make
the final change by replacing x, and y, by vz, and %yg and we can assume that
(6.1), (6.2) and (6.3) hold. We had seen earlier that Z5(L) is abelian and thus all
triple values involving two elements from {5, x4, 3, T2, T1, Y1, Yo} is trivial. Thus
all the nontrivial triple values involve two of ys, 4, ys but from (6.1), (6.2) and

(6.3) we know what these are. We have thus proved

Proposition 6.1. There is a unique nilpotent SAA of dimension 10 that has an
isotropic center of dimension 4 and where L < Z(L). This algebra can be given

by the nilpotent presentation

4,1
7)1(0 ) : (92y3=y4) =1, (y1y47y5) =1, ($1y3,y5) = 1.

Remark 6.2. Inspection shows that the algebra with that presentation has a
center of dimension 4 and the property that L? < Z(L).
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6.2 The algebras where L3 = Z(L)

We will see that this case is quite intricate and we will need to consider several

subcases.
Ys
L* = z(n) |
Ys
Y2

v oy | L2 = Z(L): = I3 = Z,(L)

Z(L) =13= Fxs + Fay + Fos + Fao
Zy(L) = L? = Z(L)* = Z(L) + Fa, + Fy,

In order to clarify the structure further, we will associate to any such algebra
a family of new alternating forms that are defined as follows. For each z =
2+ Z(L) e L?/Z(L), we obtain the alternating form

¢-: L)L x L/L* —TF

given by
os(u,0) = (zu,v)

where 4 = v + L? and © = v + L?. Notice that this is a well defined function as

L? is abelian.

Remark 6.3. (1) If0 # z = 2z + Z(L) € L?/Z(L), then ¢- # 0. Otherwise
we would have (zu,v) = 0 for all u,v € L that would give the contradiction that
ze Z(L) and thus z = 0.

(2) There is no non-zero element in V = L/L* that is common to the isotropic
part of V.= L/L* with respect to all the alternating forms ¢ with z € L*/Z(L).
Otherwise there would be some 0 # t € Fys +Fyy + Fys + Fys such that (zt,u) =0
for all z € L? and all we L. But then ut € (L*)* = Z(L) for all u € L that gives
the contradiction that t € Zy(L) = L*.

We divide the algebras into three categories.
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A. The algebras where there exists a basis z,t for L?/Z(L) such that the al-

ternating forms ¢z, ¢7 are both degenerate.

B. The algebras where there exists 0 # z € L?/Z(L) such that ¢, is degener-
ate but ¢; is non-degenerate for all £ € L?/Z(L) that are not in Fz.

C. The algebras where ¢; is non-degenerate for all 0 # z € L?/Z(L).

6.2.1 Algebras of type A

Pick x1,y1 € L?*\Z(L) such that ¢ and ¢, are degenerate and such that
(x1,11) = 1. By the remarks above we thus know that the isotropic part
of L/L* with respect to both the alternating forms ¢, and ¢ is of dimen-
sion 2 and the intersection of the two is trivial. Thus we can pick a basis
Us =ys + L2 s = ya + L?, g3 = y3 + L2, 9o = yo + L? for L/L? such that

Fyjy + Fys is the isotropic part of L/L* with respect to ¢, .
Fy + Fijs is the isotropic part of L/L* with respect to Oy -

This shows that we can pick our standard basis such that

(T1y2,3) = 1 (1hy2,y3) =0
(T1y2,54) =0 (y1y2,94) =0
(T1y2,95) =0 (y1Y2,y5) = 0
(71y3, 1) = (11y3,94) = 0
(T1y3,5) = 0 (113,95) = 0
(1Y1,95) =0 (Yaya, y5) = 1.

To determine the structure fully we are only left with the triples (v;y;, yx) = riji
for2<i<j<k<b5. Let

Vi = Yi +ouT +
71 = m1 — (aoTs + azxs + aury + asTs),
Y1 = Y1+ Qoo+ azT3 + auTy + a5Ts.
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Inspection shows that we can choose as,...,a; such that (g;4;,9,) = 0 for all
2 <1< j<k<b5. In fact this works for ag = —roys5, 3 = —7r3y5, 4 = —ro34 and
a5 = —T935. We have thus proved the following result.

Proposition 6.4. There is a unique nilpotent SAA of dimension 10 with an
isotropic center of dimension 4 and where L* = Z(L) that is of type A. This

algebras can be given by the presentation

42
P{o ' (x1y2,y3) = 1, (1ya,y5) = 1.

Notice that inspection shows that the algebra with this presentation indeed has

the properties stated in the proposition.

6.2.2 Algebras of type B

Suppose that ¢, is degenerate and that the isotropic part of L/L? with respect to
this alternating form is Fy, +Fys. We are now assuming that ¢ is non-degenerate
for all z ¢ Fay. Pick y; € L? such that (zy,y;) = 1.

Remark 6.5. We must have ¢y (ys,y5) = 0. Otherwise we would get a basis
Vo, U3, Uu, Us for L/L* such that

O (Y1, U5) = 1, O (U2, 93) = 1, ¢ (Y2,93) = a # 0

and where ¢y (Ui, y;) = 0 and likewise ¢z (;, y;) = 0 for any pair g;, y; such that
2 <11 < j <5 that is not included above. But then inspection shows that ¢ag
is degenerate where the corresponding isotropic part of L/L* is Fyp + Fijz. But

this contradicts our assumptions.

We thus know that ¢y, (va,95) = 0. As ¢y is non-degenerate we know that there

exists some g, € L/L? such that
Oy, (U2, a) = 1. (6.4)

Replacing y5 and y3 by some suitable ys+ay, and y3+Bys+7y, we can furthermore

assume that
¢y‘1 (y_va_5) = ¢y‘1 (9_379_4) = ¢y_l (9_279_3) = 0. (65)

As ¢ is non-zero we must have ¢ (92, y3) # 0 and by replacing g3 by a multiple
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of itself we can assume that
b (Y2,93) = 1. (6.6)

Notice that this does not affect (6.4) and (6.5). As ¢ is non-degenerate we
cannot have that g3 is isotropic to all vectors in L/L* with respect to this alter-
nating form. Thus by (6.5) we must have ¢y, (y3,95) # 0 and by replacing y5 by

a multiple of itself we can assume that

by, (U3, 95) = 1. (6.7)

Again equations (6.4), (6.5) and (6.6) are not affected. We thus see that we can

choose a standard basis such that

(192,y3) =1 (y1y2,y3) =0
(T1y2,92) =0 (1y2,90) =1
(2192,95) =0 (Y192, 95) =0
(w1y3,94) = (11Y3,91) = 0
(T1y3,95) =0 (n1ys,95) = 1
(x1y4,95) =0 (y1y1,95) = 0.

As in case A we are only left with the triples (v;y;, yx) = miji for all 2 <i < j <

k < 5. As in that case we let

Yi = Y+ or + oy,
71 = x1 — (aTs + azxs + aury + asTs),
Y1 = Y1+ oo+ azx3 + qury + Qs5s.

Inspection shows that we can choose s, a3, o, a5 such that (g;4;,9,) = 0 for

2<i<j<k<b5. We thus get the following result.

Proposition 6.6. There is a unique nilpotent SAA of dimension 10 with isotropic
center of dimension 4 where L?> = Z(L) and L is of type B. This algebra can be

gien by the presentation

47
731(0 Y : (l’lyz,ys) =1, (yly27y4) =1, (Z/ly:s,yss) = 1.

Proof. We have already shown that this algebra is the only candidate. Inspection

shows that conversely this algebra has isotropic center of dimension 4 and L3 =
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Z(L). It remains to see that the algebra is of type B. Thus let r € F. We want
to show that ¢,z 44 is non-degenerate. Let ¢ = ays + Bys + yya + dys such that
Gra 43 (6, 4) = 0 for all w e L/L* where t =t + L*. Then

(t, 95)
0 ¢7’fl+71( ) _4> =
0= ¢7’f1+_1(_7 _3) =ra—90=-—9
0= Graey i (L) = —rB—7 =~

Thus t = 0. O

6.2.3 Algebras of type C

Here we are assuming that ¢, is non-degenerate for all 0 # z € L?/Z(L). Let
L be any nilpotent SAA of type C. Notice that L?/Z(L) = L*/(L*)* naturally
becomes a 2-dimensional symplectic vector space with inherited alternating form
from L. Thus (u+ Z(L),v + Z(L)) = (u,v) for u,v € L>. We pick a basis z,y
for L?2/Z(L) such that (z,y) = 1 and then choose some fixed elements xy,y; € L?
such that x = 2; = 21 + Z(L) and y = y; = y; + Z(L). For any vector v € L/L?
we will denote by (u)i the subspace of L/L? consisting of all the vectors that are
isotropic to u with respect to ¢, . Likewise we will denote by (u); the subspace

of L/L? consisting of all the vectors that are isotropic to u with respect to ¢y, .

Definition 6.7. We say that a subspace of L/L? is totally isotropic if it is isotropic
with respect to ¢, for all z € L?/Z(L).

Lemma 6.8. For each 0 # u € L/L? there exists a unique totally isotropic plane

through .

Proof. We know that (u); and (u)y are 3-dimensional. Thus if they are not equal
then

4 = dim (<u>1L + <u>§) = dim <u>1l + dim <u>2l — dim (<u>1L N <u>2l)

Therefore dim ((u); N (u)y) = 6 — 4 = 2. Thus the collection of all the elements
in L/L? that are isotropic to u with respect to ¢, for all z € L?/Z(L), namely

(uyt n {(u)y, is a plane.
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It remains to see that (u); # (u)y. We argue by contradiction and pick a
basis u, v, w for this common subspace and add a vector ¢ to get a basis for L/L?.
By replacing x; by some suitable x; + ay;, we can assume that ¢ (u,t) = 0. But
then u is isotropic to all elements of L/L* with respect to ¢ that contradicts

the assumption that ¢, is non-degenerate. O

The alternating forms ¢, with z € L?/Z (L) will help us understanding the struc-
ture of algebras of type C'. We will next come up with a special type of presen-
tations for algebras of type C' based on the geometry arising from the family of

the auxiliary alternating forms.

Let L be an algebra of type C. As a starting point we pick two distinct to-
tally isotropic planes Py, P, < L/L? and we pick some non-zero vector g on Pj.
By Lemma 6.8, we have that P, n P, = {0} and thus L/L? = P, ® P,. Now
()1 is 3-dimensional and contains P;. Thus {§2)7 N P, is 1-dimensional and

not contained in (y3)3 by Lemma 6.8. Thus there is unique vector 5 € P, where
Or (2, 95) = 0 and ¢y, (92, 95) = 1.

Yo J4

Similarly we have a unique element y3 € P, such that ¢y (y2,73) = 0 and
bz (Y2,793) = 1. By Lemma 6.8 we have (y5); # (y3)3. Thus there exists a
unique gy € P, such that ¢z (vs,y5) = 0 and ¢y, (v3,92) = 1. Notice also that
bz (U1, 95) # 0 and that 9, U3, ¥4, 5 form a basis for L/L?. Tt follows from the

discussion that, for some «, 5 € F with 8 # 0, we have

G (92,93) =1 &5 (92,93) =0
G (U2,92) =0 by (Y2,92) =0
G, (2, U5) =0 by, (12, 95) = 1 (6.5)
Gz (Y3, Y1) = @ &g (Y3, Y1) = 1
Gz (Y3, Y5) =0 &g (Y3, 95) =0
G (Ja,Us) = B by, (Ya,95) = 0
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The matrix for the alternating form ¢, 5 with respect to the ordered basis

(?JQa g47 g?n ?jE)) is then

0 0 1 0 00 01
0 0 —a f 00 -1 0
r + S
—1 o 0 0 01 0
0 —p 0 0 -1 0 0

with determinant (8r% + ars + s?)2. As we are dealing here with algebras of type
C this determinant must be non-zero for all (r, s) # (0,0). Equivalently we must
have that the polynomial

t?+at+p

is irreducible in F[¢]. Using this and (6.8) we will now obtain a full presentation
for our algebra. As before we are only left with the triples (y;y;,yx) = 7ijx for
2<1<j<k<b5 Wewill see that we can choose a standard basis such that
T+ Z(L) =z, yy + Z(L) =y and y; + L? = y; for 2 < i < 5. It turns out that
we do not have to alter our basis elements x5, ..., xy of the center. We do this

with a change of basis of the form

T1 = 11 — (owy + asxs + ayry + asTs),
g1 = Y1+ (xs + asxs + uxy + asTs),
Ui = Ui+ ouxry + oy

Inspection shows that the equations (4;7;,7x) = 0, 2 < @ < j < k < 5 are

equivalent to

_—1 1 ] —043_ _—7”235_
I 16 a+l || a5 | | T35 |
_oz—i—l 1] —042_ _—r234_
| p —1__064_ | 7245 |

Notice that we cannot have that a + 5 + 1 = 0 since otherwise 1 is a root of

t2 4+ at + [ that is absurd as the polynomial is irreducible. We thus have solution

(cvg, v, auy, cvs) to the equation system and we arrive at a standard basis that
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gives us the following presentation

($1y2>y3) =1, (y1y2a3/5) =1,
7)1(3’4)(0475) C (T ya) = o, (Yys, ya) = 1, (6.9)
<x1y47y5> = 67

where the polynomial ¢2 + «at + 3 is irreducible. Conversely, inspection shows that
any algebra with such presentation, where t? + at + 3 is irreducible, gives us an

algebra of type C.

We next turn to the isomorphism problem. That is we want to understand

when two pairs (o, 5) and (&, ) describe the same algebra. As a first step we

first prove the following lemma.

Lemma 6.9. Let x,y be elements in L?/Z (L) such that (z,y) = 1. We have that
the values of o and B remain the same for all presentations of the form 731(3’4) (o, B)

where, for the given standard basis, v1 + Z(L) =z and y1 + Z(L) = y.

Proof. Our method for producing o and 3 was based on choosing some distinct
totally isotropic planes P, P, and some non-zero vector ¢, on P;. From this we
came up with a procedure that provided us with unique vectors vs, 74 € P; and

U3, Y5 € P5 from which the values a and 8 can be calculated as

o = ¢x(?j37g4)a B = ¢x(g47g5)'

We want to show that if 21 + Z(L), y1 + Z(L) are kept fixed the procedure will
always produce the same value for o and . As a starting point we will see that
the values do not depend on which vector ¢, from P; we choose. We do this in
two steps. First notice that if we choose 15 = ay, for some 0 # a € I, then the
procedure gives us the new vectors y3 = iy_g, Us = %y}, and y; = ayy and this

gives us the values

a = ¢71 (y~37y4) = ¢fl(%g37 ag4) =,
B = ¢_1(y~4) ~5) = ¢fl (ay_47 59_5) = B
It remains to consider the change yo = vy4 + ay,. Following the mechanical
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procedure above produces the elements

Y5 = a2—aa+ﬁy3 a? aoz—kﬁyg)7
~ a _ 1 _
Ys = a2—aa+6y3 o2 +By57
s = —Bip+(a— )y

Inspection shows that again we have ¢ (U3, y1) = @ and ¢, (U4, Y5) = 5.

