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1. Introduction

In this paper we focus on Chellas-Segerberg (CS) semantics, a possible worlds
semantics for a two-place necessity operator 00— that goes back to Chellas [5] and
Segerberg [21], where a formula @ O— § is interpreted in terms of a conditional of
sort ‘if @ then B°. CS semantics uses a three-place accessibility relation Ry between
pairs of possible worlds relativized to sets of possible worlds X. In this semantics
a two-place necessity formula (or conditional) @ O— S is true at a world w iff 8 is
true at all worlds accessible from w by R where |[|a| is the set of possible worlds
at which «a is true according to a valuation function V. CS semantics is a relativized
Kripke possible worlds semantics insofar as @ O— [ can be unofficially read as
a necessity statement of the form [@ O—]f where [@ O—] represents a necessity
operator for each antecedent « (cf., [5, p. 138]; [21, p. 157]).

We present here (i) a non-trivial frame-based completeness result for a lattice
of systems described by 30 principles discussed in the conditional logic literature,
(ii) a translation procedure that gives us corresponding trivial frame conditions for
arbitrary formula schemata, and (iii) non-trivial frame conditions in CS semantics
which correspond to the 30 principles. The completeness property envisaged in (1)
is non-trivial insofar as not all conditional logics are strongly complete with respect
to (w.r.t.) some class of frames. The completeness result is based on structural,
frame-based as opposed to model-based conditions which were not established in
[5] and [21].
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CS semantics resembles set-selection semantics, which can be described in
terms of an accessibility relation R, that is relativized to formulas rather than sets
of possible worlds, and where a conditional @ O— g is true at a world w iff g8
is true at all worlds accessible by R, (e.g., Priest [17, p. 85]; Lewis [13, p. 60]).
Whereas set-selection semantics does not face the difficulties described in Sect. 5,
it does not allow for a characterization in terms of structural, frame-based condi-
tions, since the accessibility relations R, eventually have to be interpreted in terms
of valuation functions.

Note that the present results extend the results described in Unterhuber [24] and
are not implied by the investigations of multi-modal extensions of Kripke frames
by Blackburn et al. [4, p. 20], Fine and Schurz [6], and Gabbay et al. [7, p. 20f].

2. Languages

We discuss CS semantics as described by the modal language Lcy, (‘CL’ for ‘Con-
ditional Logic’), which contains atomic propositional variables p, pg, ...€ AV
(AYV is the set of atomic variables) and is closed under truth-functional propo-
sitional operators and the two-place modal operator 00— plus its dual &—». We
use letters a, g, ..., B, Bo, ... to refer to formulas of the language Lcr. The
primitive logical symbols of Lcp are — (“negation”), V (“disjunction”) and O—
(“conditional operator”) as well as the defined logical symbols A (“conjunction”),
— (“material implication”), <> (“logical equivalence”), T (“verum”), L (“falsum”)
and ¢— (“dual of the conditional operator”) which are defined as usual (in particu-
lar, (@ O— B) =4t ~(@ O— —B)). We also use the expression L to refer to the set of
all formulas of a language L.

In this paper we explicate a notion of non-trivial frame completeness which is
based on a notion of non-trivial correspondence between logical axioms a formu-
lated in the modal propositional language L¢r, and frame conditions C, expressed
in a suitable predicate logic language. There are two possible ways to express these
frame conditions: (i) either in the meta-language (i.e., the same language which is
used to describe the semantics), or (ii) in a second suitably specified object lan-
guage. In this paper we use the second approach and call this second object lan-
guage Lrc (“FC” or “Frame Conditions”). Inductive proofs concerning translation
functions between the two languages are easier to handle in the second approach.
(In the first approach, we would have to use quotation marks in order to allow the
meta-language to speak about itself, which is possible but unusual in philosophical
logic.)!

"Van Benthem [25] is not explicit about this choice. He chooses approach (i) but uses different
variables for possible worlds — ‘w’ for semantical usage and ‘x’ for frame conditions. Van Benthem’s
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In CS semantics — unlike in Kripke semantics — all (interesting) frame condi-
tions can only be formulated in a language (fragment) that allows for quantification
over possible worlds as well as sets of possible worlds due to the relativization of R
to subsets of possible worlds. Therefore, we describe here frame conditions formu-
lated in the two-sorted set-theoretic, predicate language Lpc using the following
symbols:

1. variables w, wp, ... of sort 1 for possible worlds (we use w, wg, ... as
meta-language variables for worlds in W),

2. variables X, Xp, ..., Y, Yo, ... of sort 2 for sets of possible worlds (we use
X, Xi, ... as meta-language variables for subsets of W),

3. the constants W and @ representing the set of all possible worlds and the
empty set, respectively,

4. the Boolean function symbols — (11), U (71, 72), N (71, T2), (Where 7, 7, ...
are meta-variables ranging over terms of sort 2) and the non-Boolean function
symbol O— (71, 72),

5. the three-place accessibility relation symbol R(w;, w;, 7) with three argument
places, 7 as a placeholder for terms of sort 2 and the element relation € (w;, 7)
with two argument places one each for variables of sort 1 and terms of sort 2
as the only non-logical symbols, and

6. the undefined logical symbols = (“negation”), V (“disjunction”), V¥ (“unver-
sal qantifier”), identity symbol = (with two argument places of type 1) and
the defined logical symbols A (“conjunction”), — (“material implication”),
< (“logical equivalence”) and 1 (“existential quantifier”).

We underline symbols of the language Lpc or use Roman font in order to dis-
tinguish them from correspondig expressions of our meta-language. The logical
symbols A, — and < in Lpc are defined in the usual way; moreover, for Lrc
it holds that dw;a =gt = YW;ma and dX;a =4 = ¥ X;-«, and we abbreviate
CEWLT), = (@), UL, TN (r1,12) and Rw, W, 1)’ by (WieT), ‘=7,
‘(t1UT2)’, ‘(t11N72)°, and ‘w;R.w;’, respectively. The fragment of Lpc that we
actually use contains only closed formulas of the form Y X;, ... Y X; a, where in a
no quantifier symbol w.r.t. variables of sort 2 occurs.

