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Christian Wenzel
Art and Imagination in Mathematics

Discovery or Invention?

In the chapter “Deduction of Pure Aesthetic Judgments” from his Third Critique,
Kant develops a theory of genius (sections 45-50) which leads him to the claim
that there can be genius in the arts but not in the sciences. For instance in sec-
tion 47 he argues that someone like Newton can be called “a great mind” (ein
grofier Kopf) but should not be called a “genius” (Genie). The reason he gives
for this is that everything Newton has discovered can be learned, whereas one
cannot learn how to write poetry. Newton can show us step by step what he
has done, hut Homer and Wieland cannot. Kant writes:

Thus everything that Newion expounded in his immortal work on the principles of natural
philosophy, no matter how great a mind it took to discover it, can sfill be learned; but one
cannot learn to write inspired poetry, however exhaustive all the rules for the art of poetry
and however excellent the models for it may be. The reason is that Newton could make all
the steps that he had to take, from the first elements of geometry to his great and profound
discoveries, entirely intuitive not only to himself but also to everyone else, and thus set
them out for posterity quite determinately; but no Homer or Wieland can indicate how
his ideas, which are fantastic and yet at the same {ime rich in thought, arise and come to-
gether in his head, because he himself does not know it and thus cannot teach it to anyone
else either. In the scientific sphere, therefore, the greatest discoverer differs only in degree
from the most hard working imitator and apprentice, whereas he diifers in kind from some-
ane who is gifted by nature for beautiful art. (AA 05: 3089, section 47)*

In this picture we have discovery and learning in the sciences and the arising of
ideas in the arts. There is a strict separation. But [ wonder whether Kant went too
far in drawing this distinction and by excluding Newton from the sphere of gen-
ius. On the one hand, Kant is right in pointing out that there are definitions, the-
ories, and proofs in the sciences which allow us to learn those sciences step by
step, while this cannot be said of the arts, There are no proofs in matters of art.
There is no deductive reasoning. But on the other hand, not just anyone can dis-
cover definitions, theories, and proofs, and we often say, contrary to what Kant
claims, that mathematicians and scientists are geniuses. We say Einstein was a
genius, Understanding Einstein's theory and following a proof step by step is
one thing (and difficult enough), but discovering the theory and finding the

1 References are to volume and page numbers of the Academie Ausgabe (AA).
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proof oneself is an altogether different matter. Not everyone can be said to be ca-
pable of having done what Einstein and Newton did. Why should discovery not
be a sign of genius, even if later on others can learn the theory and follow a proof
step by step?

Kant writes that poets cannot say how their ideas “arise and come together
in their heads”. But is this so different in the case of scientists? They have ideas,
too, and they usually do not arrive at them in purely deductive ways.?

But according to Kant, “even if one thinks and writes for himself, and does
not merely take up what others have thought, indeed even if he invents a great
deal for art and science, this is still not a proper reason for calling such a great
mind [...] a genius” (AA 05: 308, section 47). For Kant, the reason for this is that
in the sciences there is some kind of “natural path” of discovery, whereas in the
arts there is no such path. Thus he goes on to say that "just this sort of thing
could also have been learned and thus still lies on the natural path of inquiry
and reflection in accordance with rules” ( AA 05: 308, section 47, italics mine).
I have doubts about this, and in the following I will repeatedly come back to
this point,

It is true that there is objectivity and progress in the sciences in ways that
cannot be found in the arts and that one is therefore led to speak of a “natural
path of inquiry and reflection in accordance with rules” {auf dem natiirlichen
Wege des Forschens und Nachdenkens nach Regeln), Kant even thinks that this
path is unique, as if there were no other one possible. He writes “auf dem natiir-
lichen Weg” and not “auf einem natiirlichen Weg”. For him there is only one. But I
wonder whether this path is indeed that “natural” and unique as Kant thinks it
is. Contrary to what Kant claims, it seems to me that when we move into more
abstract mathematics, there is much freedom in how we can set up definitions
and even whole theories. Alternative theories and altermative proofs are possible.
Starting from the natural numbers, we can move to the rational, the real, and the
complex numbers, each extending the previous one, But we can also, alterna-
tively, move into very different kinds of number systems. Starting from the nat-

2 Of course I am not the first one to find Kant’s claims and arguments not convincing here, Thus
Ponald W. Crawford already writes: “I have no confidence that mathematicians can telf us how
they know how to begin an unobvious proof or construction any better than Homer and Wieland
could have told us how their ideas came together in their heads” (Crawford 1982, p. 166), He
criticizes Kant’s arguments by observing: “And this surely is a confusion between the order of
discavery {ordo inveniendi ot orde cognoscendi) and the order of teaching or systematic expo-
sition of truth already discovered (ordo docendi).” (p. 165) Already Aristotle was aware of the fact
that proofs are often written down (deductively) in the opposite way compared to how they were
discovered (inductively and intuitively).
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ural nurmbers, instead of adding new nurmbers, we can systematically identify
certain numbers with each other, We can choose a prime number, say 7, and
identify each number n with the numbers n+7, n+14, n+21, n+28, etc. This is an
alternate, From here you cannot extend to the complex numbers any more,
You either go this way, or you go the other way.