We have thus seen that for a given pair Py, P, of distinct totally isotropic planes
we get unique values a(Py, P») and (P, P») not depending on which vector
12 from P; we choose for the procedure above. The next step is to see that
a(Py, P) = a(P, P,) and (P, Py) = [(P1, P;). So suppose we have some
standard basis with respect to the pair P, P, that gives us the presentation
Plo" (@, 8). Now consider i = 7,91 = B € Po and g3 = G005 =~ € Pr.

Inspection shows that this is standard basis for the pair P, P, and

a(Pe, Pr) = ¢a (Y3, 51) = 0ay (G0, BYs) = a(Pr, Pa)
B(P%Pl) = ¢71(y~47y~5) = ¢f1<5y_3? _y_Q) = B(PDPQ)-

Now pick any totally isotropic plane P; that is distinct from P;, P,. The aim is
to show that a(Ps, P») = a(Py, P,) and 5(Ps, P,) = (P, P»). Take any basis for
P3. This must be of the form wu; + vy, us + v with uq,us € P; and vy, vy € Ps.
Notice first that u; + Py, us + P, are linearly independent vectors in P, + P/ Ps.
To see this, take a,b € F such that

PQIaul+bU2+P2ICL(U1+U1)+b(Ug+U2)+P2.

Then a(u; + v1) + b(us + v9) € Po n Py = {0}. As the vectors u; + vy, us + vo
are linearly independent it follows that a = b = 0. In particular we can choose
our basis for P; to be of the form y5 + u, y4 + v with u, v € P,. Inspection shows
that for 9o = 1o + u,ys = ys + v € P; and y3,9y5 € P>, we have a standard basis

with respect to the pair P;, P,. Furthermore the corresponding parameters are

bz (Y3, 91) = o and b (Ys, U5) = B

We have now all the input we need to finish the proof of the lemma. Take
any four totally isotropic planes Py, Py, Ps, Py in L/L? such that P, # P, and
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P; # P,. 1If these planes are not all distinct then we get directly from the
analysis above that «(Ps, Py) = a(P1,P) and B(Ps, Py) = B(P, P,). Now
suppose the planes are distinct. Then «(Ps, Py) = «(Py, Py) = a(Py, P») and
B(Ps, Py) = B(P1, Py) = (P, P,). This finishes the proof of the lemma. ]

If follows from the lemma that if we want to obtain a new presentation for some
given algebra L, then we must choose different vectors x,y for L?/Z(L). We
thus only need to consider a change of standard basis for L of the form z7 =
axy + by, y1 = cxy + dy; where 1 = (27,91) = ad — be. Suppose that we have
a presentation Pl(é’4)(a, f) with respect to some standard basis x1, 41, ..., Z5, Ys
and let 27,77 be given as above. Going again through the standard procedure
with respect to P, = Fys + Fyy, P> = Fys + Fys and 32 € P; gives us the new

basis y_27 y~37 3]57 3/~4 where

ys = —bysz+ ays

ys = dys —cys

_— —abe — fac — bd _ N 1 B
T e Tad+a® P B racd+ 2t

From this we can calculate the new parameters a and B and we obtain the

following proposition.

Proposition 6.10. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 4 that is of type C'. Then L has a presentation of the form

(x1y2,y3) = 1,
P (@, B): (miysou) = o (214 ys) = B,
<y1y27y5) = 17 (y1y37y4) =1

Y

where the polynomial t*+at+ 3 is irreducible in F[t]. Conversely any such presen-
tation gives us an algebra of type C. Furthermore two presentations 731(3’4) (a, B)

and 771(3’4)(&, B) describe the same algebra if and only if

(ad + bc)o + 2ac + 2bd
d? + cdo + 2f3

b? + aba + a?3

d? + cda + 2p

B =

for some a,b,c,d € F where ad — bc = 1.
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6.2.4 Further analysis of algebras of type (' and some ex-

amples

In order to get a more transparent picture of the algebras of type C', it turns out
to be useful to consider the case when the characteristic is 2 and the case when

the characteristic is not 2 separately.

Lemma 6.11. Let L be an algebra of type C' over a field F of characteristic that
1s not 2. Then L has a presentation of the form 771(3’4)(0, B) with respect to some

standard basis.

Proof. By Proposition 6.10 we know that we can choose a standard basis for L
so that L has a presentation of the form Pfé’@ (cr, B) with respect to this basis.
Now let a =0,b=1,c= —1and d = a/2. Then ad — bc = 1 and by Proposition
6.10 again we know that there is presentation for L of the form 731(3’4) (&, B) where
a = 0. O

Proposition 6.12. Let L be a nilpotent SAA of type C' over a field F of charac-

teristic that is not 2. Then L has a presentation of the form

PB): (x1y2,y3) =1, (21ys,y5) = B, (11y2,v5) = 1, (11ys,va) = 1,

where 3 ¢ —F2. Conversely any such presentation gives us an algebra of type C.

Furthermore two such presentations P() and P(5) describe the same algebra if

and only if
B/B = (a* +07B)?
for some (a,b) € F x F\ {(0,0)}.

Proof. From Lemma 6.11 we know that such a presentation exists and the poly-
nomial t? 4 3 is irreducible if and only if 3 ¢ —F2. By Proposition 6.10 we then
know that P(0, 8) and P(0, 3) describe the same algebra if and only if there are
a,b,c,d e F such that

0=acB+bd, ad—bc =1
and
b2 + a?p
d? + 23’

Solving these together shows that these conditions are equivalent to saying that

B =

> b 212
5=((5)5+a)5
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for some a,b e F. As % is arbitrary, the second part of the proposition follows. [

Examples. (1) If F = C then there are no algebras of type C. This holds more
generally for any field F whose characteristic is not 2 and where all elements in

F have a square root in F.

(2) Suppose F = R. Here 8 ¢ —R? if and only if 8 > 0 in which case there
exist a € R such that 8 = a*. Hence, by Proposition 6.12, P(3) describes the
same algebra as P(1). This shows that there is only one algebra of type C' over
R that can be given by the presentation

P): (12, y3) = 1, (21yays) = 1, (1ye,y5) = 1, (n1ys,v4) = L.

(3) Let F be a finite field of some odd characteristic p. Suppose that |F| = p™.
The non-zero elements form a cyclic group F* of order p™ — 1 that is divisible by

2. Thus there are two cosets of (F*)? in F* and
F* = _(F*)Q U B(F*>2

for some 3 € F*. Suppose 8 = 3¢? is an arbitrary field element that is not in —F2.
As there are (|F|+1)/2 squares in F we have that the set ¢ —F? and SF? intersect.
Hence there exist a,b € F such that ¢ = a? + b*8 and thus 3 = (a® + b*3)26.

Hence the situation is like in (2) and we get only one algebra with presentation

P(B): (v1y2,y3) = 1, (21ya,95) = B, (v, ys) = 1, (11y3, a) = 1,

where 3 is any element not in —IF2.

Remark 6.13. Let 8 € F that is not in —F? and consider a splitting field F[v] of
the polynomial t* + 3 in F[t] where v* = —3. So a* + b* is the norm N(a + ~b)

of a + b that is a multiplicative function and thus
G(B) = {(a® +V*B)*: (a,0) € F x F\ {(0,0)}}

is a subgroup of (F*)2. Let S = {3 e F: % ¢ —F?}, we now have a relation on S
given by
B ~ B if and only if B/B € G(B)

From Proposition 6.12, we know that this is an equivalence relation. We can also
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see this directly. First notice that
(a® +0°B)* = (a® + (b/c)*Bc?)?

for all c € F*. Hence G(B) = G(Bc?) for all c € F*. In particular we have that
G(B) = G(B) if B~ B. Let us now see that ~ is an equivalence relation. Firstly
it is reflexive as /5 = 1 € G(fB), the latter being a group. To see that ~ is
symmetric, notice that G(3) = G(B) is a group and thus /8 € G(B) if and only
if B/B € G(B). Finally to see that ~ is transitive, let o, 5,6 € S such that o ~ j3
and f ~ 9. Then G(a) = G(B) = G(d) and B/a,0/8 € G(«) implies that their
product §/a € G(a).

Let us now move to the case when the characteristic of F is 2. We first see that

the algebras here split naturally into two classes.

Lemma 6.14. Let L be an algebra of type C' over a field F of characteristic 2.
Then L cannot have both a presentation of the form 771(3’4)(0, B) and 731(3’4)(04,7)

where o # 0.

Proof. We argue by contradiction and suppose we have an algebra satisfying
both types of presentations. By Proposition 6.10 we then have 0 = (ad + bc)a =

(ad — bc)a = « that contradicts our assumption that « # 0. O

For the algebras where a = 0, the same analysis works as for algebras with
char[F # 2 and we get the same result as in Proposition 6.12. This leaves us with
algebras where charF = 2 and where a # 0. Notice that Proposition 6.10 tells
us here that 771(3’4)(&7 B) and 7?{3’4)(@, $3) describe the same algebra if and only if

5 a
@2+ cda + 2B
5 - b? + aba + a?3

d? + cda + 2p

for some a, b, c,d € F where ad + bc = 1.

We don’t take the analysis further but end by considering an example, the fi-
nite fields of characteristic 2. Let F be the finite field of order 2". As a first
step we show that we can always in that case, choose our presentation such that
B = 1. To see this take first some arbitrary « and f such that L satisfies the
presentation Pl(é’4)(a, f). The groups of units F* is here a cyclic group of odd
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order 2" — 1 and thus (F*)? = F*. Now pick b € F* such that b*> = §/a and let
a=0,c=1/band d =b. Then ad + bc = 1 and

_ b2
f=———"——=1
b2+ a+ B/b?
Thus we can assume from now on that 5 = 1. Now let b € F be arbitrary and
leta=b+1,c=bandd=>b+1. Thenad%—bc:l,ézland&:m.

The number of such values of & is 2"~ that gives us all possible values such that
t? + at + 1 is irreducible (easy to count the number of reducible polynomials of
the form t? 4+ ut + 1 is 2"~1). We thus conclude that there is only one algebra of
type C' in this case.
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CHAPTER [/

LALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 3

In this chapter we will be assuming that Z(L) is isotropic of dimension 3. First

we derive some properties that hold for these algebras. Here throughout

Z(L) = Fxs+ Faoy+ Fag
L* = Z(L)+Fxy + Fay + Fy; + Fys.

Lemma 7.1. Z(L) < L?.

Proof. Otherwise Zy(L) = (L?)* € Z(L)* = L?. Without loss of generality we
can suppose that y3 € Zo(L)\ L?. As Zy(L)- L* = {0}, we then have y3- L? = {0}.
Now also z9- L? = {0}. Let o = (z2y4, y5) and 3 = (y3ya,ys). Notice that o, 8 # 0
as x2,ys ¢ Z(L). But then

((Bxa — ays)ya,ys) = 0

that implies that Sz — ays € Z(L). This is absurd. m

Lemma 7.2. dim L3 > 5.

Proof. Otherwise dim L? < 4 and as Z(L) < L?® < L? = Z(L)* we can choose
our standard basis such that Z(L) = Fzs + Fxy + Fzg and

L? < Fay + Fay + Fag + Fas.
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This implies that Fas + Fzy + Fag + Fog + Fag + Fy; < (L) = Z3(L) and (notice
that Zy(L) < L? as Z(L) < L3) L? = Zy(L) + Fy, that implies that L? is abelian.

Then for any x € L? and a,b, c € L, we have
(33', abc) = —(x(ab),c) = _(07C> =0

and L3 < (L?)* = Z(L). Hence L? = Z(L) and Zy(L) = L*. Suppose L =
Zy(L) + Fuy + Fuy + Fug. Then L? = Z(L) + Fuyus + Fuyuz + Fuyug and we get
the contradiction that 4 = dim L? — dim Z(L) < 3. O

Lemma 7.3. If dim L3 = 5, then L3 is isotropic.

Proof. Otherwise we can choose our basis such that L? = Fxs + Foy + Fag +
Fz; + Fy; and then Zy(L) = (L?)t = Fas + Foy + Fag + Fzy + Fyy and as
L?- Zy(L) = {0}, it follows that x1y2 = y1y2 = 0. Then L? is abelian and thus we
get the contradiction that L3 < Z(L). O

Lemma 7.4. Z(L) < L* .

Proof. We have seen that dim L? > 5. So we can choose our standard nilpotent
basis such that either

L? = Fas + Fay + Fag + Fay + Fay

or

L? = Fxs + Fxy + Fag + Fay + Fxy + Fy;.

We consider the two cases in turn beginning with the first case. If Z(L) € L%,
then dim Z(L) n L* < 2 and thus dim L? + Z3(L) = dim (Z(L) n L)+ > 8.
Suppose L = L?+ Z3(L) + Fu+TFv. Then L? = L3+ Zy(L) + Fuv = L? + Fuv and
we get the contradiction that dimL? < 5+ 1 = 6. We now turn to the second
case where L3 = Fas + Fay + Fos + Fay + Fzy + Fy,. We argue by contradiction
and suppose that Z(L) n L* < Z(L). Then we can choose our basis such that

L* < Fay + Fay + Fas

and Z(L) n L* < Fzs + Fry. Now y3 € (L*)* = Z3(L) and as Z3(L) - L* = {0},
it follows that
T1Ys = T2y3 = y1ys = 0.
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It follows from this that x1ys, y1vy2, ysy2 € Fxs + Fxy. Thus in particular these
three elements are linearly dependent and we have (ax; + Sy; +7ys3)y2 = 0 where
not all of «, B,y are zero. Then x5, azy + By, + yys commute with all the basis

elements except possibly y, and y5. Suppose

(5E2y473/5) = T
((axy + Byr +7Y3)va, ys) = s

If » = 0 then we get the contradiction that xo € Z(L) and if r # 0, we get the
contradiction that —szy + rax; + rfy, + ryys € Z(L). O

After these more general results we classify all the algebras where Z (L) is isotropic
of dimension 3. We consider the two subcases dim L? = 5 and dimL? = 6

separately.