Logical consequence over Lrc formulas is defined in the ordinary way but re-
stricted to first-order models based on first-order structures, as explained in Sect. 5.
Lgc denotes the logic obtained from this consequence operation, i.e. the set of the-
orems.

conventions are sufficient for his purposes but not for ours.
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3. Basic Semantic Notions in CS Semantics

The basic semantic notions in CS semantics can be defined as follows:

DermiTioN 3.1. F¢ = (W, R) is a Chellas frame iff
(a) W is a non-empty set of possible worlds and
(b) R is arelation on W X W x Pow(W).

DermNiTiON 3.2, Let ¢ = (W, R) be a Chellas frame. Then, M¢c = (W,R, V) is
a Chellas model iff V is a valuation function from AV x W to {0, 1} and for all
formulas «, 8 € L1, and w € W it holds:

(W,R, V),w) E =~ iff (W,R,V),w) ¥ a,
(W,R,V),wyEavp iff ((WR,V),w)E aor (W,R,V),w) [ B, and
(W,R,V),wyEa— g iff Vw’(wR”a”MC w = (W,R,V),w) E B).

The expressions ((W,R, V), w) E a and ((W,R, V), w) [£ « abbreviate V(a,w) = 1
and V(a,w) # 1, respectively, for a Chellas model (W, R, V) and w € W, and the
expression lla|™ refers to the set of possible worlds at which « is true according
to a model M. (We omit reference to M where the context does not allow for
ambiguity.)

We now define Segerberg frames which are nothing but general Chellas frames:

DerintTioN 3.3. 5 = (W, R, P) is a Segerberg frame iff W is a non-empty set of
possible worlds, R is a relation on W X W X P and P C Pow(W) defines admissible
valuations, i.e., it holds for P:

@€ P, (Defp,)
if X € Pthen —-X € P, (Defp_)
ifX,YePthen XUY € P, and (Defp,)

if X,Y € Pthen{we W|Vw' € WwRxw — w €Y)} e P. (Defp,,,)

DerintTioN 3.4. Mg = (W, R, P, V) is a Segerberg model iff

(a) (W, R, P) is a Segerberg frame as described in Def. 3.3,

(b) V is a valuation function w.r.t. W and R as described in Def. 3.2, and
(c) V is admissible in g, i.e. ||a|| € P for all @ € L.

A Chellas model (W, R, V) is based on a Chellas frame (W’,R’) iff W = W’ and
R = R’. A Chellas model (W, R, V) is based on a Segerberg frame (W’,R’, P) iff
W =W, ,R = RTP, and V is admissible in Fg, where R T P is the restriction of
R to elements of P. A Segerberg model (W, R, P, V) is based on a Segerberg frame
(W R ,PYIf W=W_,R=R,P=PF,and V is admissible in ¥5. Then, « is
valid on a Segerberg [Chellas] frame ¥ (¥ E «) iff @ is true at all worlds in all
Segerberg [Chellas] models M based on ¥ .
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4. The Lattice of Conditional Logics

In this section we describe a notion of completeness which is non-trivial and based
on purely structural as opposed to model-based notions. The unproblematic case is
logic CK, which is sound and complete w.r.t. the class of all Chellas frames (see [5,
Sect. 6]), where the logic CK is defined by the following set of axioms and rules
(‘CK’ stands for ‘Conditional (System) K’):2

LLE ifae Bthen(ad—y) e (BO-y)
RW ifa—-Bthen(y> a) » (y - )
AND (@B A(@0—>y) > (> BAY)
LT ad->T

LLE, RW and LT abbreviate ‘Left Logical Equivalence’, ‘Right Weakening’ and
‘Logical Truth’, respectively, and [Ick denotes a lattice of logics L. € L, that are
extensions of system CK which are closed under propositional consequence, the
rules of CK (i.e., LLE, RW) and the rule of substitution. We write L+ a;+ap +. ..
for a logic L € Ilck that is axiomatized by the additional schemata a1, a3, ...
(i.e., that is the closure of CK U {ay, @3, ...} under the rules of propositional conse-
quence, LLE, RW and substitution). For later reference observe that the following
rule RCK is logically equivalent to RW, AND and LT:

(RCK) (@B A-Ala@m>By) o (@O y)ifBiA---AB, = v(n=0).

A Chellas/Segerberg frame ¥ [model M] is a frame [model] for the logic L. € IIck
iff all L-theorems are valid on # [in M]. The problem for completeness proofs
w.r.t. classes of Chellas frames which represent extensions of system CK is that
the canonical model allows one in general only to specify Ry for sets of possible
worlds X which can be represented by formulas of the language L1, whereas a full
completeness proof requires a specification of Ry for sets of possible worlds X that
cannot be represented in that way.

Segerberg [21] provided a completeness proof for a lattice of systems w.r.t.
classes of Segerberg frames which — as we saw — are nothing but general Chel-
las frames. It is, however, a well-known fact that in Kripke semantics complete-
ness w.r.t. classes of general frames is equivalent to completeness w.r.t. classes of
Kripke models, which in turn is trivial in the sense that any normal modal logic is
(strongly) complete w.r.t. some class of Kripke models (Hughes and Cresswell [9,
p. 168]). It can be seen by the following observation that an analogous result holds
for Segerberg frames: For each Chellas model Mc = (W, R, V) a Segerberg frame
TCMC = (W,R, P") exists s.t. PY = {|la|™c | @ € Lcp). Since a logic L € Mk is

2System CK is a conditional version of the weakest normal modal logic K insofar as for each
“modal operator” [ O—], System CK gives us the exact same theorems as System K (cf. [5, p. 139]).
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closed under substitution, it holds for all formulas a € L that « is valid in Mc iff
a is valid on 7—'CMC and that hence completeness w.r.t. Segerberg frames is trivial in
the sense that any such logic L is (strongly) complete w.r.t. some class of Segerberg
frames.