We can also adopt ahstract axiomatic theories of so-called number “fields”,
which includes the complex numbers as well as the strange case involving the
number 7 indicated above. Here we can have “algebraic” numbers of “positive
characteristics”. In such fields it might happen that adding the unit I several
times to itself will give zero (as in the case with the number 7): I+1+..+1=0, or
(if we loosen the requirements for a field a little) that usual and commonsensical
rules such as ab=ba or a(bc)=(ab)c no longer hold. These are strange “num-
hers”, It took mathematicians some time to accept what we now call the “com-
plex numbers” as the “natural” extension of the real numbers. I think there are
good reasons for saying that there is not only discovery hut also invention in-
volved in mathematics. Even if we say that mathematics is already out there
in a Platonic realm of ideas, or in a Fregean third realm of thoughts, walting
to be discovered, I think it matters what we see and cut out from this realm.
This is an idea I want to explore in this essay. Tt simply matters to us (what theory
we have), and it seems to me that Kant is downplaying, or not sufficiently aware
of this part: the seeing and cutting, This is more than discovery. It involves intu-
ition and making choices.

Differential and algebraic geometry are very complicated and rich theories
that lead to many questions which we have not answered yet, and it does not
seem obvious to me that there is only one way in which these theories will be
developed in the future, Regarding physics, I wonder whether relativity and
quantum theory lie on “the natural path”, Nor is it clear to me that they do so
“In accordance with rules”, What exactly should those rules be? Would they
be methodological meta-rules of enqguiry? Would they be rules of mathematics
proper? Are there rules that tell us which rules we should adopt? What are the
rules that make us think of a “natural path”, or even “the” natural path?

Usually it is the case that rules surface only post factum, such as the axioms
of what we now call “fields” and of which the real and the complex numbers are
special cases. Who knows what else is swimming under that surface? Is there
only one, single path of investigation and development? How about statistics,
prohability, methods of approximation, and the use of computers? How much
of which field of mathematics will he developed and practiced? What will sur-
face? Everything? Social, economic, political, and many other factors that are
contingent from the point of view of mathematics proper come into play here.
There are different styles of practicing mathematics, and different styles make
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for different paths. Different paths lead to different theories, and different theo-
ries are the objects for the next generation of researchers to work on. It seems to
me there is no single path, neither regarding method nor regarding result. We are
not aware of what has not surfaced and what we left at the side. There are
choices involved in the production and construction of theories, and these
choices will be imbedded in those theories even if they will be forgotten as
such. We often get used to what we have and then think of it as the only possi-
bility. But sets of accepted ways of reasoning keep changing. So do sets of ac-
cepted proofs, practices, styles, and the guestions mathematical communities
consider worth asking (see Kitcher, pp. 149-271).

One hasic difference between the arts and the sciences is that in the arts we
are dealing with individual works, individual poems, paintings, and musical
compositions, whereas in the sciences we are dealing with general and abstract
rules and theories. A poem can be repeatedly read and memorized, a painting
can be looked at, and a musical composition can be performed and Hstened
to. Works of art are objects of the senses, whereas a scientific theory is something
abstract that is applied and not contemplated, so one could argue. It is this as-
pect of applicability that makes the scientific theory so useful and powerful, one
might say. But for poems, paintings, and musical compositions there are no such
applications, They are individual works of art to be cherished for what they are in
themselves, They are abjects of the senses and are supposed to speak for them-
selves. Thus individuality, sensibility, empirical factors, and contingency play a
role in the arts and not in mathematics, so it seems. Mathematics is universal
and a priori. I do not want to challenge this universality and a priority. But I
wish to challenge the idea that it is only those very objects we have in our math-
ematical theories now that are possible. I want to show that there are other
mathematical objects and theories that are possible as well, but have not been
discovered and mayhe never will be talked about. There are other “natural”
paths.

If we do not think about aspects of application and focus instead on the sci-
entific theories themselves, as ends sought for their own sake (as scientists often
do), the distinction between the arts and the sciences becomes blurred. Pure
mathematics is usually done for its own sake, comparable to how art is done
for art’s sake, Part pour Part. A mathematician can work and live in his or her
world of abstract ideas and problems, comparable to how Vincent van Gogh
lived in his world of colors, shades, and shapes and light in nature and in his
paintings. Both see the world in unigue and individual ways, and it will take
time for others to see what they saw. Mathematicians and painters can set
new standards. Both can be diligent and work to exhaustion and even insanity.
The great discoveries in the sciences were not completely guided by rules. Con-
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trary to what Kant claims, they were not simply lying on “the natural path of in-
quiry and reflection in accordance with rules”. I think there is no such path.