7.1  The algebras where dim ? = 5

We have seen that L3 must be isotropic and thus in particular we have that
L3 = (L®)* = Zy(L) that implies that L* < Z(L). By Lemma 7.4 we thus have
L* = Z(L). We have thus determined the terms of the lower and the upper

central series

L*-L* Ys

Z(L) = L* = Fo5 + Foy + Fas
Z(L) = L* (L?- L*)* Zy(L) = L? = Z(L) + Fay + Fa;
Zg(L) = L2 = Zg(L) + ]Fyl + Fyg

T2 Y2

T1|Y1

Remark 7.5. As L?- Zy(L) = {0} we see that x1ys = 0. Now L? is not abelian
as this would imply that L? < Z(L). It follows that y1yo # 0 and we get a one

dimensional characteristic subspace

L? . L? = Fyyys.
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Notice that 1190 € Z(L). We choose our basis such that 1,5, = z5. We will also

work with the 9 dimensional characteristic subspace
V = (L* L?)* = Fas + Foy + Fos + Foy + Fay 4+ Fyy + Fys + Fys + Fy,.

As x1y2 = 0 we have that zi1y3, x1ys L yo. As y12 = x5 we also have that
Y193, Y1ys L y1,y2 and yoys, yoys L y1,yo. It follows that

V2 + L' = (L? + Fys + Fya)(L? + Fys + Fys) + L* = Fysya + L.
We consider few subcases.

7.1.1 Algebras where V? < L*

Notice then that ysys € Fxs and thus z1ys, 2oys, T1ya, Toys € Fas. As L3P =
L* + Fzy + Fx,, we have

L* = (Fxy + Fa1)(Fys + Fys + Fys) = Fxs + Faoys + Fayys.
Pick x5, y5, 22, 1, y1 satisfying the conditions above and let
T4 = —L2Ys5, T3 = —L1Ys

We can then extend x5, x4, 23, Y1, Y2, Y5 to a standard basis x5, x4, 3, To, X1, Y1, Y2,
Y3, Ya, ys satisfying the conditions above. All triples involving both z; and 15 are

0. The remaining ones are

(T1y3,95) =1 (T1y3,94) =0 (7194,5) =0
($2y3ay4) =0 ($2y3,y5) =0 (w2y4,y5) =1
(1192,93) =0 (Y12, ¥4) =0 (Y192, 95) = 1
(Y2y3,94) =0 (yays,y5) = @ (Y2ys, ys) = S
(V1ys,y1) =0 (n1ysys) =7 (Y1ya,ys) =6
(Y3ya, ys) =7
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Now let

Us = Y3+ QY — VY2 — STy — SYT3 — SOy
Yo = Ya+ By — 0y

7 = x1— axz — Py
fg = T9+ vyr3+ (5513'4
Yo = Y2 — Sx3

where s = r+ ad — . One checks readily that we get a new standard basis with

a
a presentation like the one above where & = =5 = §=7=0.

So we arrive at a unique algebra with presentation

(z1y3,y5) = 1
Pl(g,n © (oys,ys) =1
(1y2,y5) = 1.

One can check that the center has dimension 3 and that L3 has dimension 5.
Also ((L* - L¥)1)? = Fas < LY

7.1.2  Algebras where V2 « L* but V2 < 3
Here we can pick our basis such that
V? + L' = Fas + Fay + Fag + Fao.

Notice that V3 = Faoys + Faoys and as (ysys, 2) = 0 we have that V3 < Fas. As
19 ¢ Z(L), we furthermore must have that dim V3 = 1. This means that there
is a characteristic ideal W of codimension 1 in V such that z,W = V2V = {0}.

We choose our basis such that
W = Fxs + Fry + Fas + Fag + Foy + Fy; + Fys + Fys.

It follows that we have a chain of characteristic ideals :
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L?- 12 Us L? - I? = Fu;
L . W+ = Fas + Fay
Z(L) = L* = Fo5 + Foy + Fas
4 17
Z(L) = L W V2 4+ L* = Fs + Fay + Fag + Fay

V2 4+ L 2y | o | Z5(L) = L2 Zy(L) = L’ = Z(L) + Fap + Fr,
(VHt A L? = 1P + Fy,
Zy(L) = L* = Zy(L) + Fy, + Fyy
W = L? + Fy, + Fy, + Fys
V = L* + Fy, + Fy, + Fys + Fy,

Zz(L) = Lij T1|Y1 (V2>l M L2

We want to show that there is again a unique algebra satisfying these conditions.
We modify the basis and reach a unique presentation. Notice that VZW = {0}
and L? - Zo(L) = {0} imply that

T1Y2 = xays = 0.

We have also chosen our basis such that

Y1Y2 = Ts. (7-1)

Notice next that xoy3 = 0 implies that x5y, is orthogonal to y3 and y, and thus
Tays = Txs where r must be nonzero as zy ¢ Z(L). By replacing y, and x4 by

rys and %m, we can assume that

ToYy = T5. (7.2)

As y3ys € V? < L3 and as 71y = 0 we have that z,y, is orthogonal to y2, s, ys.
Thus z1ys = axs for some a € F. Replacing x1,y2 by 1 — axs and ys + ay; we

get a new standard basis where
x1ys = 0. (7.3)

Notice that the change in y» does not affect (7.1). We next turn our attention to
r1y3. As 1192 = 0 and x1y, = 0, we have that x,y3 is orthogonal to y1,y2, 3, Ys

and thus z1y3 = rxs where r is nonzero since z; ¢ Z(L). Be replacing y3 and x5
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by rys; and %33'3 we get

T1Ys = Ts. (7.4)

Now we see, as 4142 = x5 and ysys € L* + V2, that y,ys3 is orthogonal to y1, ¥, Y3
and y4. Thus y1y3 = azs for some a € F. Replacing y; by y; —ax; we can assume
that

Y1ys = 0. (7.5)

As 21y, = 0 the change in y; does not affect (7.1). From the discussion above
we know that gy, is orthogonal to 1, y2, y3 and y4 and thus y;y4 = axs for some

a € F. Replacing y4, x2 by ys — ays, v2 + axy, we get a new standard basis where

tys = 0. (7.6)

These changes do not affect (7.2) and (7.3). As ysys € V2 + L* but not in L* we
know that (y2y3,y4) = r for some nonzero r € F. Suppose also that (ysys, y5) = a.

Then y3y, = 122 + axs. Replace xo and ys by 22 + S25 and y5 — Sy2. Then

Y3Ya = 2. (7.7)

The changes do not affect (7.2). Then consider the triples

(9293795) = a, (92y47y5) = b.

b

Replacing ys, x4, 3 by y5 — 2ys + gyg, T4+ x5 and x3 — x5 We can assume that

(Y2y3,y5) = (y2ys, y5) = 0. (7.8)
We have then arrived at a presentation where the only nonzero triples are
(T2y1,95) = 1, (21ys,95) = 1, (1ye,y5) = 1, (Y2ys,y4) =7

: 1 1 1 1
Replacing 1, y1, T2, Y2, T3, Y3, T4, Ya DY 21,791,722, * Y2, £ T3, TY3, T4, Ys, WE get
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a unique algebra with presentation:

(x2y4,y5 =
731(3’2)3 (13, ys

1
1
1
1

)
)
(1192, Z/5)
(Y23, Ya)

One can easily check that conversely this algebra belongs to the category that we

have been studying.
7.1.3  Algebras where V? < L? but V? « L?
Pick our basis such that
V2 4+ L' = Fay + Fay + Fas + Fyy
Notice then that
Fas + Foy + Faz + Fag = (V24 LY A L2 = (V) A L3

is a characteristic ideal of L. As ysys € V? + L* we have that xoys L vy, and
xoys L y3. Thus 2oV < Fas. As x5 ¢ Z(L), we must furthermore have that
2V = ((V?)L A L3)V = Fzs. This implies that the centraliser of (V2)t A L3 in V

is a characteristic ideal W of codimension 1. We can choose our basis such that
W = F(L’5 + FZ’4 + F$3 + Fl‘Q + Fl‘l + IFyl + Fyg + Fy:;

We now get a chain of characteristic ideals as before
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2.2 Us L?. L* = Fxs

W+ = Fas + Fay
Z(L) = L* = Fo5 + Foy + Fas
Z(L)="L* w (V2)* A L? = Fas + Fay + Fa + Fay

(VY A L3 2 |y | Z5(L) = 12 Zy(L) = L* = Z(L) + Faq + Fa,
Vi L3 =13+ Ty
Z3(L) = L* = Zy(L) + Fy, + Fyy
W = L + Fy; + Fyy + Fys
V = L? + Fy, + Fyy + Fys + Fy,

Zz(L) - L:j T (%51 V2 + LS

As (V2 n L)W = {0} and L? - Zo(L) = {0}, we see that
T1y2 = Toy3 = 0.

We have also chosen our basis such that

Y1Y2 = Ts. (7.9)

Notice next that xoy3 = 0 implies that zoy, is orthogonal to y3 and y, and thus
x9ys = rxs where r must be nonzero as xo ¢ Z(L). By replacing y4 and x4 by

rys and Lz, we can assume that
Taly = Ts. (7.10)

As ysyy € V2 + L* and 192 = 5, we have that 3,7, is orthogonal to 32, ys, ys.
Thus y1y4 = axs for some a € F. Replacing y4, 2 by y4 — ays and xo + axy we
get

y1ys = 0. (7.11)

Notice that the change does not affect (7.10). Next notice similarly that y;ys is
orthogonal to ys,y3, y4 and thus y,y3 = axs for some a € F. Replacing y3 and -

by y3 — ays and x5 + axs we get

nys = 0. (7.12)
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Notice that (7.11) is not affected by this change. We know that x;y2 = 0. The

possible nonzero triples involving x; are then

($1y37y4) =T, ($1y3;y5) = a, (5513/4795) =b.

Notice that as ysys € (Z(L) + Fy;)\ Z(L) we must have that r # 0. Replace
Ys, T4, T3 By Y5 — Zys + %yg, Ty + w5 and T3 — §x5 and we get a new standard
basis where

T1Yz =TTy, T1Ys = —TT3.

Replacing ys, z3 by 1ys, %xg gives
T1Ys = T4, T1Ys = —T3. (7.13)

It follows that (y2ys,ya) = (y3ya,ys) = 0. Suppose (yays, ys) = a, (Y2ys,ys) = b.
Replace ys,y4, z1 by y3 + ayi, ys + by, and xy — axs — bxy. Notice that these
changes do not affect the equations above and we now arrive at a unique algebra

with presentation:

($2y4,y5) =1
731(3’3) D (Tys,ye) =1
(Y2, y5) = 1.

Calculations show that conversely this algebra belongs to the relevant category.
There are thus exactly three algebras where Z(L) is isotropic of dimension 3 and

where the dimension of L3 is 5.

Proposition 7.6. There are exactly three nilpotent SAA’s of dimension 10 that
have an isotropic center of dimension 3 and where dim L3 = 5. These are given

by the presentations:

=1, (1y3,45) = 1, (1y2,95) = 1.
PP (wayays) = 1 (019 y5) = 1, (iveys) = 1, (youa,y3) = 1.
Pl(ﬁ’?’) : (x2y4,y5) =1, (x1y3,y4) =1, (ylya,%) = 1.

Pl(g’l) o (224, ys5)
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7.2 The algebras where dim L? = 6

Here we are thus assuming that
L3 = Fxs5 + Fay + Fos 4+ Fay + Fzq + Fyy.

Lemma 7.7. We have dim L* = 4.

Proof. By Lemma 7.4, we know that Z(L) < L* and we also have that L* <
Faxs + Fzy + Fxs + Frze. Thus if the dimension of L* is not 4, then L* = Z(L) =
Fzs + Fay + Fag and Z3(L) = (LY)* = L? + Fya. As Z3(L) - L? = {0}, it follows
that z1y2 = y1y2 = 0 and L? is abelian. Hence we get the contradiction that
L3 < Z(L). O

It follows that we have L* = Fxy + Fay 4+ Fzg + Fas.
Lemma 7.8. We have dim L° = 2.

Proof. We have an alternating form
¢:L/L*x L/L* —TF

given by @(7,z) = (w9y,2). As L/L? has odd dimension we know that the
isotropic part must be non-trivial. Thus we can then choose our standard ba-
sis such that (zoys,ys) = (22ys3,y5) = 0 and thus zoyz; = 0. It follows that
L5 = Fas(ys + ys + ys) = Fagys + Frays and thus of dimension at most 2.
As L* £ Z(L) we have dim L’ > 0 and as we know by Proposition 3.10 that
dim L® # 1 we must have that dim L® = 2. O

We thus have determined the lower and upper central series of L. We have
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5 Ys
Ya L5 = Fzy + Fay

Z(L) = Fa5 + Fay + Fay

L* = Fas + Fay 4 Fas + Fay
L? = Z(L) + Foy + Fay + Fyy
z1 |y | LP = Zs(L) L? = [? + Fy,

Zy(L) = L* + Fyy + Fys

Z<L> Y3 ZI<L>

=
=
I

L_l :Z)(L> T2 Y2 LZ

PN
=
I

Notice that zy € L* and y3 € Z4(L) and thus zoy3 = 0. Also
L3L2 = F.’L’lyz + FylyQ < Z(L)

Furthermore x,y, and y,y, are linearly independent. To see this we argue by
contradiction and suppose that 0 = axiys + by ys for some a,b € F where not
both a, b are zero. Then (axy+by;)L < Z(L) that would give us the contradiction
that azy + by € Z5(L).

We thus have that L3L? is a 2-dimensional subspace of Z(L) and we consider
two possible cases namely L3L? = L° and L?L? # L5 We consider the latter
first.

7.2.1  Algebras where L3 - L? # L°

Here L3L? n L° is one dimensional and we can choose our standard basis such
that L3L% n L? = Fx5. In order to clarify the structure further we introduce the

following isotropic characteristic ideal of dimension 5:
U={rel®: 21> < L*L*n L°}.

Now L3L? is of dimension 2 and L*L? = 0 and thus U is of codimension 1 in
L3 and contains L*. We can thus choose our standard basis such that U =
Fxs + Fry + Fog + Fxy + Fay. We thus have the following picture
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L°n L2L? Ys

L7 (L5 A LSLQ)J_

Z(L) Zy(L)

L' = Zy(L) |2 || L

Ul |y | L7 = Zo(L)

Notice that UZ,(L) = Fz1ys + Foyys = Fas + Fayys, where z1y3 € L. Again we

consider two possible cases.