5. Trivial and Non-Trivial Notions of Completeness for CS Semantics

In this section we explicate a notion of completeness for CS semantics which is
non-trivial and allows one to explicate logics L € IIck in terms of purely structural
as opposed to model-based frame conditions. For this purpose we propose the
notion of completeness w.r.t. classes of standard Segerberg frames. The notion of
a “standard” Segerberg frame is in turn based on the notion of a non-trivial frame
condition which we are now going to explicate. First of all we introduce the notion
of correspondence (analogous to van Benthem’s [25] definition for normal alethic
modal logics):

Derinttion 5.1. (First-Order Structures for Lrc Corresponding to Chellas Frames
and Models Based on them)

1. If F¢ =4¢ (W, R) is a Chellas frame, then the corresponding first order structure
for Lrc, abbreviated as S (F¢), is defined as follows: S(F¢) =4 (W, V*) where
V* is a valuation function over the non-logical alphabet of Lrc satisfying the fol-
lowing conditions: V*(R) = R, V*(W) = W, V*(®@) = @, and €, -, N, U, and
O— receive their standard interpretations, i.e. € the set-theoretic element relation
V*( €)= €, the Boolean operators have their standard definitions, and O— is inter-
preted as follows: V*(XO=Y) = {w € W|Vw (WRy«xyw’ = w’ € V*(Y))}.

2. A first-order model (W, V*) based on S (¥¢) agrees with S (¥¢) on Lgc’s non-
logical alphabet and in addition assigns valuations V* to the variables of Lrc ac-
cording to the following condition: V*(w;) € W and V*(X;) € W, for all variables
w; and X; of sort 1 and sort 2 of the language Lrc, respectively. While the structure
S (Fc¢) fixes the truth value of closed formulas (sentences) of .Lgc, models based on
S (F¢) are needed to define truth values for quantified sentences of Lyc by assigning
truth values to open formulas, according to the usual conditions:

W, VYE Ywa iff forallwe W, (W, V*[wi:w]) F «
W, v E ¥YXja iff forall X € W,(W,V*[X;X]) F «

where V*[w;:w] and V*[X;:X] are like V* except that they assign w to w;, and X to
X;, respectively. Which particular possible worlds and subsets of possible worlds
are assigned by V* to w; and X;, respectively, for the first-order model (W, V*)
depends on the valuation function V of the corresponding Chellas model (W, R, V)
as defined in Lemmata 6.5 and 6.6.
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In the following we define correspondence for formula (or axiom) schemata. In
the formulation of formula schemata we use schematic letters A, Ag, ... which are
placeholders for formulas a, @, ...€ Lcr. An expression of the form a(Ay, ...,
A,) denotes a formula schema (e.g., an axiom schema) for Lcr where Ay, ..., A,
are all schematic letters that occur in @, numerically ordered according to their first
occurrence from left to right. a(a, /A4, ..., a,/A,) denotes an instance of the axiom
schema (A, ...,A,) in the language Ly, i.e. a formula of L, which results from
replacing schematic letters A; by formulas a; of L (forall 1 < i < n). That a
formula schema @(Ay, ..., A,) is valid on a Chellas [Segerberg] frame ¥ means by
definition that all instances of a(Ay,...,A,) are valid on ¥ .
We can now define correspondence as follows:

DerintTion 5.2. (Correspondence of Axioms of Logics L € Ick)
A formula @ € Lcp corresponds to a frame condition C, of Lpc iff for every
Chellas frame F¢ it holds: F¢ E a iff S(F¢) E C,.

The crucial property of a trivial frame condition is that it contains type 2 variables
which are used to quantify over propositions but which do not occur as a relatum
place of the three-place accessibility relation. Such trivial frame conditions are no
longer structural — they make truth-assertions about propositons (in certain worlds)
which are not used to index the accessibility relation. The following definitions
intend to make this intuition precise. In order to avoid “smuggling in” superfluous
type 2 variables by logical tautologies, we first need to say when a type 2 variable
occurs essentially in an Lrc formula. Throughout the following, ¢(X;,, ..., X;,)
denotes a formula ¢ of Lrc which contains as variables of sort 2 exactly X;,, ..., X;,
(ordered from left to right according to their first occurrence).

DeriniTioN 5.3. (Frame Condition)

1. A frame condition is a formula of Lrc which has the form V X;, ... VX; a(X;,,
., X;,) (for some n € N), where a(X;,,...,X; ) is a formula that contains no

quantifier over a variable of sort 2. We abbreviate such a frame condition by

C(Xiys. .5 X))

2. Variable X,-j (1 < j < n) occurs essentially in frame condition C{(X;,,...,X;,) €
Lrc iff there exists no Lgc-logically equivalent frame condition Ca(X;,, ..., XiH,
Xijorseeos Xiy)-

3. A formula (X, ..., X;,) € Lgc is irreducibly formulated iff every variable X;;

of sort 2 (1 < j < n) occurs essentially in a.

4. A frame condition C € Lgc is non-trivial iff (a) C is irreducibly formulated and
(b) in C no variable X; occurs unless X; occurs also in the third argument place of
some occurrence of the relation symbol R in C.

Observe that Def. 5.3(4) excludes non-trivial frame conditions which contain terms
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and subformulas, such as (XN (YU =Y)) and (XU (YN =Y)) on the one hand and
(WRyw; V-wRyw;) and (WeYV = (WeY)) on the other, respectively. If two
terms 71 and 7, are logically identical in Lrc then wiR, w; and wiR,,w, on the
one hand and ‘(w; €71)’ and ‘(w; €712)’ on the other are logically equivalent in
Lrc.