There axe many different possible criteria of what we want, or might want,
criteria of usefulness that depend - in addition to criteria of truth - on aesthetic,
economic, political, and other factors. These factors do not determine what is
frue, but they affect our interests. They affect where we look and what we
keep and value as part of our new theories, What we discover depends on our
choices regarding which axioms to adopt and which theories to develop. If we
go this way, we will discover X. If we go that way we will discover Y. Once you
embark on X, you might never see Y. One might say that this does not matter,
because mathematical theories are already out there, In a Platonic realm, waiting
to be discovered. But then I could say the same about all poems, written and un-
written, I could say that they too existed already in some Platonic realm, Hence
discoveries in mathematics are not completely different from creations of works
of art. They are creations and inventions, too, as the latter can also be seen as
discoveries.

It thus seems to me that the difference between mathematics and the arts is
not as radical as Kant depicts it to be. Let us look at the idea of extension and
development again. Einstein broke with Newtonian physics. He was guided by
some classical ideas (indeed “in accordance with rules™), but he also did not fol-
low all of them. He broke some of those rules (not “in accordance with rules”,
contrary to what Kant claimed). Here mathematics can he compared with the
arts. Artists work within traditions, but they also break with these traditions.
They create and initiate new movements. Kant says that “no Homer or Wieland
can indicate how his ideas ... arise and come together in his head, because he
himself does not know it and thus cannot teach it to anyone else either”. But
could Newton or Einstein do this? Could they “indicate” much better than
Homer and Wieland how they arrived at their ideas in the natural sciences? Bet-
ter yes, but completely? Does discovery not take inspiration, too? Does it not take
“Einfille”, as one says in German, that is, sudden “intrusions” and *impacts”
from the outside, from outside the field of study itself? This aspect of an “out-
side” is, I think, what contradicts Kant's idea of a “natural path”. The outside
can later become part of the inside, part of the mathematics we now have.
What was accidental has led to something that now seems natural and the
only possible way.

It is true that once we have familiarized ourselves with the definitions and
basic theorems of a theory or practice, we will be ahle to follow a proof step
by step. But even then we cannot immediately see, at each step of the proof,
why we should do this and not that. Following is not the same as understanding
and doing it oneself. Let us look more closely at the differences. Why should we
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at this point in the proof apply this theorem and not another? Why should we, at
this point, set x=3 and not x=5 or 119 or any other number? In the course of a
single proof many choices are made, choices among already established theo-
rems and choices among infinitely many possible applications (what to apply
a theorem to). These choices are not dictated by the definitions and theorems
themselves, That is why proofs are so hard to find. I think it is for this reason
that also Newton and Finstein cannot teach us what they did and how their
ideas “arise and come together” in their heads. They themselves do not know it.?

Only when we see the result of the proof as a whele, at the end and in retro-
spect, after having gone through the proof many times, will it appear to us as if it
were all natural and lying along a “natural path”, Only then will it seem to us as
if there were only one possible path. But this is wrong. Later on, others will find
shorter proofs. They will find other “natural paths” that lead to the same result or
a more general one. If the latter happens, the whole picture will change. This
might even lead us to change some of our assumptions. A change of perspective
can go all the way down to the basics, To put it into more general terms: The
mind affects what we see — not the things themselves, but their appearances
(and this is all we have). The fact that certain things appear and others don’t
has to do with us.

I think Kant could have stressed and further developed the aspect of origi-
nality and creativity in mathematics by referring to his analytic-synthetic distinc-
tion and his view that mathematical propositions are synthetic and not analytic.
Synthesis allows for imagination and intuition to play more substantial roles.
But Kant did not do this. He did not go this way., For him, when it comes to math-

3 Henri Poincaré (1854 —1912) defended the relevance of invention and intuition in mathematics.
As there are logical-analytical minds (analyste), so there are geometric-synthetic-intuitive minds
{géométre}, he says. Knowing the rules is not enough, and this is similar to how we play chess:
“de tous ces chemins, quel est celui qui nous ménera le plus promptement au but? Qui nous dira
lequel il faut choisir? H nous faut une faculté qui nous fasse voir le but de loin, et, cefte faculté, c’est
Pintuition. Flle est nécessaire d 'explorateur pour choisir sa route, elle ne Pest pas moins & celui
gui marche sur ses traces et qui veut savoir pourguol il Pa choisie” (p. 36); “lintuition est l'in-
strument de Pinvention”” (p. 37). It is the end that justifies the “why” (pourguoi). Poincaré is
sympathetic to Kant’s notion of intuition (Anschauung) as well as his idea of the synthetic @
priort. Also Charles Parsons has argued for the necessity of Kantian intuition in mathematics.
But Parsons focuses mare on the role that intuition (Anschauung) plays in our constructing
mathematical objects (following the idea that concepts without intuition are blind) and he
focuses less on the aspect of intuition in the choices and value judgments we make {intuitive
discovery, German Infuition, not German Anschauung). Chatles Parsons focuses more on the
object, whereas 1 here focus mote on the method and the fact that different methods lead to
different objects.
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ematics, intuition and imagination were merely subservient to rules of the under-
standing. Although we need intuition and imagination to carry out proofs, they
do not contribute something on their own. It is this last point that I wish to ques-
tion,