I. Algebras where UZ,(L) is 1-dimensional
Here UZ,(L) = x1Z4(L) = Fxs and there is a characteristic subspace V' of
codimension 1 in Z4(L) that contains L? given by the formula
V={xeZy(L): Ur =0}
We can then choose our standard basis such that

V =L +Fys = U + Fy; + Fys.

Notice that in particular x1y3 = 0. From this we also get a 1-dimensional
characteristic subspace V? = Fyys. Notice that (y1ys3,y2) # 0 as otherwise
Y192 € L° n L3L? that contradicts our assumption that L3L? # L°. Thus
y1y3 € L*\ Z(L) and we can choose our standard basis such that Fy;y3 = Fxo.
In fact it is not difficult to see that with the data we have acquired so far we can

choose our standard basis such that

Ty = T, Y1y2 = T3, T1y3 = 0, y1y3 = —To. (7.14)

This deals with all triple values apart from

(2194, y5) (Yoys, Y1) = ¢, (Yoys,ys) = €, (@aya,ys) =T,

= a, =
(y1y4,y5) =D, (y2y3,y5) =d, (y3y4,y5) = f,
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Notice that r # 0 as xoys = 0 but 25 ¢ Z(L). We will show that we can choose a
new standard basis so that the valuesof a =b=c=d=e=f=0and r = 1.
First by replacing xs, x1,ys by To + axy, x1 + cT4,ys — ays — cy; We can assume
that a = ¢ = 0, that is

(z194,y5) = 0, (y2y3, ya) = 0. (7.15)

Inspection shows that (7.14) still holds under these changes. Next replacing 1, yo
by y1 — (b/r)xa, y2 — (b/r)x1 we can assume that b = 0 and thus

(Y194, y5) = 0. (7.16)

Again (7.14) and (7.15) are not affected by the changes. We continue in this
manner always making sure that the previously established identities still hold.

We first replace 1, Yo, ys by x1 + dxs, yo — (e/r)x2, y5 — dyy that gives

(?/2y3,y5) =0, (yzy47ys) =0, (7-17)

then replace vy, ys by yo — (f/r)x3,ys — (f/r)z2 that gives furthermore that

(y3ya, ys) = 0. (7.18)

Finally replacing x4, y4 by rz4, (1/7)ys gives us a presentation with r = 1. Thus

we have that we get a unique algebra.

Proposition 7.9. There is a unique nilpotent SAA L of dimension 10 with an
isotropic center of dimension 3 and where dim L® = 6 that has the further prop-
erties that L>L* # L° and dimUZ,(L) = 1. This algebra is given by the presen-

tation

POV @y ys) = 1, (yiyasys) = 1, (2ays, ys) = 1.

Remark 7.10. As before, inspection shows that the algebra with the presentation
above satisfies all the properties listed.
II. Algebras where UZ4(L) is 2-dimensional

Here we can pick our standard basis such that UZ,(L) = Fas + Fzy. As L3L? #
L5 we know that (y1y2,y3) # 0 and from this one sees that L3Z4(L) = L.
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Furthermore it is not difficult to see that we can choose our standard basis such
that

T1Y2 = Ts, T1Y3 = T4, Y1Y2 = T3, Y1Ys = —Ta2. (7-19)

In order to clarify the structure further we are only left with the triple values

€, <x2y47y5) =T,

f

(£E1Z/47y5) = a, (y2y3,y4) =G, (yzy4,y5)
(y1y4,y5) =D, (y2y3,y5) =d, (y3y4,y5)

We show as before that one can change the basis such that a =b=c=d =¢ =
f =0and r = 1. First we replace x1,ys by x1 — (a/r)xs,y2 = yo + (a/r)y; that
gives furthermore

(2194,95) = 0, (7.20)

and then we replace y;,y2 by y1 — (b/r)xs,y2 — (b/r)x; that gives

(v1Y4,y5) = 0. (7.21)

Next we replace x1,y4,y5 by 1 + cxy + dzs,ys — cyh,ys — dy; that allows us to

further assume that

(ygyg,y4) =0, (y2y3,y5) =0 (7-22)

and then ys, y3 by yo — (e/r)xs — (f/r)zs,ys — (f/r)x2 that gives
(y2y4,y5) = 0, (y3ya,ys) = 0. (7.23)

Flnaﬂy Changing T2,T3, T4, Ts5,Y2,Y3, Y4, Y5 by (1/7’)1‘27 rrs, (1/T)$47 rTs,TY2, (1/7‘)y3,
rys, (1/r)ys gives us (z2y4,ys) = 1 and thus we see again that we have a unique

algebra.

Proposition 7.11. There is a unique nilpotent SAA L of dimension 10 with
an isotropic center of dimension 3 and where dim L? = 6 that has the further
properties that L3L? # L5 and dimUZ4(L) = 2. This algebra can be given by the

presentation

731(3’5) C(@1y2,y5) = 1, (ye, y3) = 1, (z1ys,ya) = 1, (2ys,y5) = 1.
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7.3 Algebras where [3L? = L°

5 Ys
Yq L% = Fas + Fay

(L) = Fxy + Fay + Fag
Zy(L) = L* = Fas + Fay + Fas + Fay
Zs(L) = L* = Z(L) + Fxy + Fa;, + Fyy
21|y | LY = Zs(L) L? = L + Fy,

Zy(L) = L* + Fyy + Fys

N

Z<L> Y3 ZI<L>

L_l :Z)(L> T2 Y2 Lz

Here we are assuming that L° = L3L* = Fxyy, + Fy vy, and thus in particular we
know that x4, 19> is a basis for L°. We will now introduce some linear maps

that will help us in understanding the structure. Consider first the linear maps

w4 LY — u -y

¢: LP/L* — L°, u
v L¥/LY — L°) a

w4+ L — - ys.

As L*Z4(L) = {0}, these maps are well defined. As L3L? = L’ we also know that

¢ is bijective. We thus have the linear map
T=v¢¢ t: L° — L°.

It is the map 7 that will be our key towards understanding the structure of the
algebra.

Lemma 7.12. The minimal polynomial of T = ¢! must be of degree 2.

Proof. We argue by contradiction and suppose that 7 = Aid. Replacing y3, zo by
Ys — Y2, T2 + Ax3 gives us a new standard basis where 7 = 0. Pick our standard
basis such that 7; = x; + L* = ¢~ (xy) and g3 = y; + L* = ¢~ (z5). We then

have
T1Y2 = Ta, Y1Y2 = Ts, T1y3 = 0, y1y3 = 0.
Now yoy3 L 1,91, 92, y3 and thus

Yay3 = a4 + bxs
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for some a,b € F. Replacing y3 by y3+ax, +byy, x1 by x1 —bxs and y; by y1 +axs,

we can assume that yoys = 0.

Now suppose that (ysys,ys) = a and (zoys,ys) = b. Notice that b # 0 as
xo ¢ Z(L) and zoy3 = 0. Replace ys3, y2 by ys — (a/b)z2, y2 — (a/b)xs and we get a
new standard basis where all the previous identities hold but also (ysy4,ys) = 0.
We thus get the contradiction that ys3 € Z(L). O

Notice next that if we have an alternative standard basis x1, 29, ...,ys, then
Uo = cys +u and g5 = ays + bys + v where a,c # 0 and where u,v € L3. If the
minimal polynomial of 7 with respect to the old basis is f(¢) then the minimal
polynomial with respect to the new basis is a multiple of f((¢/a)(t — (b/c)). In
particular we have the following possible distinct scenarios that do not depend

on what standard basis we choose.
A. The minimal polynomial of 7 has two distinct roots in F.
B. The minimal polynomial of 7 has a double root in F.

C. The minimal polynomial of 7 is irreducible in F[¢].

7.3.1 Algebras of type A.

Suppose the two distinct roots of the minimal polynomial of 7 = ¥¢~! are A and
. Pick some eigenvectors x4 and x5 with respect to the eigenvalues A\ and p

respectively. Thus

Yo Hxy) = Ay,
v~ Hws) = pas.

Replacing ys, T2 by y3— A2, T2+ Ax3 we see that )¢~ (x4) = 0 and we can assume
that A = 0. Then replace y3,x3 by (1/u)ys, prs and we get that ¢~ (x5) = x5

and we can now assume that p = 1.

We would like to pick our standard basis such that @; = z; + L* = ¢~ 1(ay)
and g, = y; + L* = ¢~ !(x5) . The only problem here is that we need (z1,y;) = 1

but this can be easily arranged. If (z1,71) = o then we just need to replace
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Y1, T5,ys by (1/0)y1, (1/0)xs,0ys. We have thus seen that we can choose our
standard basis such that

T1Ys = Ta, Y1Y2 = Ts, T1Y3 = 0, 1Yz = Ts. (7.24)

Recall also that zoys = 0 since L*Z,(L) = 0. In order to fully determine the

structure of the algebra we are only left with the following triple values

(T1ya,¥5) = @, (Y2Ys,Ys) = ¢,  (Yoya,y5) = €, (Toys,ys) =1,
(Y1Ya,y5) = b, (yoys,ys) = d,  (ysys,ys) = f.

Notice that r # 0 as xoy3 = 0 but 25 ¢ Z(L). We will show that we can choose
our basis such that a = 0 = c=d = ¢

x1 — (a/r)xa, y1 — (b/r)xe,y2 + (a/r)y; — (b/r)x; and we see that we can assume
that a = b = 0, that is

= f = 0. First replace x1,y1,y2 by

(2194, y5) = (Y194, y5) = 0. (7.25)

Inspection shows that (7.24) remains same under these changes. Then replacing

x1,Y1,Ys3 by 1 — dxs, y1 + cx3,ys + cxy + dy; we can furthermore assume that

(Y2y3, y4) = (Y293, 95) = 0. (7.26)

Finally replacing 21, y2, y3, ya by 21— exa, yo— ((f —€)/7)x3,y3— ((f —€)/r) w2, ya +
ey, and we can also assume that

(y2y1,Y5) = (Y3y4,y5) = 0. (7.27)

We have thus seen that L has a presentation of the form 7?1(3’6) (r) as described in

the next proposition.

Proposition 7.13. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 3 that has the further properties that dim L? =6, L3L? = L°
and L s of type A. Then L has a presentation of the form

PO (wayn,ys) = 7 (@192, 00) = 1, (019, 05) = 1, (1ays, y5) = 1

where v # 0. Furthermore the presentations 731(3’6) (r) and Pfg’ﬁ)(s) describe the

same algebra if and only if s/r € (F*)3.
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Proof. We have already seen that all such algebras have a presentation of the form
731(3’6)(7") for some 0 # r € F. Straightforward calculations show that conversely
any algebra with such a presentation has the properties stated in the Proposi-
tion. It remains to prove the isomorphism property. To see that the property
is sufficient, suppose that we have an algebra L with presentation 731(3’6) (r) with
respect to some given standard basis. Let s be any element in F* such that
s/r = b® € (F*)3. Replace the basis with a new standard basis 7, ..., 95 where
T = T1, Y1 = Y, Lo = bra, o = (1/b)xe, T3 = brs, y5 = (1/b)ys, T4 =
(1/b)xy4, ys = bys, @5 = (1/b)xs, ys = bys. Direct calculations show that L has

presentation 731(3’6)(5) with respect to the new basis.

It remains to see that the property is necessary. Consider again an algebra L
with presentation 731(3’6) (r) and suppose that L has also a presentation 731(3’6)(3)
with respect to some other standard basis z3,--- ,y5. We want to show that
s/r € (F*)3. We know that L = Fys + Fyy + Z4(L) = Fys + Fyy + Z4(L). Thus

Yo = ays+bys +u
Us = cys+dys+v

for some u,v € Z4(L) and a,b,c,d € F where ad — bc # 0. As L3L* = L[5 |
Z4(L) and as Z4(L)L* = 0 we have (Z,(L)L?, L?) = (Z4(L)L, L*) = 0 and thus
Zy(L)L? < (L*)*t = L* and Z4(L)L < (L*)* = L3. Tt follows that

Ya¥sys = (aya + bys)(cys + dys)(cys + dys) + w
Ysyaya = (cya + dys)(aya + bys)(ays + bys) + 2
for some w, z € L*. Using the fact that (L*, L?) = 0, as L5 = 0, we then see that
s* = (Ja¥s¥s, Usyaya) = 7°(ad — be)®.
Hence s/r € (F*)3. O

Remark 7.14. Notice that it follows that we have only one algebra if (F*)3 = F*.
This includes all fields that are algebraically closed as well as R. For a finite field
of order p™ there are 3 algebras if 3|p™ — 1 but otherwise one. For Q there are

infinitely many algebras.
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7.3.2 Algebras of type B

Suppose that the double root of the minimal polynomial of 7 = ¢! is \. We

can then have a basis x4, x5 for L° such that

Yo (z1) = Az
Vo Has) = Axs + 4

If we replace y3, 2 by y3 — Aya, 2+ Axg then we can furthermore assume that \ =
0. We want to pick our standard basis such that #; = 1+ L* = ¢~ (z4) and g, =
Y1 + L* = ¢~ (z5). Again the only problem is to arrange for (z1,y;) = 1. But if

(z1,91) = o then we replace x5, z3,y1, Y3, ys by (1/0)xs, (1/0)xs, (1/0)y1, 0ys, oys
and that gives (z1,71) = 1. We have thus seen that we can choose our standard

basis such that

T1Yo = T4, Y1¥Y2 = Ts, T1y3 = 0, y1y3 = 24. (7.28)

As before we have furthermore zoy3 = 0 and we are only left with the following

triple values

(2194, y5) (Y2us, ya) = ¢, (Yoya,ys) = €, (Tays,ys) =T,

frd a/’
(V1Ya,y5) = b, (vous.ys) = d,  (ysys,ys) = f.

Notice that r # 0 as zoys = 0 but a9 ¢ Z(L). We will show that we can choose
a new standard basis so that all the other values are zero. First by replacing
T1, Y1, Y2 by 1 — (a/r)x, 31 — (b/1)x9, Yo + (a/1)y1 — (b/T)21, We can assume that
a=0b=0. That is

(2194, y5) = (Y194, y5) = 0. (7.29)

These changes do not affect (7.28). Then replace x1,y1,ys by 1 — dxs,y1 +

crs, Y3 + cry + dy; we can furthermore assume that

(y2y3, y4) = (Y293,y5) = 0. (7.30)
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Finally replacing x1,y4,ys by 1 — exy + fxs,ys + ey1,ys — fyr further allows us

to assume that

(Y294, Y5) = (Y3ya,y5) = 0. (7.31)
We thus arrive at a presentation of the form 731(3’7)(7") as given in the next propo-
sition
Proposition 7.15. Let L be a nilpotent SAA of dimension 10 with an isotropic

center of dimension 3 that has the further properties that dim L? = 6, L3L? = L°
and L is of type B. Then L has a presentation of the form

7

PR s (@ayays) =70 (@12 ya) = 1 (03, 55) = 1, (ays,ya) = 1
where v # 0. Furthermore the presentations 771(3’7) (r) and ’PSJ)(S) describe the
same algebra if and only if s/r € (F*)3.