In Kripke semantics there exists a standard procedure for translating modal
formula schemata to corresponding frame conditions formulated in a language that
quantifies over sets of possible worlds (e.g., van Benthem [25, pp. 326-329]). We
define an analogous translation procedure for CS semantics in Sect. 6. To moti-
vate our Def. 5.3(4) let us for the present moment discuss the following two frame
conditions which both C-correspond to axiom schema T (i.e., (¢ O— §) — f):

Cr ¥ X ¥ w(wRxw)
Coiv  YXYYYW(YW(WRxw; 2w eY) oweY)

Frame condition Cyjy results from T by a standard translation for CS semantics,
while Ct does not. This difference is reflected in Def. 5.3(4) insofar as Cy;y 1S
trivial according to Def. 5.3(4) whereas Cr is not. A non-standard Segerberg frame
Fs = (W, R, P) that satisfies Cyiy can be specified as follows: Define W = {w, ws},
R = {{wy,wa, @), (Wa, w1, @), (W1, wp, W), (wp, w1, W)} and P = {@, W}. T is valid
on Fg — that is T is valid in any Chellas model based on ¥y, whereas Cyjy and not
Crt holds for any such model.
Based on all this, we can now define the notion of standard Segerberg frames:

DeriniTION 5.4. (Standard Segerberg Frame)

A standard Segerberg frame 7' = (W, R, P) for alogic L = CK + a1 + a3 + ... is
a Segerberg frame that satisfies a non-trivial frame condition C; that C-corresponds
to «; for each axiom schema «; for Lep (i = 1,2,...).

The notion of standard Segerberg frames excludes non-standard Segerberg frames
as described above.

6. A Translation Procedure for Arbitrary Formula Schemata

In this section we specify a translation procedure which produces C-correspon-
ding frame conditions based on arbitrary formulas and formula schemata for the
language L. We will reduce the translation of formula schemata to the trans-
lation of formulas as follows. For each formula schema «a(Aq,...,A,) we define
the corresponding skeleton as a(p1, ..., py), i.e. the formula of L resulting from
a(Ay,...,A;) by a uniform substitution of schematic letters A; by propositional
variables p; (1 < i < n). We say a formula schema is true at a world w of a model
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M the corresponding skeleton is true at w in M. We now specify three transla-
tion functions 7', #y; and  for formulas of Lcr where w; is a variable of sort 1 of
the language Lrc. We define the translation for formula schemata a(Ay,...,A,) by
the translation of the corresponding skeletons, i.e. T(a(A1,...,Ay)) = T(a(py,...,
Pn)) (and likewise for #y; and 7).

The first translation function T translates a formula a € L¢y into a term 7T () of
type 2 of Lrc, where in the corresponding first-order model the term 7'(a) denotes
exactly the proposition ||@||, i.e., the set of worlds in this model as defined in Lemma
6.6 at which @ € Ly is true. The second function fw; translates a formula a € L,
which is true at the world w; of a Chellas model M, where w; is denoted by w;
(i.e., V*(w;) = wj) into a corresponding first-order formula #y (@) € Lrc which is
true of the world (individual) w; (denoted by w;) in the corresponding first-order
model (W, V*). The third function 7, finally, forms the universal closure of #y,(@);
it is used to express the correspondence between the validity of a formula of L¢r,
on a Chellas frame ¥ and the truth of formula #(@) € Lgc in the corresponding
first-order structure for Lgc.

2
LF

Then, the translation function 7: L, — Termsi:FC is defined the following way:

DEerniTION 6.1. Let @ € Ly, and let Terms . be the set of type 2 terms of Lpc.

(a) ifa = p; then T(a) = X; (for every atomic propositional variable p; of Lcr
and type 2 variable X; of Lgc),

(b) ifa=TthenT(ax)=W,andif @ = L then T(a) = 2,

(¢) ifa=-BthenT(a)=-T(),

(d) ifa=(BVy)then T(a)=(TB)UT(y)), and

() ifa= (80> y)then T(@) = (T(B)T=TH)).

Note that by definition of T, T'(«) contains exactly one variable of sort 2, X;, for
every propositional variable p; occurring in a (or the corresponding schematic letter
A; if we translate the formula schema).

Building on this we now define our translation function fw; as follows.

DeriNTION 6.2. Let @ € Lcr. Then, for any w; the translation function #y,: Lo —
Lrc is defined as follows:

@ If @ does not contain ‘0" then #y (@) = (W; € T(a)), and otherwise

(ILa) if @ = =B then ty;(@) = = tw;(B),

(ILb) ifa = (B Vy)then ty;(@) = (tw;(B) V tw,(¥)), and

(ILe) if @ = (B O y) then tw;(@) = ¥ Wi(W;RrpWi = tw, (), Where wy is a
new variable of type 1.

Note that by definition of #y;, fw;(@) contains exactly one free variable of type 1,
namely w;, and moreover, for every propositional variable p; occurring in « (or
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the corresponding schematic letter A; if we translate the formula schema) exactly
one variable of sort 2, i.e. X;. Since an axiom schema holds on a frame exactly
iff every instance of it holds on that frame, we define the translation function ¢ as
the universal closure of the result of translation function 7y, over fy;(@)’s type 2
variables and the type 1 variable w; as follows:

DeriniTiON 6.3. Let a(pi),...,pi,) € Lco and 1 Lo — Lpc. Then, #Ha) =
Yxil e ixin zwj(th(a,(pil’ s ,Pin)))'

The next theorem establishes that ¢ determines corresponding frame conditions for
formula schemata for Lcy..

THEOREM 6.4. Let F¢ be an arbitrary Chellas frame and let « € Lcr. Then,
YaVFce(Fe E aiff S(Fo) E t@)).

Proor. Let F¢ = (W, R) be a Chellas frame and let & € L.

“&”: Suppose that (W,R) [~ a. Then, for some w € W and some valuation
function V, s.t. (W, R, V) is a Chellas model, it holds that ((W,R, V), w) £ a. By
Lemma 6.5, there exists a first-order model (W, V*) based on the first-order struc-
ture S (F¢) which falsifies #y;(@). So by Def. 6.3, S (Fc) ¥ t(@).