Let us return to the distinction between singularity and generality. The arts
give us single, individual works of art, and the sciences offer general theories.
Art is appreciated and contemplated, whereas the sciences and their theories
are applied, For Kant, mathematical and scientific theories consist of rules. At
one point he even says that “mathematics is nothing but rules” (Reflection
922, AA 15: 401), Once we understand the rules, we can apply them and they
seem to determine everything. In Kant’s picture, they put us on firm and fixed
rails, whereas works of art do not function in this way. Indeed, instead of speak-
ing of applications, we say that works of art “speak for themselves” and unfold
worlds of their own. They are full of surprises. Kant says artists produce “mod-
els” (Muster) which other artists imitate (Nachahmung, AA 05: 309) in order to
become original artists themselves. They do not just copy (Nachmachung, AA
05: 309). Works of art are exemplars and not rules, even if they seem to be
“an example of a universal rule that we are unable to state”, But I think this dis-
tinction can become blurred when we look more closely. On the one hand, stu-
dents of mathematics and physics can try to understand scientific theories by
trying to find proofs themselves. They can think ahead and then come up with
new proofs. They do not blindly and mechanically apply old rules. In doing
this they are usually guided by their favorite examples and their individual inter-
ests and backgrounds. Thus the individual perspectives of mathematicians do
matter to what is and what is not discovered. On the other hand, art sometimes
is mechanically reproduced and applied, for instance in advertisement and prod-
ucts of mass-consumption, for instance CDs, perfumes, posters, clothes, cars,
motorcycles, etc. The line between mechanical Nachmachung and creative Na-
chahmung in the arts is not clear-cut, And there is a similarly foggy line within
mathematics, namely in our practicing, learning, and doing research in mathe-
matics. How much do we understand ourselves and to what degree are we just
blindly following others? If we say we do it “ourselves”, who do we think we are?
Do we ever really do anything all by ourselves? Wittgenstein has shown us some
of the intricacies of such questions in his reflections about drill in mathematics
(although I think he went too far).*

4 1 think he went too far in reducing rule-following to drill and habits, and he went too fay in
reducing normativity to social and evolutionary factors (see Wenzel 2011, “On Wittgenstein on
Certainty”), But how to read Wittgenstein is disputed. Some scholars do not read him as making
or suggesting such reductions,
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It should by now be clear that there is something problematic about saying
that mathematics is “nothing but rules”. Let me focus on the aspects of partic-
ularity, individuality, and singularity again. A mathematician who does research
often does not work so much with abstract rules but instead has a typical exam-
ple in mind. Such an example serves as a model that allows him to see certain
essential features concretely, so that he can manipulate and modify these fea-
tures to better suit the problem he is trying to solve. If one understands one
or two cases very well, one has a good handle on the whole theory. Mathemati-
cians who do research know this well. One often goes by examples when doing
research, because there one can “see” what is going on when one changes some
parameters or some basic assumptions while keeping others fixed. One can see
what will happen if one twists those exemplary modeis a litfle here or there to
suit or challenge the problem at hand. In this way such models can serve as
“models of imitation” and models of modification, similar to exemplars in art.
A crucial point in this is their concreteness and particularity, because it is this
concreteness that allows one to see more than what is implied by the general
and abstract rules alone,

I do exactly that when I work for instance on linear algebraic groups in gen-
eral by having the particular group SL; in mind. The group SL; has properties a
group in general does not have, It is by focusing on the particular example and
model SL, in its concreteness (which is more specific than the theory in general
and thereby goes beyond that theory) that new ideas and insights often arise. As-
pects from “outside” (not within the general theory) thus can come in. This can
even lead one to change some of the rules one started out with. One can change
axioms or assumptions of the framework, or even change the framework itself.
Int that sense researchers often work like artists, They sometimes follow concrete
models and not abstract rules. Thus Kant’s own theory of genius and the arts
could have led him to see such aspects of creativity in mathematics, had he
only paid more attention to what is actually going on in learning and doing re-
search in mathematics. I think it would have been more obvious to him, had he
been more interested in the higher mathematics of his day, such as infinitesimal
calculus, as Hegel was, or in leaming mathematics as Wittgenstein was interest-
ed in. It will be more difficult (but not impossible) to see the aspects I want to
bring out, if one restricts one’s attention to triangles and 5+7=12 as Kant more
or less did.