Proof. Similar to the proof of Proposition 7.13. ]

7.3.3 Algebras of type C

It turns out to be useful to consider the cases char F # 2 and char F = 2 separately.

a. The algebras where char [ # 2

Suppose the minimal polynomial of 7 = ¥¢~! is t2 + at + b with respect to some
Y2, ys3. Replacing ys by ys + (a/2)ys, one gets a minimal polynomial of the form
t? — s with s ¢ F2.

Remark 7.16. Let 43 = ays + u where a # 0 and v € L?. For the minimal
polynomial of T to have trivial linear term we must have u € L3. Thus Fys + L?

1s a characteristic subspace of L.

Pick any 0 # z5 € L5 and let x4y = ¢! (x5). Then ¢~ (z4) = sz5. We want
to pick our standard basis such that ¢='(x4) = 2y + LY, ¢~ (xs) = y1 + L*
For this to work out we need (x1,7;) = 1. Again this can be easily arranged.
If (z1,y1) = o, then we replace x5, y1,ys by (1/0)zs, (1/0)y1, oys and we get
(z1,11) = 1 and Yo~ (z4) = (02s)z5. We have thus seen that we can choose our
standard basis such that

T1Y2 = T4, Y1Y2 = T5, T1Y3 = ST, Y1Y3 = T4 (7'32)
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for some s ¢ F2. In order to clarify the structure further we are only left with the

following triple values

(2194, y5) (Y2us, ya) = ¢, (Yoya,ys) = €, (Tays,ys) =T,

== CL7
(y1y4,y5) =D, (y2y3,y5) =d, (y3y4,y5) = f.

Notice that r # 0 as zoys = 0 but x5 ¢ Z(L). We will show that the remaining
values are zero. First by replacing x1,y1,y2 by 1 — (a/r)x2,y1 — (b/r)z2,y2 +

(a/r)y; — (b/r)x; we can assume that a = b = 0, that is

(1Y, y5) = (4194, y5) = 0. (7.33)

These changes do not affect (7.32). Next replace x1, y1, y3 by 1 —dxs, y1 +cxs, ys+

cry + dy; we see that we can further assume that

(Y2y3, Y1) = (y2y3,y5) = 0. (7.34)

Finally replacing x1, y4, y5 by x1 —exs + fxs, ys + eyr, ys — fy1 we can also assume
that

(Y294, Y5) = (Y3Ya,Ys) = 0. (7.35)

Thus L has a presentation of the form 731(3’8) (r,s) as described in the next propo-

sition.

Proposition 7.17. Let L be a nilpotent SAA of dimension 10 over a field of
characteristic that is not 2 that has an isotropic center of dimension 3. Suppose
also that L has the further properties that dimL® = 6, L3L? = L% and L is of
type C'. Then L has a presentation of the form

PO s) : (mayarys) =7, (T1ys,ys) = 5, (T1yasya) = 1, (1ay,ys) = 1,
(11y3,y4) = 1

where r # 0 and s ¢ F2. Furthermore the presentations 771(3’8) (7,8) and 771(3’8) (1, )
describe the same algebra if and only if £ € (F*)® and £ € G(s) where G(s) =
{(@® = 5)* (w,y) e F x F\{(0,0)}}.

Proof. We have already seen that any such algebra has a presentation of the given

form. Direct calculations show that an algebra with a presentation 731(3’8) (r,s)
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has the properties stated. We turn to the isomorphism property. To see that
the condition is sufficient, suppose we have an algebra L that has presentation

Pfg’g)(r,s) with respect to some standard basis x1,¥y1,...,x5,y5. Suppose that
r =g and £ = [(b/8)* — s(a/B)*] for some (a,b) € F x F\ {(0,0)}. Consider a

T

new standard basis

i1 = (a/B?)(bxy + asyr), 1 = (1/8)(byr + axy),

Ty = (1/8)x2, Y2 = Bya,

T3 = (1/a)x3, Ys = s,

7y = (a/B)(brs + aszs), ya = (1/6%)(bys — ays),
s = ary + b, gs = (/%) (bys — asya),

where o = & Calculations show that L has then presentation 771(3’8) (7, 3)

with respect to the new standard basis.

It remains to see that the conditions are also necessary. Consider an algebra L
with presentation ’Pl(g’g) (r, s) with respect to some standard basis x1, y1, . . . , 5, Ys.
Take some arbitrary new standard basis 77, 41, . . ., T5, 5 such that L satisfies the
presentation 731(3’8) (7, 8) with respect to the new basis for some 0 # 7 € F and
5 ¢ F?. Notice that

Ty = axy + bxs
Y2 = By tu
Yz = YYs -+,

such that u,v € L? and 0 # «,3 € F. The reader can convince himself that
7/r e (F*)? and s/s € G(s). H

Examples. (1) If F = C then as any quadratic polynomial is reducible, there are
not algebras of type C'. This holds more generally for any field F of characteristic

that is not 2 and where all elements in F have a square root in [F.

(2) Suppose F = R. Let s ¢ R? and 0 # r € R. Then r/1 = r € (R*)? and
s < 0. Also 5/(—1) = a' = (a® — 0*(~1))? for some a € R. We thus have that
731(3’8)(7“,3) describes the same algebra as 731(3’8)(1, —1). There is thus a unique

algebra in this case.
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(3) Let F be a finite field of some odd characteristic p. Suppose that |F| = p".
Let s be any element that is not in (F*)?. Notice then that F* = (F*)? U s(F*)?
and thus for any § that is not in F?, we have s/5 € (F*)? = G(s). We can keep
s fixed and each algebra has a presentation of the form Q(r) = 771(3’8)(7“, s) where
Q(7) and Q(r) describe the same algebra if and only if 7/r € (F*)2. There are

thus either three or one algebra according to whether 3 divides p” — 1 or not.

b. The algebras where char F = 2

If the irreducible minimal polynomial of ¥¢~! is t? 4+ rt 4+ s with respect to s, y3

then the minimal polynomial with respect to ays, bys + cys, where a,b # 0, is
t2 +r(b/a)t + [(c/a)* — r(c/a)(b/a) + (b/a)?s].

Thus we have two distinct subcases (that do not depend on the choice of the
basis). Let m = m(ys,y3) be the minimal polynomial of ©)¢~! with respect to a

given standard basis for L.
(1) The minimal polynomial m is of the form t* — s for some s ¢ F? .

(2) The minimal polynomial m is of the form ¢* + rt + s where 7 # 0 and

the polynomial is irreducible.

For case (1) we get the same situation as in Proposition 7.17.

Proposition 7.18. Let L be nilpotent SAA of dimension 10 over a field of char-
acteristic 2 that has an isotropic center of dimension 3. Suppose also that L has
the further properties that dimL? = 6, L3L?* = L® and L is of type C where the
minimal polynomial m(ys,ys3) is of the form t> — s for some s ¢ F2. Then L has

a presentation of the form

7)1(3’8)(73 s): (22ys, ¥5)

=7, (T1ys3,¥5) = S, (T1y2,y4) = 1, (Y1y2,y5) = 1,
(91313794) =1,

where r # 0 and s ¢ F2. Furthermore the presentations 731(3’8) (7,8) and P{S’S) (r,s)
describe the same algebra if and only if = € (F*)* and ¢ € G(s), where G(s) =
{(2% —ys)*: (w,y) e F x F\{(0,0)}}.
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Example. Consider the field Zs(z) of rational functions in one variable over
Zo. Notice that

Zo(x)* = {f(2)* + 2g(2)* : (f(2),9(2)) € Za(2) x Za(x)\{(0,0)}}.

Thus G(z) = (Zy(x)*)? and last proposition tells us that 731(3’8)(7:(35) 5(z)) and
7313 ®(r(z), s(z)) describe the same algebra if and only if 7(z)/r(z) € (Zs(x)*)?
and s(z)/5(x) € (Zy(x)*)%. We thus have infinitely many algebras here.

We then move to the latter collection of algebras. For the rest of this subsection
we will be assuming that the minimal polynomial of 1¢~! is an irreducible poly-

nomial of the form t*> + rt + s where r # 0.

Pick 0 # x5 € L° and let x4 = ¢¢ (xs). Then o (zy) = rwg + sws.
We want to pick our standard basis such that #; = x; + L* = ¢_1(x4) and
71 = y1 + L* = ¢! (x5). The only constraint to worry about is, as before, that
(x1,51) = 1. If (z1,y1) = o, we just need to then replace y3 by (1/0)ys. Notice
that this changes the minimal polynomial of ¥¢~! to t* + (r/o)t + (s/o?). In any

case this shows that we can choose our standard basis such that

T1Y2 = T4, Y1Y2 = Ts, T1Y3 = T'Tq4 + STy, Y1Y3 = T4 (7.36)

for some r,s € F where 7 # 0 and > + rt + s is irreducible. As before we also
know that xoy; = 0. In order to clarify the structure further we are only left with

the following triple values:

(T1ya,y5) = @, (Yo2ys,Ya) = ¢, (Yoya,y5) = €, (Tays,y5) = @,
(y1y4,y5) =D, (y2y3,y5) =d, (y3y4,y5) = f.

Notice that a # 0 as zoy3 = 0 but a9 ¢ Z(L). We will show that we can choose a
new standard basis so that the remaining values are zero. First replace x1, y1, ¥2
by 1 — (a/a)za,y1 — (b/a)za, y2 + (a/a)yr — (b/a)z; and we can assume that
a =b =0, that is

(2194, 95) = (Y194, y5) = 0. (7.37)

Next replace x1,y1,y3 by 1 —dzs, y1 + cxs, y3 + cx1 + dy; and we can furthermore
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assume that

(Y293, Ya) = (Y2y3,y5) = 0. (7.38)

Finally replacing z1, y4, y5 by 1 —exy+ frs, ys + ey1, ys — fy1 allows us to further

assume that

(y2y4,y5) = (y3y4,y5) = 0. (7-39)

We have thus arrived at a presentation of the form 771(3’9) as described in the next
proposition. Before stating that proposition we introduce two groups that are

going to play a role.

Definition 7.19. For each minimal polynomial t? + rt + s, we let

H(r) = {2°+rz: zeF}
G(r,s) = {2 +rey+sy*: (z,y) e Fx F\{(0,0)}}.

Remark 7.20. (1) H(r) is a subgroup of the additive group F.

(2) Consider the splitting field F[vy] of the polynomial t*> + rt + s in F[t]. Then
a® +abr +b?s is the norm N(a+by) = (a+by)(a+b(y+7)) of a+by. As this is

a multiplicative function we have that G(r,s) is a multiplicative subgroup of F*.

Proposition 7.21. Let L be a nilpotent SAA of dimension 10 over a field of
characteristic 2 that has an isotropic center of dimension 3. Suppose also that L
has the further properties that dimL® = 6, L3L* = L° and L is of type C' where
the minimal polynomial m(ys, ys) is irreducible with a non-zero linear term. Then

L has a presentation of the form

3,9
731(0 )(%7">S) : (x2y4,y5) =7, (171193,@/4) =T, ($1?Js,y5) =S,
(T1y2,y4) = 1, (hy2,y5) = 1, (vays,va) =1

where v,7 # 0 and t> + vt + s is irreducible. Furthermore the presentations
771(3’9) (7,7, 8) and 731(8’9) (7,7, s) describe the same algebra if and only z'fz- e (F*)3,
LeG(r,s) and §— (£)%s € H(7).
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Proof. We have already seen that any such algebra has a presentation of the
given form. Direct calculations show that conversely any algebra with a presen-
tation for this type satisfies all the properties listed. It remains to deal with the
isomorphism property. To see that the condition is sufficient, suppose we have
an algebra L that has a presentation 771(3’9) (7,7, s) with respect to some stan-
dard basis z1,41,...,Ts5,y5. Suppose that % = %, L= (%)2 + (%)(%)T +(5)°s
and § — (£)%s = (%) ( )& for some a,b,d,5 € F where  # 0. We let
a = ﬁ/(( )2 + (%)(%)r (ﬁ) s). Consider the new standard basis

1

—(axy + byy),

1
71 = —[(aar + ab + da)zy + (0b + aas)y1], U1 =

B2 B
- 1 _
T2 = @((mz + dx3), Yo = BYa,
_ 1 _
Ty = 5333, Us = ayz + 0ya,

1
Ty = E[(aar + ab + da)xy + (6b + aas)zs|, ys = 7 (by4 + ays),

1

T5 = ary + brs, Us = 7 —[(aar + ab + da)ys+

(0b + cas)yy).

Calculations show that L has then presentation ’Pl(g’g) (7,7, §) with respect to the

new standard basis.

It remains to see that the conditions are also necessary. Consider an algebra L
with presentation 771(3’9) (v, r, ) with respect to some standard basis x1,y1, . . ., Ts,
ys. Take some arbitrary new standard basis z1, 41, . .., €5, y5 such that L has pre-
sentation 7313’9) (7,7, 8) with respect to the new basis where 4,7, 5§ # 0 and where

t2 + 7t + § is irreducible. Then

Ts5 = axy+ brs,

Yo = By +u,
Uys = ayz+0y2 + v,

for some u,v € L?, o, 3,0 € F where o, 8 # 0. The reader can convince himself
that new standard basis that we get satisfies the conditions stated. O]

Before we give an example to an algebra of this form. We list some useful prop-

erties of the groups G(r,s) and H(r).
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Lemma 7.22. For any irreducible polynomials t> + vt + s and t*> + 7t + 5, we
have that

(1) H(F) = (7/r)*H(r).
(2) G(r,3) = G(r,s) if s — (7/r)*s € H(F).
Proof. Straightforward calculations. O]

Example. Let F be the finite field of order 2". Let ~,r,s,7,7,5 be as in last
lemma. Then G(7,35) = G(r,s) = F* and thus 7#/r € G(r,s). Also [F: H(F)] =2
and thus s — (7/r)%s € H(7). It follows from last proposition that the presen-
tations 731(3’9) (v,7r,s) and P{ﬁ’g) (7,7,5) describe the same algebra if and only if
5/v € (F*)3. There are thus either three algebras or one algebra according to
whether 3 divides 2" — 1 or not.