“=": Suppose that S(W,R)) ¢ t(a), where @ = a(p;,,...,p;,). Then by
Def. 6.3, #/(@) has the form Y X;, ... ¥ X; Yw;ty (@). Hence S(W,R)) £ VX, ...
vX; Yw jtwj(a/). So, by Lemma 6.5 there exists a model (W, R, V) and a world w € W
such that ((W,R, V), w) [~ a. Hence, (W, R) £ «. [ ]

Lemma 6.5. Let M¢c = (W,R, V) be a Chellas model based on frame (W, R). Then,
for every formula of Lcv, ¢ = ¢(pi,. ..., pi,) and for every first-order model (W, V*)
based on the corresponding first-order structure S (W, R)) which satisfies

V(X)) = V(pi) =t llpi |V for every 1 < j<n

it holds for every type I variable wy that ((W,R, V), V*(Wy)) E ¢ iff (W,V*) E
th(¢)'

Proor. Assume V*(wg) =g4¢ w. The proof is by induction on the construction of
formulas.

(a) If ¢ = p;; then V(p,w) = 1 iff V*((Wx€X;;)) = 1 by definition of the first-
order structure and assumptions on V*, where (Wx €X;) = (Wi €T (p;)) = tw,(¢)
by Def. 6.2(I) and Def. 6.1 (1 < j < n).

(b) If ¢ = B then V(¢,w) = 1 iff V(B,w) = 0 iff (by the induction hypothesis)
V*(tw,(B)) = 0 iff V* (=1, (B)) = 1 iff (by Def. 6.2(ILa)) V*(tw,(¢)) = 1.

©If¢p = (BVy) then V(p,w) = 1 iff V(B,w) = 1 or V(y,w) = 1 iff (by the
induction hypothesis) V*(#w,(8)) = 1 or V*(tw,(y)) = 1 iff V*((tw,(B) V tw,(¥))) = 1
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iff (by Def. 6.2(ILb)) V*(tw,(¢)) = 1.

dIf ¢ = (B O ) then V(p,w) = 1iff YW (WRgw" — V(y,w’) = 1) iff (by
Lemma 6.6) Yw' € W(WRy«r@)yw" — V(y,w’) = 1) iff (by the induction hypoth-
esis) Yw' € W: (W, V*[w,.w']) E wWiRr@gw, — (W, V*[w.w']) | tw,(y)) where
w, is a new type 1 variable iff (by definition of (W, V*)) (W, V*) = Y w,.(W;Rr@w,
= fw, (7)) iff (by Def. 6.2(IL.)) (W, V*) [ 1, (). n

Observe that in point (a) of the proof of Lemma 6.5 the clause I of Def. 6.2 is
applicable, since fy, refers to a formula Di; € L1 in which O— cannot occur.

Lemma 6.6. Let M¢c = (W,R,V) be a Chellas model based on the frame (W, R).
Then, for every formula of Lcr, ¢ = ¢(pi,, ..., pi,) and for every first-order model
(W, V*) based on the corresponding first-order structure S (W, R)) which satisfies

V(X)) = V(pi) =t llpi |V for every 1 < j<n
it holds that V(¢) =ar |I¢IIMe = V*(T(9)).

Proor. The proof goes by induction on the construction of formulas.

(@ If ¢ = pi; (1 < j < n)then VX(T(¢)) = V*(X;;) = ||p,-J.||MC by assumption and

Def. 6.1(a).

(b) If ¢ = T then T(¢) = W, so V*(T(¢)) = V*(W) = || TIM, and if ¢ = L then

T(4) = @, 50 V*(T($)) = V*(2) = ||LIIM¢ (both by Def. 6.1(b)).

(© If ¢ = —vy then V*(T(¢)) = V*(=T(y)) = =V*(T() = =lyIM = ||=yIMe (by

Def. 6.1(c) and the induction hypothesis).

(@) If ¢ = (y Vo) then V(T(¢)) = VI((T(NUT©)) = V(T (y) U VIT©) =

IyIMe U 161 = ||ty v 6)|Me (by Def. 6.1(d) and the induction hypothesis).

(e)If ¢ = (y B> 6) then V*(T'(¢)) = V' (T(y)B=T(9))) = V*(T(y)) B~ VX(T(9)

= [lyIMe o [|6]1Me = |I(y o 6)IMe (by Def. 6.1(e) and the induction hypothesis).
]

Most though not all corresponding frame conditions obtained by the translation
schema are trivial. This shows that finding a non-trivial frame condition that corre-
sponds to an axiom schema of a conditional logic L € IIck is indeed a non-trivial
enterprise, and even more, proving frame completeness with respect to standard
frames, i.e., frame classes that are definable by non-trivial frame conditions. In the
next section we present a couple of correspondence and completeness results of
this sort.

7. Non-Trivial Correspondence and Completeness

In this section we focus on the lattice of conditional logic systems defined by Sys-
tem CK plus 30 principles discussed in the conditional logic literature (see Table 1)
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Table 1. Axiom Schemata for Conditional Logics

System P

a> a (Refl)
(@0 y)A(@0=B) = (@ABO>y) (CM)
(@A y)A(ad=>p) = (@O y) (CO)
(g O= a) A... A (-1 O= ap) A (@ O @p) = (@g O— ar) (k>2) (Loop)
(@ NABO=>y) = (@VBO>Yy) (Or)
(@ABO>y) > (@b> (B—7) S
(e~ a) > (B0 @) (MOD)
Extensions of System P

(@A (@O pB) > (@ABO-Y) (RM)
(@0> BN (@O P) = (@npO-y) (RM)
(@0~ B) V(@O —p) (CEM)
Weak Probability Logics (Threshold Logics)

(T O 1) (P-Cons)
(@A y)A(@A-BO>y) = (@B>y) (WOR)
Monotonic Systems

(@ABO->)A(y>B) > (@Ay DT> 0) (Cut)
(x> y) s (@A) (Mon)
(=B AEBO>y) - (O ) (Trans)
(@ 0= p) = ("B 0> —a) (CP)
Bridge Principles