Kant's exclusion of scientists from the realm of geniuses (AA: 05:308 - 9,sec-
tion 47) occurred in the development of his general theory of genius. He famous-
ly says, “Genius is the talent (natural gift) that gives the rule to art. [...] Genius is
the inborn predisposition of the mind (ingenium) through which nature gives the
rule to art” (AA: 05:307, section 46). He thinks that it is “through” Homer and his
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genius that nature gives the rules of epic poetry to art, whereas Newton did it
himself, through his own diligence, and we all could do it if we were only dili-
gent enough. Homer therefore cannot explain what he did, but Newton can. Kant
of course has a point. There is more freedom in the composition of a poem than
in the development of a proof. One can change words here and there and still
have an epic poem, whereas if one changes formulas in a proof one might end
up not having any proof of anything anymore. The proof will suddenly not
work and be invalid, having zero value. Mathematical proofs are strict in that
sense.

Buf in spite of this strictness, proofs can also change. If a proof is as long as
the Odyssey, one will easily get lost and reading and following will become an
odyssey itself. Later a shorter proof will usually be found, and then one sees
that there was more than one way “the” proof could go, Newton will therefore
be hard pressed to explain every step. He actually cannot. The reason is that
there is actually no necessity in those steps. There is no necessity in why this the-
orem is applied here and not another, why it is applied in this way and not an-
other, why I refer back to that previous result and not another. It is T — the reader,
or whoever carries out the proof — who does the choosing and referring. The ne-
cessity is only in the “if-then”, not in the “if” part. Nor is there any necessity in
where in the proof the “if” part occurs. If you apply this theorem here in this
way, such and such will necessarily follow, But if you do not apply it, nothing
will happen; and if you apply another theorem, something else will happen.
Other proofs are always possible. Even the whole Newtonian theory, the frame-
work within which a proof by Newton is carried out, is not the only possible one.
Leibniz had another, There is analysis and there is non-standard analysis. There
is Euclidean geometry, and there are non-Euclidean geometries. There are fields
of characteristic zero, and there are fields of positive characteristic p. There is
plenty to choose from. There are alternatives. It is not a one-way road. Sometimes
things are going the other way, and there are junctions. Even within a fixed
framework there is much to explore and much to choose,

Thus, contrary to Kant, there is no unique and “natural path of inquiry”
(309). There is lack of necessity at least at two levels, regarding theorles chosen
and regarding steps taken within those theories. Theories keep developing and
changing. Leibniz offered an alternative way, and Weierstraf3, Riemann, and Ein-
stein later on had altogether new ideas. Kant talks of reflection and inguiry “in
accordance with rules”, but it seems to me these rules are not prescribed. They
did not fall from the heavens. Peano said that the natural numbers are given by
God, but the rest is done by us (as far as mathematics is concerned). Higher
mathematics is more than just the set of natural numbers with addition. The
rules of any advanced mathematical theory are not as predetermined as Kant
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takes them to be, We can change them and pick others. Even if mathematics ap-
pears to be “nothing but rules” in the “if-then” sense, we can still ask: Which
rules? And when and where are they used for what? Hence we can ask: Which
mathematics? It seems to me that Kant’s arguments for the exclusion of mathe-
matics and the sciences from the domain of genius do not sufficiently take into
consideration our actually doing mathematics.

This is not only a psychological factor. Our doing research has lead to the
mathematics we now have, and we could have developed another. I don't
want to say that 2+3 could be 0 in our ordinary sense of natural numbers. But
if you work over fields in characteristic 5, this is what will happen. There you
write and think 2+3=0. If you work with the real numbers, you take it for granted
that ab=ba; but if you work with matrices, you will not. The rules depend on ob-
jects and theories, and it is our choice what objects and theories to work with,
There are undiscovered theories and roads not taken, just as there are poems
not written. Although mathematics is not the same as poetry or painting, and al-
though there are differences, it seems to me these differences are more a matter
of degree and not as absolute as Kant thought,

Imagination

Kant claimed that mathematics is “nothing but rules” and (for this reason I
think) he excluded it from the realm of genius and beauty. Nevertheless, 1
think Kant had all the tools at his disposal to do otherwise, He had a rich theory
of schematism and imagination, which would have allowed him to explain as-
pects not only of construction, hut also of invention, genius, and beauty in math-
ematics. In addition to this, his regarding mathematics as essentially synthetic
would have invited such explanations. This applies especially to our ways of ac-
tually doing mathematics, learning, and doing research in higher mathematics.
In the following I will try to use some of Kant’s insights into the nature of imag-
ination and some of his ideas about schematism to reveal such aspects.

In the first Critique sensibility and understanding are established as the two
pillars of human cognition. They give us intuitions and concepts. How exactly
they depend on each other and “cooperate” has been a question of discussion
and controversy ever since Kant. According to him, intaitions without concepts
are “blind”, Buf if we want to say that infants and animals are not blind, should
we then have to say that they already have concepts, or at least the categories?
Infants develop conceptual capacities, but most animals never do. Does Kant’s
conception of ‘transcendental synthetic unity of apperception’ apply to them?
And, to approach the question from the other end (on the line from animals
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to infants and fully grown up humans), do we adult human beings always think
when we perceive? Do we need concepts and language in our every-day percep-
tions? Or is there some kind of non-conceptual, pre-conceptual, or pre-predica-
tive perception, some kind of verprddikative Wahrnehmung (Husserl)? Is there
some kind of “simple seeing” (Fred Dretske — to name just one analytic philos-
opher who takes this view)? Is there some pre-conceptual but nevertheless
meaningful and not blind experience when we don’t pay attention, day dream,
doze off, or gradually wake up in the moming not knowing whether we are
awake or dreaming (Hermann Schmitz)? These are questions that have been
much discussed in attempts to clarify the interplay between perception and con-
ception in the light of theories of vision, evolution, and cognitive science, They
are discussed in our trying to specify what is distinctive about us human beings
in comparison with other, non-human animals.