We end this section by giving a direct explanation why the relation

(7,3) ~ (r,s) if and only if ; e G(r,s),5 — (;)25 e H(7)

is an equivalence relation.

First it is easy to show (r,s) ~ (r,s) as 1 € G(r,s) and 0 € H(r). Next if
(7,8) ~ (r,s) then, as G(r,s) = G(7,5) is a group, we have that r/F € G(7,3)
and s — (r/7)?5 = (r/7)*(5 — (7/r)%s) € (r/r)*H(F) = H(r). This shows that ~
is symmetric. Finally suppose (r*,s*) ~ (7, §) and (7, §) ~ (r,s). Then we have
that r*/r = r*/r - #/r € G(r,s) and s* — (r*/r)*s = [s* — (r*/F)*5] + [(r*/7)?5 —
(r*/r)2s] = [s*—(r*/F)25]+ (r*/F)*[5—(F/r)?s] isin H (r*)+(r*/7)?H(F) = H(r*).

Hence ~ is also transitive and we have an equivalence relation.
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CHAPTER 8

LALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 2

In this chapter we will be assuming that Z (L) is isotropic of dimension 2. Notice
that if L = Fu + Fv + L?, then L? = Fuv + L3. It follows that L? = Z(L)* is of
dimension 8 and that L3 is of dimension 7. We can then pick our standard basis
such that

Z(L) = TFxs+ Fay,
IFa:5+~'—i—]Fx1—|—]Fy1+]Fy2+]Fy3,

=
w [N}
[

Iﬁ‘x5+---+IFx1+IFy1+IFy2.

Furthermore L? = Fuvu + Fuvv + L* and thus dim L* € {5,6}. Let k be the
nilpotence class of L. We know that the maximal class is 7 and as dim L* # 1 and
Lk < Z(L), we must have that L* = Z(L). Moreover, we know that dim L* # 2
for 1 <s<4andthus5 <k <7 If L° = Z(L) then dim Z(L) — dim Z(L) =
dim L?—dim L? = 1 and we get the contradiction that L* = Z,(L) is of dimension
3. Thus 6 < k < 7. We will deal with the two cases separately.

8.1 The algebras of class 6

As the class is 6, it follows that (L*, L*) = (L7, L) = 0 and thus L* is isotropic.
We have seen that the dimension of L? is at least 5 and thus dim L* = 5. We can

thus now furthermore choose our standard basis such that
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Ys
Y4 Z(L) = L% = Fx5 + Fay

L* = Zy(L) |z3|ys| L* = Zs(L)

= L* = L* + Fy, + Fys
Zs(L) = L° = L* + Fy, + Fyy + Fys.

L) |22 1* = z4(1)
L1 Y1

(L)
(L)
(L) = L* = Fz5 + --- + Fay
(L)
(L)

As L*Z,(L) = 0 we must have
z1y2 = 0.

It then follows that L*L3? = 0 and then
L33 = Fy,y».

Notice that L3L3 # 0 since this would imply that (L%, L) = (L3, L) = (L3L3, L) =
0 and we would get the contradiction that the class of L is at most 5. Next let
us see that x;y3 and xoys are linearly independent. To see this we argue by con-
tradiction and suppose that (az; + bxe)ys = 0 for some a,b € F where not both
a,b are zero. But this would imply that (azy + bxy)L € Z(L) and we would thus
get the contradiction that az; + by € Zy(L) = L°. Thus

L*L? = Fayys + Fagys = Z(L).

Notice that L3L? = Fy,y, is a one-dimensional characteristic subspace of Zy(L).

We consider two possibilities: L3L? < Z(L) and L3L3 £ Z(L).
8.1.1 Algebras where L3L < Z(L)
We pick our standard basis such that
L3L? = Fyys = Fas. (8.1)

We have seen above that Z(L) = Faoys + Fayys = L*L% In order to clarify the

structure of L we introduce the characteristic subspace

W={zelL*: 2L?><L’L%.
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Notice that W is the kernel of the surjective linear map L* — Z(L)/L3L3, x —
xys + L2L3 and thus W is of codimension 1 in L*. Also L> < W. We can thus

pick our standard basis such that
W = Fxs + Fry + Fasy + Fas.

From this one sees that we have a chain of characteristic ideals of L

LLSLS y5
LS = Z(L) (LAL3)*
L = Zy(L) L? = Z5(L)

Wizs|ya L= Z4(L)

Lt = Z3(L) |21 |31 W+

Notice that Fxoys = Frs. We continue considering characteristic subspaces. Let
S={zel’: z-L*<L’L*}.

Notice that L3L? = Z(L) and that S is the kernel of the surjective linear map
L3 — Z(L)/L*L3, © — x-y3 + L3L? and is thus of codimension 1 in L3. Notice
also that z; ¢ S whereas W < S. It follows that we can pick our standard basis
such that

S =Fxs + Fxy + Fog + Fao + Fy; + Fys.

In particular we have y,ys, y2y3 € L>L3. Notice that
St =L° + Ty

and that L2S* = L%y, = Fy,ys + Fyiys = L3L3. Let

T ={xelL®: 25" =0}

Then T is the kernel of the surjective linear map L? — L3L3, x — y;x. Notice
that W+ < T but that y, ¢ T. We can then pick our standard basis such that

T = W + Fys.
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In particular y;y5 = 0. We now have a characteristic isotropic subspace T+ =
Fas + Fzy + Fay where T+ - (L3L3)* = 25(L3L3)* = L3L?. We now let

R={re (L*L*": 2T+ = 0}.

This is the kernel of the surjective linear map (L3L3?)* — L3L3, 2 — xox that

contains L3. We now refine our standard basis such that
R = L3 + Fy4

and we have in particular xoys = 0. Let us summarize. For every standard basis

that respects the list of characteristic subspaces above, we have

Toyy = 0
Froys = Fas
r1y2 = 0
Fas + Friys = Fas + Fay
Fas + Friyy, = Fas+ Fag
Fyiyo = Fas
hys = 0
Yoys € Fup

It is not difficult to see that we can furthermore refine our basis such that

Toys = Ts, Toys = 0, T1y2 = 0, T1Y3 = Ty, T1Ys = —T3, Y1Y2 = Ts, Y1y3 = 0.

(8.2)

This deals with all triple values apart from

(y1y4,y5) = a, (y2y3,y5) = (1'3?/4,95) =T,
(Ysya,y5) = b, (42ys,y5) = d,

where r # 0 as x3 ¢ Z(L). Replace 2, y4 by 22+ axy, ys — ays and we can assume
that

(y1y4,y5) = 0. (8.3)
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This does not affect (8.2). Then replace yo, y3 by yo — (d/r)x3 — cxe, ys — (b/r)xs —
(d/r)xs gives furthermore that

(Y2v3,y5) = 0, (y2ya,y5) = 0, (Y3ys,y5) = 0. (8.4)

Again these changes do not affect (8.2) and (8.3). Finally replacing 1, 9, 24, 5, Y1,

Y2,Y4, Y5 by 7"21'1, (1/T):L‘27 7"21’4, (1/T)l‘5 ) (1/T2)y1a Y2, (1/T2)y47 TYs lmphes that
we can assume that (x3ys,ys) = 1 while (8.2)-(8.4) remain nonaffected. We thus

arrive at a unique presentation.

Proposition 8.1. There is a unique nilpotent SAA L of dimension 10 with an
1sotropic center of dimension 2 that has the further properties that L is nilpotent

of class 6 and L3L? < Z(L). This algebra can be given by the presentation

771((2)’1) D (2sya,ys) = 1, (22ys,95) = 1, (z1y3,y4) = 1, (vaye,ys) = 1.

One readily verifies that the algebra with the presentation above has the proper-

ties stated.

8.1.2 Algebras where [°L° < Z(L)

Recall that z;90 = 0. As we had observed before, Fy,yo = L?L? < Zy(L) =
Z(L) 4+ Fxs. We had also seen that Fx,ys + Faays = Z(L). We can now pick our
standard basis such that

T1y2 = 0, y1y2 = T3, T1Yy3 = T4, TaYy3 = Ts. (8-5)

This leaves us with the following list of triple values to determine.

(191, Y5) = a,  (Yay3,ya) = ¢, (Yays,ya) =, (1Y, ys) = h,
(22ys,y5) = b, (voys,ys) = d, (1ys,¥s) = 9, (Ysya,ys) = k,
(I3y4,y5) =T, (ygy4,y5) =€,

where 7 # 0 as x3 ¢ Z(L). We show that we can further refine the basis so that
a=b=c=d=e=f=¢g=h=Fk=0. To start with replace x1,zs,y3 by
x1 — (a/r)xs, kg — (b/r)xs, ys + (a/r)ys + (b/r)ys and we see that we can assume

that
(1ya, ¥s5) = (@24, y5) = 0. (8.6)
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These changes do not affect (8.5). Next we replace y1,ys2,ys by 11 — cxa,y2 —

cxy —dxy — (e/r)xs,ys — (e/r)xry that gives us

(Y2y3,Ys) = (Y2y3,Ys) = (Y2va,y5) = 0, (8.7)

while these changes have no affect on (8.5), (8.6). Now replace xo,y4,ys by

Ty — fry — gxs5,Yy1 + fy2,Y5 + gyo and we can now assume that

(1193,94) = (Y193, ¥5) = 0. (8.8)

As before this has no effect on the previous established equations. Finally we
replace y1,y3 by y1 — (h/r)z3,ys — (h/r)x; — (k/r)xzs and one sees readily that
we can furthermore assume that (yivys,ys5) = (Ysys,ys) = 0. We thus arrive at a

family of algebras given by the presentation 731((2)’2) given in the next Proposition.

Proposition 8.2. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 with the further properties that L is of nilpotence class 6

and L3L® € Z(L). Then L has a presentation of the form

PP ). (wsys,ys) =7, (22ys,4s) = 1, (2193, 94) = 1, (112, ys) = 1,

where r # 0. Furthermore the presentations 771%’2) (r) and 771(3’2)(5) describe the

same algebra if and only if s/r € (F*)*.

Proof. We have already seen that all such algebras have a presentation of the form
731(3’2)(7") for some 0 # r € F. Straightforward calculations show that conversely
any algebra with such a presentation has the properties stated in the Proposition.
It remains to prove the isomorphism property. To see that it is sufficient, suppose
that we have an algebra L with presentation 771%’2) (r) with respect to some given
standard basis. Let s by any element in F* such that s/r = b* € (F*)%. Replace
the basis for L with a new standard basis x1, - - - ,y5 where £ = x1, y; = Y1, 2 =
(1/b)z2, o = bya, T3 = bxs, 3 = (1/b)ys, T4 = (1/b)x4, s = bys, T5 = (1/b*)x5 and
ys = b*ys. Direct calculations show that L has the presentation 731((2)’2)(3) with

respect to this new basis.

It remains to see that the condition is necessary. Consider again an algebra
L with presentation 731(3’2)(7“) and suppose that L has also a presentation 731(3’2)(5)

with respect to some other standard basis z,---,y5. We want to show that
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s/r € (F*)1. We know that L = Fys + Fy, + L? = Fys + Fy, + L% Thus

Ya ays + bys + ug

Ys cya + dys + us,

for some w4, us € L? and a, b, ¢, d € F where ad —bc # 0. We know that L?L? < L*
and thus

Usya¥a = (cya + dys)(ays + bys)(ays + bys) +w

UaUs¥s = (ays+ bys)(cys + dys)(cys + dys) + z,

where w, z € L*. We use the fact that L = 0 and L3L? < L® in the following

calculation. We have

Hence s/r € (F*)*. O

Remark 8.3. (1) It thus depends on the field F, how many algebras there are
of this type. When (F*)* = F* there is just one algebra. This includes the case

when T 1s algebraically closed or finite field of characteristic 2.

(2) Let F be a finite field of order p™ where p is an odd prime. If p = 1(mod4)
then there are 4 algebras and if p = —1(mod4) then there are 4 algebras when n

15 even and 2 algebras when n s odd.

(3) For F = R there are two algebras, one for r < 0 and one for r > 0. For

F = Q there are infinitely many algebras.

8.2 The algebras of class 7

Here we are dealing with algebras of maximal class and thus we can make use of

the general theory concerning these. In particular we know that we can choose
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our standard basis such that

L"=Z(L) = Fuxs+ Fuy,
L = 7Zy(L) = Fas+ Fay+ Fas,
L? = Z3(L) = Fuas+ Fry+ Fas + Fa,.

We also know that L* = Zy(L) = (L°)*, L? = Z5(L) = (L5)* and L? = Zs(L) =
(L7)*. Furthermore we know that we can also get characteristic ideals of dimen-

sion 1,5 and 9 in the following way.

Firstly, we know from the general theory that xsys, xoys # 0. As a result
L5L? = Faoys # 0. This gives us a characteristic ideal of dimension 1 and

then (L°L?)* is a characteristic ideal of dimension 9.

We now turn to the description of a characteristic ideal of dimension 5. From
the general theory we also know that x1ys,y1y2 are linearly independent. Thus
L*L3 = Fxyy, + Fy1y0 is a 2-dimensional characteristic subspace of LS. Let
I, = [PL* I, = L" and I3 = L®. Let k be smallest such that I, n L*L? # {0}.
Then

U={zel': z2L’< I}

is a characteristic ideal of dimension 5. We can thus further refine our basis such

that we have the following situation.

L5L2 y5
L" = Z(L) (LPL*)*
L® = Zy(L) L* = Z(L)

L5 = Z;;([/) xz 92 [/3 = Zg(L)

Ulay |y | L' = Zu(L)

There are now few separate cases to consider according to whether L*L3? = L7 or
L*L3 # L7 and whether or not L*L? n L°L? # {0}.
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8.2.1 Algebras where L*L3 = L7

In this case we have
Froys = Friys = Fas, Frs + Fyys = Fos + Fay.

Now consider the characteristic subspace UL? = Fxs + Fx,y5. There are again

two subcases to consider as either UL? has dimension 1 or 2.

I. Algebras where UL? is 1-dimensional

In this case we have that x;y3 € Fxs and it follows that L*L? = UL? + y,L? =
Fxs 4+ y; L? = Z(L). Consider the characteristic subspace

V={rel®: L'z <L°L*.

Then V is of codimension 1 in L? and L* < V. Also y» ¢ V. One sees readily

that we can refine our choice of basis further such that
V = L' 4+ Fys.
In particular y,y3 < Fxs. Next consider the characteristic subspace
W ={xelL*: 2V =0}

We have that L6 < W and that x5 ¢ W. Also W is the kernel of the surjective
linear map L* — L°L?, x ~ xys and thus of codimension 1 in L*. We can now

pick our basis further such that
W = L° + Fz, + Fy,.