(@0~ p) = (@—p) (MP)
aAB— (- p) (CS)
(rad>a)—a (TR)
(To>a)>a (Det)
a— (T a) (Cond)
Collapse Conditions Material Implication

B— (b= p) (VEQ)
—a — (@ 0> p) (EFQ)
Traditional Extensions

(@0 ) — (@O p) (D)
(0= p) =B (T)
a— (@ (@ O p) (B)
(@0~ p) = (e0- (@ 0> p)) 4)

(@ 0= p) = (@ 0> (@ O p)) (5)
Iterated Principles

(@ABO-y) — (@0 (BO- 7)) (Ex)
(@0> (BO>y) 2 (@ABO>Y) (Im)

For abbreviations see text.
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Table 2. Axioms and Corresponding Frame Conditions in CS Semantics

System P
Refl* YwVYw(WRxw; = w;eX)
M Yw(Ywi(WRxw; = w; €Y) = Ywi(WRxnywi = WRxw)))
CcC Yw(Ywi(WRxw; =>wi €Y)—= ¥V wi(WRxw; = WRx~yW1))

Loop* YW(Ywi(WRx,wi =W XA ... AVWi(WRy, Wi =W X)) A
Ywi(WRx, Wi 2wy €Xo) = Ywi(WRx, Wi = w; €Xp)) (k> 2)

Or YwYwi(WRxyuywi = WRxw; Y WRyw))

S YWY wi(WRxwi AW €Y = WRxnyWi)

MOD*  Yw(Ywi(WR_xw; = w; €X)—= Yw(WRyw; = w; € X))

Extensions of System P
RM Yw(Iw;(WRxwi Aw; €Y) = ¥ wi(WRx YW = WRxw)))
RM' Awi(WRxwi Aw; €Y) = Ywi(WRx YW = WRxW; AW €Y)
CEM YwYw; Y wy(WRxw; AWRxwy = wo =wq)

Weak Probability Logics (Threshold Logics)
P-Cons Vwdw;(wRww)
WOR YwYwi(WRxwi = WRx~ywi Y WRx - yw1)

Monotonic Systems

Cut Yw(Ywi(WRzwi = w; €Y) = YW (WRxnzWi = WRxnYW))

Mon YwVYw;(WRx~yw; = WRxwi)

Trans !W(YWI(WR)Zwl - Wi eY)—= Ywi(wRxw; = wRywy))

Cp* Yw(Ywi(WRxw; =>wi€Y)—= Ywi(WR_yw; = w; € =X))
Bridge Principles

MP Y w(we X —= wRxw)

CS YwweX—= Ywi(WRxw; = w =w))

TR* Yw(Ywi(WR_xw; = w; €X) > weX)

Det Y w(wRww)

Cond YwYw(wWRyw; = w;=w)

Collapse Conditions Material Implication
VEQ  YwYw(wRxw; =>w;=w)
EFQ  Yw(Wwe=X—-- Iwi(WRxw)))

Traditional Extensions

D Y w Iw;(WRxw)
T Y w(wWRxw)
B YwVYw;(WRxw; = wiRxw)
4 YwYw; ¥ wy(WRxw; AwiRxw, = wRxw»)
5 YwYwi ¥ wa(WRxwi A WRxwy — wiRxw;)
Iteration Principles
Ex YwYw; Ywy(WRxw; AwiRyw,; = WRx~yw)
Im YwYwi(WRxnyw; = Jwa(WRxws A waRywy))
For better readability outer universal quantifiers over variables X, Xo ..., Y, Yo ... have

been omitted.
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and their C-corresponding non-trivial frame conditions in the sense of Def. 5.3(4)
(see Table 2). The frame conditions for Refl, MP, and Or on the one hand and
CM, RM, RM’, S, Det and Cond on the other are nothing but the frame conditions
identified already by [5, p. 142f] and [21, p. 163], respectively.> It is important
to note that the frame conditions for Refl, Loop, MOD, CP and TR are actually
given by the general translation procedure specified in Def. 6.3. (We marked these
principles with an asterix.) Def. 6.3, however, does not always give one non-trivial
frame conditions in the sense of Def. 5.3(4), as we saw in the previous section.
The conditional logic axioms described in Table 1 are the following: Refl (“Reflex-
ivity”), CM (“Cautious Monotonicity”), CC (“Cautious Cut”), Loop
(“Loop of Antecedent and Consequent Formulas™), Or, S, MOD (“Modality”’), RM
(“Rational Monotonicity”’), RM’ (variant of RM), CEM (“Conditional Excluded
Middle”), P-Cons (“Probabilistic Consistency”), WOR (“Weak Or”), Cut, Mon
(“Monotonicity”), Trans (“Transitivity”), CP (“Contraposition”), MP (“Modus Po-
nens”), CS (“Conjunctive Sufficiency”), TR (“Total Reflexivity”), Det (“Detach-
ment”), Cond (“Conditionalization”), VEQ (“Verum Ex Quodlibet”), EFQ (“Ex
Falso Quodlibet™), D, T, B, 4, 5, Ex (“Exportation”) and Im (“Importation™). The
names of the principles follow Kraus et al. [10] and Lehmann and Magidor [12]
rather than, for example, [15]. The principles are, for instance, discussed in Adams
[1, 2], Arl6-Costa [3], [10], [12], [13], [15], McGee [14], Schurz [18, 19] and
Stalnaker [22]. Note that Principles D, T, B, 4 and 5 correspond to frame condi-
tions which are generalizations from serial, reflexive, symmetrical, transitive and
Euclidian frame conditions in Kripke semantics, respectively.
We can prove the following results:

THEOREM 7.1. Every formula schema « in Table 1 C-corresponds to the respective
non-trivial frame condition C, in Table 2.