Are we just another kind of animal? Or are we special creatures that should
not be called “animals™ at all? In the Greek tradition we are animals that have
“logos”, we are {wa Aoyov gxovid, animalia rationalia, rational animals. But
what exactly “rationality” is supposed to be is disputed. Biologically there
seermns to be continuity through and throughout evolution. But biology offers
only one perspective, Linguistics, anthropology, and philosophy offer other
views.

In Kant’s philosophy, imagination serves as a link between sensibility and
understanding. The categories of the understanding are schematized in modes
of time and space in their applications to sensible intuitions. Kant is interested
in justification, not in genesis and development. But a separating line is still dif-
ficult to draw. He saw the relevance of imagination in his theory of threefold syn-
thesis and in his deduction of the categories in connection with consciousness
and the unity of apperception. But the line between empirical and transcenden-
tal aspects is not clear. Nor is the role of imagination. How “spontaneous” and
how independent imagination is from the power of the understanding is a del-
icate question. How free is imagination from rules? What exactly are rules?
These questions are not idiosyncratic to the Kantian system. When suitably
translated, they arise in current philosophical discussions of cognitive science
and theories of vision, They appear also in current discussions of internalism ver-
sus externalism in regard to meaning and perceptual content. John McDowell
claims that concepts go “all the way out”, contrary to Gareth Evan’s views (see
Wenzel 2005). Hilary Putnam’s doubts that meanings are “in the head”, and
his arguments have been extended by Tyler Burge to issues about perception
and perceptual content. Meaning involves not only concepts but also the envi-
ronment, physical and social. Perception thus involves capacities comparahle
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to Kantian intuition and imagination. The terminology is new, but many of the
problems are old,

The general question of how independent imagination is from the under-
standing can be asked particularly with respect to mathematical objects. We
need intuition and imagination to draw lines in space. We need them to carry
out proofs in geometry, and we also need them to conceive of numbers in suc-
cessive synthesis in arithmetic (see the work of Charles Parsons). For Kant the
two sides of the equation 5+7=12 are different due to their intensions, not
their extensions (Iseli p. 90). They are different in content, because they were ar-
rived at in different constructive ways, and these ways require intuition and
imagination (Wenzel 2011, “Urteil” p. 2288). The equation is true for synthetic
and not analytic reasons. Kant's views are non-standard, even for his own
time, and they depend on his understanding of time and space as being “subjec-
tive” in the framework of his transcendental philosophy. Frege distinguished be-
tween “sense” (Sinn) and “reference” (Bedeutung) to explain the truth and non-
triviality of an equation such as 5+7=12. But for him it was more reference and
extension that matter, and less sense or intension (not to speak of intention).
Even though he speaks of “sense”, this notion is similar to the notion of refer-
ence, Hussetl held on to another aspect of “sense”. For Frege, sense is purely
objective, to be found in the third realm, timeless and to be grasped, Sense is
not made. He does not pursue a theory similar to Husserl’s intentionality and
noema, and he does not accept the Kantian notion of intuition or the framework
of transcendental philosophy either.

In the third Critigue, imagination takes a much more central role than in the
first, which is no wonder because judgments of taste allow imagination to be free
from rules of the understanding and to make substantial contributions (in the
free play of imagination and understanding and the pleasure it gives rise to).
In judgments of cognition imagination does not have this kind of freedom and
does not make this kind of contribution, neither in empirical nor in pure and
mathematical matters, Unfortunately, for Kant mathematics drops completely
out of the picture in this new, aesthetic context of the third Critigue. Mathematics
cannot be beautiful, Kant claims, contrary to what he had said in his earlier writ-
ings (hefore the mid 1780 s, see Wenzel 2001). Yet Kant does not view this as un-
fortunate. He thought so highly of mathematics that he wanted to save it from
fashionable and unstable ways of thinking and mere talking. For him, mathemat-
ics and the mathematical sciences were fortunately saved from wild speculations
and from people who do not know what they are talking about (Wenzel 2001). In
this Kant had a point. But I think he could have instead, or in addition, used his
theory of free play between imagination and understanding to find out more
about how mathematics is actually done and what its nature actually is. His in-
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sights into the loose interplay between imagination and understanding and the
aesthetic playfulness of their interaction, when each plays, so to speak, with the
function of the other, are after all rich insights.