It is not difficult to see that such a choice is compatible to what we have done
so far. Notice that it follows that y;y3 = x;y3 = 0. Next one notices that
L3V = Z(L) and that L3U < L°L%. Let

Z={wveV: LPz < L°L*.
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Then Z is of codimension 1 in V and y; ¢ Z. We can now further refine the basis
such that
Z =U+ ]Fyg

The reader can convince himself that this is compatible to our choice so far. In
particular yoy3 € Fxs. Replacing y, by a suitable y, — axs, we can furthermore
assume that yoys = 0. With this choice of basis we thus have x1y3 = y1y3 =
1yoys = 0 as well as Fx 1y = Faoys = Fos and Fas + Fry = Fas + Fyqys. It is not

difficult to see that we can further refine our basis such that

T1Y3 = Y1y3 = Youyz = 0, T1Ys = Toyz = T, Y1Y2 = Ty (8.9)

We are then only left with the following triple values

(1Y, Y5) = a,  (Y1ya,ys) = ¢, (Ysys, Ys) = €,
(oy1,y5) = b, (Yoya,ys) = d, (x3ya,ys) =1,

where r # 0. Replacing x3, 22, Y1, Y3, Y1, Y5 by 3 +bxy, xo+axs—cxs, y1 +drg, ys—
(e/r)xs — (be/r)xy,ys = ys — bys — ays + dxy1,ys + cys, gives us a new standard
basis where we can assume that a = b0 = ¢ = d = e = 0. The reader can check
that (8.9) is not affected by these changes. Finally by replacing xi,xs, ..., ys
by (1/r¥)zy, (1/r)xo, 123, vy, (1/r%)xs, 73y1, rya, (1/7)ys, (1/rY)ys, r?ys, we can
furthermore assume that » = 1. We thus arrive at a unique presentation for L.

Proposition 8.4. There is a unique nilpotent SAA L of dimension 10 that has
1sotropic center of dimension 2 with the further properties that the class is 7,

LAL3 = L7 and dimUL? = 1. This algebra can be given by the presentation

PV (wsya,ys) = 1, (@ay5,55) = 1, (€192,95) = 1, (4192, ) = 1.

Direct calculations show that the algebra with this presentation has the properties
stated.

II. Algebras where UL? is 2-dimensional

In this case Faoys = Fri1ys = Fos and Fyys + Fas = Fryys + Fas = Fay + Fas.

It is not difficult to see that we can choose our standard basis such that

T1Y2 = T2Ys = T5, Y1Y2 = T4. (8-10)
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Now y1y3 = axs + bxy for some a,b € F. Replacing xy, y1, y2,y3 by 22 + bxs, y1 —

axs, Yo — axi,yz — bys + abry gives

Yys = 0, (8.11)

and the changes do not affect (8.10). Next consider yoys = axy + bxrs and replace
x1,Y2,Y3 by ©1 —axs, yo — bxa, y3 + ay;. These changes imply that we can assume

furthermore that
Y2ys = 0. (8.12)

Now consider z1y3 = axs + bxy (where b # 0 by our assumptions). Replacing
r1,Y2 by 1 — axs, ys + ay; we can assume that a = 0. Then replace x1,...,ys
by (1/b)x1, (1/0%)x2, (1/b3)xs, 324, bxs | byr, b?ya, bPys, (1/6%)y4, (1/0)ys we can as-
sume that b = 1. Thus

T1Y3 = T4. (8.13)

This leaves us with the following triples.

(2194, Ys5) (Y1ya,y5) = ¢, (Ysya,ys) = e,

f— a’
(:r2y4,y5) =b, (y2y4,y5) =d, ($3y4,y5) =T,

First replace x3,x2,y1,y4 by x3 + bry, o + axg,y1 + dry,ys — ays + dry — bys.

These changes imply that we can assume that

(2194, y5) = (T2ya, Ys) = (Y2ya, y5) = 0. (8.14)

Finally replace 3, ys,ys by x2 — cxs,ys — (e/r)xs,ys + cy2 and we furthermore

assume that
(Y1Y4,Y5) = (Y3ya,ys) = 0. (8.15)

Thus L has a presentation of the form 731(3’4) (r) as described in the next proposi-

tion.

Proposition 8.5. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and has the further properties that L*L3 =

L7 and dimUL? = 2. This algebra can be given by a presentation of the form

4
731(3 )(7”)3 (3y4,Ys5)

=T, (372313;%) =1, ($1y273/5) =1, (3713/3;y4) =1,
(y1y2,?/4) =1,
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where r # 0. Furthermore two such presentations 731((2)’4) (r) and 7?{3’4)(3) describe
the same algebra if and only if s/r € (F*)!L.

Proof. We have already seen that any such algebra has such a presentation. Di-
rect calculations show that an algebra with a presentation 731(3’4) (r) has the prop-
erties stated. We turn to the isomorphism property. To see that the condition
is sufficient, suppose we have an algebra L with a presentation 731((2)’4) (r) with
respect to some standard basis x1,1,...,75,y5. Suppose that s/r = a'! for
some a € F*. Consider a new standard basis 1 = axy, y3 = (1/a)y;, 22 =
a*ry, Go = (1/a®)ys, @3 = a’xs, ys = (1/a°)ys, @4 = (1/a*)zs, ya = a’ys, @5 =
(1/a*)z5, g5 = a*ys. Calculations show that L has then presentation 731(3’4)(5)

with respect to the new standard basis.

It is only remains now to see that the conditions is also necessary. Consider
an algebra L with presentation 731(3’4) (r) with respect to some standard basis
r1,Y1,...,Ts5 Ys. lake some arbitrary new standard basis z1,%1,...,Zs5,ys such
that L satisfies the presentation 731(3’4)(3) with respect to the new basis. Using

the fact that we have an ascending chain of characteristic ideals we know that

Y1 = ayr + Buzi + - + BisTs,

Yo = bya + ay1 + Barw1 + -+ + Boss,

Ys = cys + azays + aziyr + Ba1xr + - + Pass,

Ys = dys + uzys + uays + auyr + Burs + -+ Bass,
=eys + asa¥s + -+ asiy1 + Psivy + o0+ PosTs,

ot
|

= (1/a)xy + Y1922 + - - + Y155,

H
|

1/b)xs + Y2323 + Y2424 + Y255,
)

1/d)xy + Va5,

Ty = (
T3 = (1/c)xs + Y3474 + Y355,
Ty = (
z5 = (1/e)xs,

for some «;j, Bij,7ij, a,b,c,d,e where a,b,c,d,e # 0. Direct calculations show
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that
1= (f1y~27y~5) = be/a = € = a/b
1= (hYo,ys) = abd = d = 1/(ab)
1 = (5195, 54) = cd/a = c=a’b
1 = (2203,75) = ce/b = b=a’.

Thus b = a3, ¢ = a®, d = 1/a*, e = 1/a® and it follows that

s = (2341, J5) = (de/c)r = (1/a) .
Hence s/r € (F*)!. O

Remark 8.6. It follows that if (F*)' = F* then there is only one algebra of this
type. This includes any algebraically closed field and R. If F is a finite field of
order p", then the number of algebras is either 11 or 1 according to whether 11

divides p™ — 1 or not. Notice also that there are infinitely many algebras over Q.
8.2.2 Algebras where L*L3 # L” and L°L* < L*L3
Here we pick our standard basis such that

L'L? = Fas + Fas.

Notice also that as before U = {x € L* : xL? < L5L?} and thus again 1y, € Fxs.
Notice also that

(L*L3)* = Fas + - + Fay + Fyy + Fyy + Fy,.
Then LP(L*L3)* = (Fas + Fay)ys = L5L?. Consider the characteristic subspace
V={xel’: z(L'L** =0}.

Here x5y, # 0 and thus V is the kernel of a surjective linear map L®> — L°L?, x

21y, and has codimension 1 in L°. We pick our standard basis such that

V =Fxy + Fry + Fao.
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In particular
Toys = 0. (8.16)

Here we have again UL? = Fx5 4+ Fx,y; and thus either the dimension of UL? is

1 or 2. We consider these cases separately.

I. Algebras where UL? is 1-dimensional

Notice that
%4 =Fos + - + Fzy + Fy; + Fys.

and that UV+ = Fxs = L°L2. Let
W={zelU: aVt=0}

Here x5y5 # 0 and W is the kernel of the surjective linear map U — L°L?, x

xys. We choose our standard basis further such that
W = Fxs + Fay + Fay + Fay.

In particular

1Yz = 0. (817)

Next look at L*V+ = Fays + Fyyys. Notice that yy3 € V and that (y1ys,%2) # 0
(as Fyiyo + Fas = Fas + Fas). We choose our basis further such that

LAVt = Fas + Fas.

In particular
(y193,y4) = 0. (8.18)

Now consider the characteristic subspace
T = L*V*' + L*L? = Fas + Faj + Fa,.
Notice that 7+ = L* + Fy, and WT+ = Fasy, + Friy,. Let

R={xeW: 2Tt =0}
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We have x5y, # 0 and R is the kernel of the surjective linear map W — L5L?, z

xys. We now refine our basis further such that
R =TFxs5 + Foy + Faq.

In particular x1y4 = 0. We have thus got a basis where x1y3 = x1ys = Toys = 0

and where (y1y3,v4) = 0. It is not difficult that we can furthermore assume that

T3Ys = Ts, Toly3 = T1Ts5, Tays =0, T1Y2 = Ts,

T1ys =0, x1y1 =0, 1y2 = T3, (Y1Y3,ya) = 0.

We still need to consider the following triples.

(Ysya ys) = a,  (1ys,¥s) = ¢, (Y2y3,¥5) = €,
(y1y37 ys) =0, (y2y37y4) =d, (y2y4, y5) = f,
($293795) =T,

We start by replacing xo, x1, y4, Y5 by o — bxs, x1 + dxy, y4s — dy1, ys + bys and

(ylyg,y5) = (y2y3:?/4) = 0. (8-19)

Then replace y1, y2, ys with y; — cxs, yo — [(e — ¢)/r]|ze — fr3, ys — cx1 — fre —axs

and we can furthermore assume that

(V1Y1,Y5) = (Y2Ya, Ys) = (Y2v3,¥5) = (Y3ya, y5) = 0. (8.20)

It follows that L has a presentation of the form 73%5)(7“) as in the following

proposition.

Proposition 8.7. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and the further properties that L*L3 #
L7, I°L? < L*L? and UL? is 1-dimensional. This algebra can be given by a

presentation of the form

POPr) s (ways,ys) = 7, (Tsya,ys) = 1, (@192,55) = 1, (192, 95) = 1,

where v # 0. Furthermore two such presentations 731(3’5)(7“) and 73%5)(3) describe

the same algebra if and only if s/r € (F*)3.
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Proof. We have already seen that any such algebra has a presentation of this
form. Conversely, direct calculations show that any algebra with a presentation
Pfg’s)(r) satisfies the properties stated. We turn to the isomorphism property.
To see that the condition is sufficient, suppose we have an algebra L with pre-
sentation 731(3’5)(7") with respect to some standard basis x1,y1, .. ., T5, y5. Suppose

that s/r = a® for some a € F*. Consider a new standard basis #; = x;, 9, =

Y1, Ty = axy, Yo = (L/a)yz, @3 = (L/a)xs, ys = ays, T4 = T4, Yo = Ya, T5 =
(1/a)xs, ys = ays. Calculations show that L has then the presentation 731(3’5)(3)

with respect to the new basis.

It only remains to see that the condition is also necessary. Consider an algebra L
with presentation 731((2)’5) (r) with respect to some standard basis x1,y1, ..., Ts, Ys.
Take some arbitrary new standard basis 21,41, ...,2s5,ys such that L also sat-
isfies the presentation 771(3’5)(5) with respect to the new basis. Using the fact
that we have an ascending chain of characteristic ideals as well as the fact that
LAL? = Fas + Fag, L*VY = Faos + Foy, R = Fas + Foy + Foy, W = Fyy + U,
(R+ L*VY)t = Fys + U and T+ = Fy, + Fy; + U are characteristic subspaces,
we know that

Y L/a)yy + Pz + -+ + Piss,

1= (
Y2 = (1/0)y2 + By + - - - + Boss,
Yz = (1/c)ys + Bar1z1 + -+ - + BssTs,
jo = (1/d)ys + amys + Buzy + - + Bass,
Us = (1/e)ys + asaya + - + asiyn + Bs1z1 + - + G555,

T1 = ary + Y14%4 + Y15Ts,
Ty = bxy + Y255,
T3 = CT3 + V35T,
Ty = dxy + Y4575,

I5 = €XT5,
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for some a,b,c,d, e, oyj, Bij, i where a,b,c,d, e # 0. It follows that

1 = (7391, Y5) = c/(de)
1 = (2192,95) = a/(be)
1 = (4172, 93) = 1/(abc).
This gives ¢ = 1/(ab), e = a/b, d = 1/a* and then
s = (To13, J5) = br/(ce) = b’r.
This finishes the proof. O

Remark 8.8. Again we just got one algebra if (F*)3 = F*. This includes all
fields that are algebraically closed as well as R. For a finite field of order p™ there
are 3 algebras if 3|p™ — 1 but otherwise one. For Q there are infinitely many

algebras.

II. Algebras where UL? is 2-dimensional
Recall that UL? = Fas+Fxyys, L*L? = Fas+Fas and 2oy, = 0. It is not difficult
to see that one can further refine the basis such that

T3Ys = QT5, ToYy3 = TT5, ToYs = 0, T1Y2 = Ts, T1Y3 = T4, Y1Y2 = T3. (8-21)

Replacing 21,1, . . ., 5, Y5 by axy, (1/a)yr, (1/a®)xy, a’ys, &Pz, (1/0%)ys, (1/a),
ayy, atzs, (1/at)ys, implies that we can furthermore assume that o = 1. We

have also the following triples to sort out.

(y1y37y4) = a, (92?/3,.@4) =d, (5751947%) =49,
(11y3,95) = b, (y2y3,y5) = €, (Y3ya,ys) = h.
(y1y473/5) =C, (y2y47 y5) = f7

First we replace xo, 1, Y4, ys by x9 — axy — by, x1 + dxy, ys + ays — dyy, ys + by

and we see that we can assume that

(Z/1Z/37y4) = (y1y37y5) = (yzys,y4) = 0. (8-22)
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Next replace yy, yo, y3 by y1 —cx3, yo — fx3, y3—cr1 — fro and we can also assume
that

(Y11, y5) = (y2ya, y5) = 0. (8.23)

Then replace x1,y; by x1 + exs, ys — ey; and we see now add

(y2y3,y5) = 0. (8.24)

Finally replace x1,ys by ©1 — g3, y3 + gy1 — has and we see that we can now add

(T194,y5) = (Ysys,ys5) = 0. (8.25)

We have thus see that L has a presentation 7313’6) (r) as in the following proposi-

tion.