The proof of C-correspondence for Principles Refl, Loop, MOD, CP and TR is
immediately given by Theorem 6.4. In Appendix A we prove C-correspondence
for Principles CM and Im. We chose both principles, since their correspondence
proofs were among the more interesting ones (see also below). For the remaining
proofs of C-correspondence (except for Principle RM”) we refer to [24, Ch. 5].

TaEOREM 7.2. All logics L = CK + a; + ay + ... where ay, ay, ... are axiom
schemata from Table 1 are strongly complete w.r.t. the class of standard Segerberg

frames for which C,,, C,, ... in Table 2 hold.

In Appendix B we prove Theorem 7.2 for the sublattice of systems described by
System CK and Principles CM and Im. We picked both principles, since their

3[21, p. 163] also describes a frame condition for a variant of (MOD), his axioms #2.
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canonicity proofs were typical and among the more interesting ones, respectively.
For proofs of the remaining principles (except Principle RM’) we refer to [24,
Ch. 6].

8. Final Remark

By the axioms in Table 1 we can axiomatize a range of well-known conditional
logic systems, such as Lewis’ [13] Systems V and VC (see also Leahy et al. [11]),
Stalnaker’s [22] System, and also Kraus et al.’s [10] Systems C, CL, and P, Kraus
und Lehmann’s [12] System R (see also Hawthorne [8] and Pfeifer and Kleiter
[16]) and Adams’ [1, 2] P-Systems formulated in the language Lcr (see [24, Ch.
7.4

Acknowledgements. We thank Heinrich Wansing, Graham Priest, Ludwig Fahr-
bach and Paul Thorn and two anonymous reviewers for comments on an earlier
version of this paper. We acknowledge support by the DFG Grant SCHU1566/7-1
(causality and explanation) as part of the DFG research unit FOR 1063 and by the
DFG Grant SCHU1566/3-2 as part of the research unit “Functional Concepts and
Frames” (FOR 600).

9. Appendix A

In this appendix we prove C-correspondence for Principles CM and Im.

Axiom Schema CM. (“<”) Let (W,R) be a Chellas frame s.t. Ccp holds. So,
for all w € W and X,Y C W it is the case that (i) YW (wWRxw' — w € Y) —
YW (WRxayw — wRxw’). Let (W, R, V) be a Chellas model such that ((W,R, V),
w) E (@ 0= y) A (@ 0= B). Then, (ii) VW (WRgw’" — w" € |lyll) and (iii)
YW (WRjgw' — w’ € ||Bll) and from (i) we can infer Yw' (WRjyw' — w’ €
18l — VW,(WRII(XIIOII,BIIWI - WR||Q||W'). The latter and (iii) imply VW,(WRHQHQHB”W,
— WRjw’) and, hence, YW (WRjgrgw — WRjqw’). Due to (ii) we get Vw'(w
Rjangw’ = w' € |lyll) and (W, R, V), w) Ea ABO- 7.

(“=") Let (W,R) be a Chellas frame s.t. Ccp does not hold. So, there are
w,w' € Wand X,Y C W such that Yw” (wRxw” — w” € Y), wRxnyw’ and not
wRxw’. Let (W,R, V) be a Chellas model s.t. X = [la|l, Y = ||Bll, () YW’ (WRjjuw"’
— w”’ € |lyll) and w* ¢ [lyll. It follows that (ii) Yw"” (WRyw” — w” € [|BI),
WR|onigw" and not wRyw’. This assignment is always possible, as by assumption

“For a comparison of System P with other conditional logic systems in terms of the accuarcy of
probabilistic interferences see Schurz and Thorn [20] and Thorn and Schurz [23].
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w’ is not among the w”’s s.t. wRjw”. By (i) and (ii) we obtain ((W,R, V), w)
E a0 yand (W,R,V),w) E a O B. Since wR|ongw’ and w’ ¢ ||yll, we have
WRjaagiw" and, hence, (W, R, V), w) f a A B O . -

Axiom Schema Im. (“<”) Let (W, R) be a Chellas frame s.t. Cy, holds. So, for
allw € Wand X, Y C W it is the case that (i) YW (WRxnyw — Iw”(WRxw' A
w”Ryw’)). Let (W,R,V) be a Chellas model s.t. ((W,R,V),w) E a O—» (B O~
¥). We have YW (WRjgw" — Yw”’(W'Rygy w”’ — w” € |lyl)) and, hence, (ii)
VW'VW"(WRHQ,”W’ A W’R|L3||W" —->w’e ||)/||) By (1) we get (iii) VW'(WRHQHQHﬁ”W’ -
W (WRyyw” AwW” Rigw”)). Let wRjonizw’ be the case. Then, by (iii) there exists
some w"’ € W such that wR)w” and w”Rjgw’. By (ii) we get w’ € |ly||. This
implies YW (WRoniggw” — W’ € [|BI]) and YW (WRjargw’ — W' € [|BI]). So, we
obtain {(W,R,V),w) Ea AB O> .

(“=") Let (W,R) be a Chellas frame s.t. C,, does not hold. So, there exist
w,w € Wand X, Y C Ws.t. wRxnyw’ and =3w” (WRxw” AwW”’Ryw’). Let (W,R, V)
be a Chellas model s.t. X = [la||, Y = [|Bll, 1) YW’ (WRjgw" — YW’ (W"Rigw’”’ —
w'’ e ||)/||)) and w’ ¢ ||)/|| Then, WR||Q||Q||B||W/, and (ii) —Elw"(WR”a,”W" A W”R”ﬁ”W/).
This assignment is always possible, since by (ii) if there is some w”’ € W s.t. wR|y
w” then not w”’Rygw’. By (i) (W,R,V),w) E a 0= (8 0— y) follows. As
WR||Q||Q|L3||W' and w’ ¢ |ly|l, we get WR”a,/\ﬁ”W' and (W, R, V), wytaABO->7y. R

Appendix B

We prove here strong standard Segerberg frame completeness (see Theorem 7.2)
for the lattice of systems described by system CK and Principles CM and Im. We
use the canonical model technique (see [21, p. 162]) and canonicity proofs for Prin-
ciples CM and Im —i.e. proofs that show that the frame of the canonical model for
the given logic L € Ilck is a frame that satisfies the corresponding non-trivial
frame condition. For a completeness result, we also require that the frame condi-
tions are non-trivial in the sense of Def. 5.3(4) and C-correspond to the respective
axiom schemata (see Def. 5.4) in addition to canonicity.