In doing mathematics we often go by examples. We use them as models and
do so in analogical ways when looking at new objects, problems, and open ques-
tions. Under the influence of John Locke and Alexander Baumgarten, Kant was
aware of this aspect (Koriako, pp. 156—61). But he could have developed it fur-
ther than he actually did. We are often dealing with particular instances, looking
for suitable rules, and then use reflective judgment (reflektierende Urteilskraft),
i.e., the power of judgment in its reflective function. The object at hand might
call for new rules and a new framework. Familiarity with rules is necessary
but not always determining, Although we often do mathematics mechanically
and “blindly”, as Wittgenstein said, we do not always do it in this way. We are
never completely blind. Leamning is more than drill (Abrichfung). Doing mathe-
matics is more than carrying out mechanical calculations to get the bill right.
We sometimes play with rules and instances. We try out new things. Learning
mathematics and doing research are done in ways that go beyond mechanisms
and rule-determined behavior, and I think this does matter to the development of
mathematics and therefore in the end to mathematics itself (what mathematics
we end up having). Children and researchers make use of playful features
when speculating about the applicability and suitability of rules. This is more
than mechanical and blind trial and error. We use examples we already know
and we use them in analogical and ingenious ways.

In doing mathematics we are neither blind as Wittgenstein portrays it, nor
are we determined as Kant thinks. Mathematics is not as fixed as Kant tends
to think it is. Had he been more aware of the factors of interest, change, indeter-
minacy, and creativity, [ think his theory of free play in aesthetic judgments
wotuld have allowed him to make interesting contributions to the nature of math-
ematics.

Imagine you work with the real numbers and think about an equation that
has no solution in this number field, such as x¥*+1=0. You think about somehow
extending this field in order to have solutions for the equation at hand. You start
with the real numbers and imagine ways of introducing new numbers. In con-
temporary mathematics we have the complex numbers, a number field that is
an extension of the real numbers. There are different ways of introducing
these numbers, relying on new notations (when a complex number is represent-
ed as an ordered pair of real numbers), or relying on geometry (when a complex
number is represented as a point, or vector, in a two dimensional plane). The re-
sulting structures are isomorphic, and happily in this new field every polynomial
equation has a solution, which is what we were looking for. The complex num-
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bers are what we call “algebraically closed”. But something Liad to be given up.
The real numbers are “ordered”. They can be represented along a straight line,
with negative numbers on the left and positive numbers on the right, such
that the ordering respects addition and multiplication {sums and products of
positive numbers are again positive numbers, that is, if x<y and y<z, then x<z,
and if x<y and z>0, then xz<yz: see Lang, p. 390). But no such ordeting is pos-
sible for the complex numbers, Thus if we originally assumed that ordering
was essential for numbers, we now either have to say that the complex numbers
are not numbers any more, or we have to drop this assumption. Mathematicians
have chosen the latter way. The complex numbers are now considered to be
“numbers”, not the real numbers, hut still really numbers. The axioms we
now have for number fields usually do not include well-ordering. We cannot
have everything, If we ask for a further extension, beyond the complex numbers,
further assumptions will have to be given up. The so-called “quaternions” are an
extension of the complex numbers and they can be realized in four-dimensional
space over the real numbers, but now the axiom of commutativity has to be
given up. For quaternions it is no longer true in general that ab=ba. Should
we then still call them “numbers™? Well, this is up to us again. Of course one
might say all that this does not matter to mathematics itself, that this is all
only about names and words. But [ am trying to show that it matters whether
we use this mathematics (writing textbooks focusing on the complex numbers)
or that one (writing text books focusing on the real numbers, or the quaternions}.
It matters what we use. If matters regarding where we go and where we end up.

When learning or doing research, on the one hand imagination plays with
various possible functions of the understanding when asking for suitable con-
cepts and rules. On the other hand understanding guides our way of looking
at the case at hand and demands from imagination to fill in and to create
what the rules require, Methods of trial and error are used and often pleasure
arises. I think more than pleasuze in success is involved here’ I think the pleas-
ure involved in doing mathematics can also be pleasure in the play itself. Even if
playful attempts or acts of contemplation do not yield the desired result, we still

5 The pre-critical Kant could still say “demonstrations in geometry can be beautiful [Schinheit
haben] due fo their shortness [Kiirzel, their completeness [Vollstdindigkeid], their natural light
Inatiitliches Licht}, and their suitability leichte Fafilichkeit] for an easier understanding” (An-
thropology Lecture Collins 1772/73, AA 25: 177; translation mine, see Wenzel 2001, p. 417), The
Kant of the Third Critique does not think like this any more. “Shortness” and “completeness”
now are too objective, Ideas of “natural light™ and “suitability” drop out. Maybe “natural light”
is too poetic and “suitability” too much in the spirit of transcendental realism (which assumes
that mathematics is out there, independently of our minds).
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can feel the pleasure of adventure in trying out new things, new objects and new
methods of learning that lead to new objects. The search itself has a valoe and [
think the aesthetic aspects involved also matter to mathematics itself, because,
again, they influence how and where we look and thus they matter to the ques-
tion of what we find, accept, and choose to use — and thus now have.