Proposition 8.9. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and has further properties that L*L3 #
L7, [°L? < L*L? and UL? is 2-dimensional. This algebra can be given by a

presentation of the form

771(3’6)(7") o (mays,ys) =1, (23ys,ys) = 1, (21y2,95) = 1, (z1ys,y4) = 1,
(1hy2,y3) = 1

where r # 0. Furthermore two such presentations 731(3’6) (r) and 731(3’6)(3) describe

the same algebra if and only if s/r € (F*)'2.

Proof. We have already seen that any such algebra has a presentation of this
form. Conversely, direct calculations show that any algebra with a presen-
tation 771(3’6)(7“) satisfies the properties stated. We turn to the isomorphism
property. To see the condition is sufficient, suppose we have an algebra L
with presentation 731(3’5) (r) with respect to some standard basis x1,y1, ..., x5, ys.
Suppose that s/r = a'? for some a € F*. Consider a new standard basis
& = (1a)vy, i = ay, T2 = a*wy, Yo = (1ah)ye, @3 = (1/a’)xs, g3 =
adys, T4 = a’xy, Yy = (1/a®)ys, 75 = (1/a®)z5, s = a’ys. Calculations show

that L has then the presentation 7313’6)(3) with respect to the new basis.

It only remains to see that the condition is also necessary. Consider an algebra L
with presentation 731(3’6) (r) with respect to some standard basis x1,y1, ..., Ts, ys.

Take some arbitrary new standard basis 21,41, ..., 25, ys such that L also sat-
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isfies the presentation 731((2)’6)(3) with respect to the new basis. Using the fact
that we have an ascending chain of characteristic ideals as well as the fact that
LA*L3 = Fas + Fag, V = Fas + Foy + Fa,, are characteristic subspaces, we know
that

1 = (1/a)ys + Bury + -+ + Bisxs,

Y2 = (1/b)ya + aoiy1 + Py + - + Bass,

Uz = (1/c)ys + aziy1 + Baiwy + - + Ba5s,

Us = (1/d)ys + augya + anyr + Buwy + - -+ + Bass,

Us = (1/e)ys + asays + - + asiy1 + Bs1wy + -+ + Bsss,
r1 = axry + Y202 + ... + Y155,

Ty = by + Y2474 + Y255,

T3 = CI3 + V3575,

Ty = dxy + V5T,

Ts5 = €Ts,

for some a,b,c,d, e, oyj, Bij, i where a,b,c,d, e # 0. It follows that

I
/‘\ /‘\ /‘\ —~

This gives b = (1/a*), ¢ = a3, d = (1/a?), e = a® and then

s = (2203, 75) = br/(ce) = (1/a'?)r.
This finishes the proof. O

Remark 8.10. The number of algebras depends thus again on the underling
field. In particular there is one algebra over the field C, two algebras over R and
infinitely many over Q. When F is a finite field of order p™ then the number can
be 12, 6, 4, 3, 2 or 1 depending on what the value of p™ is modulo 12.
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8.2.3 Algebras where L*L3 # L” and L°L? « L*L?

First we pick our standard basis such that
L'L3 A L7 = Fay, L'L? = Fay + Fas.

Thus in particular Fa;y, = Fay. From this one sees that U(LPL?)t = L7 + Fayy,
where (z1y4,y2) = —(1y2, y4) # 0. We further refine our basis such that

U-(L°LY* = L7 + Faxy = Fas + Fay + Fas.

Then notice that (U(L°L?)Y)L = L°L? + Fayys, where (2oys,y3) = —(22ys, ys) #
0. We refine our basis further such that

(U(LPLYH*)L = L°L? + Fas = Fag + Fas.

Notice that in particular zoys € Fzs + Frg and thus (z2y4, y5) = —(22ys, y4) = 0.
We have as well (z2y4,ys3) = —(22y3,y4) = 0 and thus

Tays = 0. (8.26)
We also have
Frs = (Fay + Fxs) 0 (Fas + Fos) = (L*L?) n (U(LPL*)*1)L).
Next consider the characteristic subspace
V={xel': 213 < (L'L® n (UL’L*)*)L)}.

Notice that 21y, # 0 and thus V is the kernel of a surjective linear map L* —
L*L3/Fx3, * — xys + Fry and thus of codimension 1 in L*. Notice also that
L?> < V. We refine our basis further such that

V =L°+Fy, =Fas+ - + Foy + Fy,.

It follows in particular that
Fy ys = Fas. (8.27)

Notice that
(U(LPLAM): = Fas + ...+ Fay + Fy; + Fys
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and then U - (U(L?L*)1)*+ = L°L? + Fx1y3. Now (2193, %2) = — (2192, y3) = 0 but
also m1yy € U(LPL?)* = Fas + Foy + Foy and thus (2193, 1) = — (2194, 93) = 0.
It follows that z,y3 € Fos = L°L% It follows that U - (U(L°L?)%)t = L°L2.

Consider the characteristic subspace
R={zeU: (UL =0}.

We have that xoys # 0 and thus R is the kernel of the surjective linear map
U — LPL? x — xys. Thus R is of codimension 1 in U and contains L. Now

choose our basis further such that
R = L%+ Fx, = Fos + Fay + Fag + Fay.
In particular
x1ys = 0. (8.28)
Next consider L* - (U(L°L*)*)t = L°L% + Fy,ys. Notice that (y1y3,12) =
—(y192,y3) # 0. We can refine our basis further such that

LY (U(LPLH)Y) = Fag + Fay.

In particular
(y193,y4) = 0. (8.29)

It is not difficult to see that we can now choose our basis such that

T3Ys = Ty, TaYs = rTs, Tays = 0,

T1ys = T4, T1y3 =0, iy = 3, (y1y3,y4) = 0.

Replacing T, Yty---5,T5,Ys by (1/T>ZE1, Y1, T2, (]'/T)y27 T3, Ys, (1/7"2)3’,‘47 7”2?/4;
r?zs, (1/r?)ys, we see that we can furthermore assume that r = 1. We are now
left with the triples

(1Y4,Y5) = a,  (Yous,ya) = d, (ysya,ys) = h,
(?lesa%) = b, (ygyg,y5) =6
(1hya,y5) = ¢, (Y2Ya, Y5) = f,
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We now show that we can further refine the basis such that all these values are
zero. First replace xo,x1,ys by 2o — bxs, 11 + exs, ys + bys — ey; and we can

assume that

(Y193, y5) = (y2ys3, y5) = 0. (8.30)

Then replace x1,y1,y2,y3 by 1 — axs, y1 — cv3, y2 — fxs, ys + ayr — cxy — fay

and we can furthermore assume

(2194, y5) = (Y1Y4,Y5) = (Y2ya,ys) = 0. (8.31)

Finally replace z1,ys3, y4 by 1 + dzy,ys — gxs,ys — dy; and we also have

(Y2y3, ya) = (ysya, ys) = 0. (8.32)
We have thus arrived at a unique presentation.

Proposition 8.11. There is a unique nilpotent SAA of dimension 10 with an
1sotropic center of dimension 2 that is of class 7 and has the further properties
that L*L3 # L7, L°L? < L*L3. This algebra can be given by the presentation

7)1(?)’7) t (zoys,ys) = 1, (@3ys,ys5) = 1, (z1y2,y4) = 1, (vaye,y3) = 1.

Proof. We have already seen that any such algebra must have a presentation of
this form and conversely direct calculations show that the algebra with the given

presentation satisfies all the properties stated. O
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Part 111

Powerfully nilpotent groups and

powerfully soluble groups

117



INTRODUCTION

This part will be mostly about the connection between Part II and Part I.
Thus throughout this part we will be working with an arbitrary field GF (3).
We also assume that the symplectic alternating algebras is furthermore nilpotent

unless stated otherwise.

The study in Part II reveals some new classes of groups that we call powerfully

nilpotent group, powerfully perfect nilpotent group and powerfully soluble group.

As we have seen before, nilpotent symplectic alternating algebras over the field

GF (3) have a 1-1 correspondence with a class C of powerful 2-Engel 3-groups.

Our classification of algebras of nilpotent symplectic alternating algebras of di-
mension up to 10 over GF (3) yields that there are 25 powerfully nilpotent group

over class C of rank at most 11.

In general the situation here like a more further work to be done, which is cur-
rently under consideration. We will only here first consider some general defini-
tions and then in particular describe briefly what is it happening in class C based

on the new language revealed from classification in Part II.



CHAPTER 9

CONTRIBUTIONS IN GROUP THEORY AND
FURTHER WORK

Here we discuss some further directions that would be interesting and compatible
with our work in this thesis. One natural consequence step would be is to inves-
tigate the groups that correspond to nilpotent SAA’s in class C. Also what is it
happening there when the SAA is further nil-algebras over GF (3). For instance

we know such a correspondence exist.

A different direction is having the nil SAA’s are classified up to dim8 which
are exactly the same as the nilpotent SAA’s of dim up to 8. One could investi-
gate some general properties that holds for nil SAA’s. Also what could we read

more from the additional algebras that we have got as we know that there are
nil SAA’s, are they all nil-4 SAA’s and bounded by nil-degree 4.

We however in the rest of this part we continue describing some few things that

is just a starting point for an ongoing new work.

9.1 Contributions in Group Theory

As we said before this is a more general setting now that is open and under
investigation for a further work to be done. We however describe only what a
powerfully nilpotent group is and in particular the connection between the pre-

vious parts of this thesis. Similarly we define a powerfully soluble group.
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Recall that there is a one-to-one correspondence between symplectic alternat-
ing algebras over the field of three elements and a certain rich class C of powerful
2-Engel 3-group of exponent 27. Namely, the groups form a class C consist of all

powerful 2-Engel 3-groups G with the following extra properties:
1) G ={z,H), where H = {ge G: ¢° = 1} and Z(G) = (x) with O(z) = 27,
2) G is of rank 2r + 1 and has order 334"

The associated symplectic alternating algebra L(G) is constructed as follows.
First we consider L(G) = H/G? as a vector space over GF(3). To this we associate

a bilinear alternating form (,) and an alternating binary multiplication as follows:
for any @ = aG®,b = bG* and ¢ = ¢G* in L(G),

[a’ b]3 _ :CQ(&,I_))

Next we identify the subclass of C that consists of all groups in C that has an
extra group theoretical property that we call powerfully nilpotent. This subclass
corresponds to nilpotent SAA’s.

Definition 9.1. A finite p-group G is said to be a powerfully nilpotent group if
there is an ascending chain of powerfully embedded subgroups Hy, Hy,--- , H,
such that

{1} =Hy<H, =Z(G)<H,<H3;<---<H,=GC

and [H;,G] = H' | for i = 1,--- ,n. We refer to such a chain as a powerfully
central chain and n is the length of the chain. Further, if G is powerfully nilpotent
then the smallest possible length of a powerfully central chain for G is called its

powerful nilpotence class.

Remark 9.2. Notice that if G is powerfully nilpotent group, then the nilpotent
class of the group G is different from the Powerfully nilpotent class of G.

We then define the upper powerfully nilpotent series, lower powerfully nilpotent

series and the derived powerfully nilpotent series as usual like in Group.
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9.2 Connection between nilpotent symplectic al-
ternating algebras and powerfully nilpotent
groups

Let L be a nilpotent SAA over GF (3) of dimension 2n > 6. We have seen from

the general theory that L has a the central ascending chain
O<bh<y<- <l <Ir, <IF,<---<Iy<L

such that dim I, = r for r = 2,...,n — 1. In particular L is nilpotent of class at

most 2n — 3.
We now move to groups that consist C. Let G =< x, H > be such group.

Here the groups consist C are 2-Engel, thus they are nilpotent of class at most 3.

We however here interest of those that are of class 3.

From our previous work we know that if the SAA L is abelian then the cor-
responding group G(L) in class C would have a nilpotent class exactly 2. This
is because G(L) being 2-Engel has class at most 3 and that the derived group
|G, G] # 1 since we have a non-degenerate alternating form. It is however clear
that the groups that are of class 3 corresponds to non-abelian SAA over GF (3).
The reason for that is the latter must have some non-zero triples, say (uv, w) = 1
but the corresponding commutator would be, say [a,b,c¢] = 1 and hence G(L)

has class 3.

We first start by the following remark that set up the connection between the
SAA over GF (3) and groups of class C that is of class 3.

Lemma 9.3 ([18]). Let G(L) be a group of class C that has nilpotent class 3.
G(L) is isomorphic to G(K) if and only if L is isomorphic to K.

Recall that ideals in SAA correspond to powerfully embedded subgroups and sub-
algebra correspond to powerfully subgroup. We also have that [aZ(G),bZ(G)] =

AZ(Q) for any a,b,c e H. We next lists few simple consequences.
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Let G be a group from C of rank 2n + 1 that has nilpotent class 3. Then

1) G is powerfully nilpotent group if and only if L(G) is a nilpotent SAA.

2) The powerfully nilpotent class of G is the same as the nilpotent class of
L(G).

3) the center Z(G) of G and Zy(G) correspond to the isotropic subspace of L

and the center of L consequently.
4) rank G = dim Z»(G)/Z(G).

5) The structure of G is fully determined by the structure of L.

Now let GG be in the class C of powerful 2-Engel 3-groups. For any K such that
G < K <G welet K = K/G®. Notice that

A L(G) < B if and only if [(A, x), G] < (B, ).

Thus if G2 < H; fori = 1,--- ,n, then
{0}=Hy<H < ---<H,=L(G)

is a central chain of ideals in L(G) if and only if

{1} <{z) < (Hp,z) < - - < {(H,,x)=G

is a powerfully central chain. The classification of the nilpotent symplectic alter-
nating algebras of dimension 10 over GF(3) gives us thus the classification for the
powerfully nilpotent groups in C that are of rank 11. The classification reveals

that there are 25 such groups.

It is also extremely interesting to see that there is a class of maximal powerfully
nilpotent groups consists of powerfully nilpotent groups in C that corresponds to
the maximal class of nilpotent SAA’s of class 2n — 3. We seems to have also a

dual class of minimal powerfully nilpotent groups too.
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