DeriniTion 9.1. A Segerberg model (W€, R¢, P¢, V¢) is the canonical model for L. €

Mk iff

(a) W€ is the class of all maximally L-consistent formula sets, (Defye)

b) PP={XC W daX = |al}, (Defpe)

(©) Ya¥wV¥w’ € WEVX € Ps.t. X = |al: wR\w' iff YB(a O— S e w —  (Defgc)
B ew’),and

D Vpe AV,we W Vi(p,w)=1iff pew. (Defye)
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The expression |a| refers to the set of possible worlds which have @ as an element
in a given canonical model for a logic L € Ilck.

Lemma 9.2. For a canonical model M¢ = (W€, R¢, P¢, V) for L € llck and for all
formulas @ € Ly and allw € W€ it holds: a € w iff (W,R, V), w)a.

Proor. The proof is by induction on the construction of formulas. We describe
here only the modal case.

“=": Suppose @ O— B € w. By Lemma 9.3 it holds for all w € W¢ that
lecalw’ — 8 € w'. By the induction hypothesis we have || = |||l and Yw € W¢:
B e wiff (W, R, V), w) E B. Hence, ((W°, R, V), w) E @ O— 3 is obtained.

“&": Suppose @ O— 8 ¢ w. Then, by Lemma 9.3 there exists a world w’ € W¢
such that lecalw’ and 8 ¢ w’. By the induction hypothesis there exists a world w’ €
W€ such that wRS w’ and ((W¢, R¢, V),w’) £ B and, hence, ((W¢, R, V), w) ¥
ad- . [ |

llel

Lemma 9.3. For a canonical model (W€, R, P¢, V) for L € llck and all formulas
a,B € Loy and all w e WEit holds: a 0— B e wiff Yw' € W"(le‘;tlw’ - Bew).

Proor. “=”: Suppose that =¥Yw’ € WC(leca |w’ — B € w’). Then, there exists a
w e Wés.t. wRﬁylw’ and 8 ¢ w’ and by Defgc we obtain a 0— 8 ¢ w.

“<": Suppose that « O— B ¢ w. Since w is maximal L-consistent we have
—(@¢ O— B) € w and by the Lindenbaum Lemma and Lemma 9.4 there exists a
worldw’ € Wes.t. {ylaO>yewlU{=8} Cw'. Thus,Vy(e O»yew —yew)
and by Defge we have lecalw’ and B ¢ w'. [

Lemma 9.4. If T is L-consistent for L. € Illck and ~(a O— B) € T then {y|a O—
v € I'} U {8} is L-consistent.

Proor. Suppose that {y|a O0— y € I'} U {=8} is L-inconsistent. Then, there exists
a L-inconsistent set {y1, ..., y,, 8} for yq, ..., v, € {y|a O— y € T'}. It follows
that Fy, =(y1 A ... Ay, A —B) and, thus, Fg, y1 A ... Ay, — B. Since L € Ik, rule
RCK is derivable in L (see Sect. 5). rp, (@ 0= Y ) A ... A (@ O y,) — (@ O— B)
follows and, hence, rr, =((@ O— Y1) A ... A (@ O> y,) A (e O f)). So,
{d 0> vq,...,a 0> y,}U{~(a O— B)}is L-inconsistent and, thus, 'U{—~(a O— B)}
as well. [ |

We give here canonicity proofs for the Principles CM and Im:

Axiom Schema CM. Let (W¢ R¢, P, V) be the canonical model for L. € Ick
s.t. CM € L. Assume that CM is not canonical. Then, there exist X,Y € P¢ and
w,w" € W€ such that Yw"” (WR\w” — w” € Y), wR§, ,w’, and -wR{w’. By Defpc

there are formulas @ and S8 s.t. X = |a] and Y = |B|. Hence, (i) VW”(WRﬁnwu -
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w” e |8)), WRIC(IIHWIW, and ﬂlecalw’ hold and, thus, waa /\,Blw,. By Lemma 9.3,
condition (i) implies that « O— S € w. By Defgc and ﬁwRIC(llw' there is a formula
yst.a O»> y € wandy ¢ w. Since le‘('Mﬁlw’, by Lemma 9.3 it holds that
aABO—=>y¢w Asa O S € wand @ O- y € w, this contradicts Defy. by

Axiom Schema CM. [ ]

Axiom Schema Im. Let (W€ R, P¢, V¢) be the canonical model for L. € Ilck
s.t. Im € L. Assume that Im is not canonical. Then, there exist X,Y € P° and
w,w' € Ws.t. wRS ,w" and —3Iw” (WR\w” A w’R{w’). By Defpc there are
formulas @, 8 s.t. X = || and Y = |B|. Thus, WRICCIIOIBIW, and (ii) ﬂEIw”(lecalw” A
w”R"’lw’) and, thus, leca N |w'. By Defye there is a formula y s.t. ¥y € w’ and
v ¢ w” for any other world w”’ € W¢ By (ii) no world w” s.t. WR|L§|W” can
see w’ by Rﬁﬁl' As w’ is the only world in W€ s.t. v € w’, due to Lemma 9.3
B O0— —y € w” holds. Since this holds for all possible worlds w"’ s.t. wR‘é‘w”, we
geta O— (B O— —y) € w. As lecaAﬁlw’ and y € w/, it follows by Lemma 9.3 that
a A B O— —y ¢ w. This contradicts Defy by Axiom Schema Im.
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