One might still argue that such pleasure is not part of mathematics proper
and that when playing with rules and instances one is not strictly speaking
“doing mathematics” any more. In this view, only when it comes to the proofs,
in the end, is one doing mathematics again, But I would counter such a view by
pointing out that the results of playful considerations are often the new objects
and that therefore the play itself matters. It literally does matter, because it leads
to new objects, i.e. the subject matter for mathematical understanding. New
methods can be agreed upon and then become part of the growing corpus of
mathematical knowledge. Besides political, economic, geographic, and many
other influences, there are also aesthetic influences that matter in the develop-
ment of mathematics. They matter not as necessary means but as decisive fac-
tors.

Kant had an aesthetics theory according to which judgments of taste can be
pure and a priori. Purity consists in disinterestedness regarding the existence of
the object. We do not depend on the real existence of the object as we find it in
the case of satisfaction for the agreeable (when the object affects us and our
senses and sensory inclinations are involved), nor do we depend on it as is
the case regarding satisfaction for the good (when a morally good action has
to be produced or when something empirical is instrumentally good for some-
thing else}. This freedom of interest, which Kant emphasizes in the first moment
of taste, does actually suited mathematical objects. We do not depend on their
existence regarding our sensation, and we do not need to bring them into exis-
tence, They are freely available for everyone. Furthermore, the a priori justifying
ground, which Kant had found to underlie aesthetic judgments (subjective pur-
posiveness), does suit mathematics, because mathematical objects can show
new and unexpected features. One might argue that the purposiveness we
meet with here tends to be objective purposiveness (between objects) and not
subjective purposiveness (between the object and our subjective state of
mind). But as I have shown above, it seems to me that the latter are involved
as well.

In everyday life, imagination is necessary when we recall an object that is
absent, when we recall a melody, or the face of a friend. Both reproductive
and productive functions are then essential, as Kant has pointed out in the A-ver-
sion of the Deduction of the categories. In the 20® century, studies of perception
have shown that these functions of the imagination are also involved in real per-
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ception, when the object is actually present and we are not just imagining our
remembering things. Also in real perception it is the case that we do not actually
see everything we think we see, We literally think more than we see: We project
and fill in a good deal in more or less conceptual ways. We rely on memory and
expectation, invention and imagination. We take much for granted also in per-
ception of real objects, and we de so by using imagination. Kant had a good
idea of this when he saw in the imagination “a blind though indispensable func-
tion of the soul” (Critigue of Pure Reason, section 10, A78/B104). But he did not
develop this idea in his views on mathematics.

Some of Kant’s observations about imagination do apply to mathematics as
well, because also — and particularly — in mathematics we can ask how “absent”
or “present” an ohiject is. Imagination is productive {exhibition originaria} with
respect to intuition in time and space, a priori and empirically, when we draw
a line in our mind or on a piece of paper. Imagination is necessary to give us
pure intuitions (Anschauungen) in mathematics, In order to think of a line or a
triangle, we need to imagine them as drawn and constructed and as given total-
ities, We give it to ourselves. Imagination is necessary in order to give substance
to abstract mathematical reasoning. Intuitions have to be built up, manifolds
have to he synthesized and held together. Only then do our concepts have ob-
jects. Only then do our thoughts have substance to which they can be applied.
We think of, and also somehow “see”, a complex number, a continuous but no-
where differentiable function, or a linear algebraic group that is locally eight-di-
mensional over the complex numbers. Or should we rather say that we do not
see anything at all in such cases and that mathematics is, as Kant claims, “noth-
ing but rules”, without any need of intuition? But Kant also famously says that
concepts without intuition are empty. Thus we should see something after all. So
what is going on?

There is a transcendental function of the imagination to insure unity in ap-
prehension, production, reproduction, and apperception, This basic and produc-
tive function is part of imagination in figurative synthesis, and we can tum to
this function (Critigue of Pure Reason, section 24) to explain that, when consid-
ering very abstract and higher-dimensional mathematical objects, we still “see”
something and concepts are not empty. But this transcendental function by itself
is not enough. There is also productive imagination, which generates methods
(schemata) and images (A 140 - 41/ B 180} that are in called upon in reproductive
imagination. Productive and reproductive imagination is intertwined. It is not
just all rules. Even chance gets involved, when we do things “spontaneously”
in the sense of “unwillkiirlich”. Kant calls this fantasy (Phantasie). Imagination
then is creative, “poetic” (dichtend), and playful: “die Einbildungskraft (als Phan-
tasie) spielt”. I think we can be creative and poetic like this while still staying
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within the realm of pure intuition and pure imagination. This activity does not
need to be merely transcendental in the sense of heing a necessary condition
of experience, It goes beyond that, and it does so also in mathematics, because
examples, chance, attempts, and analogies are involved, as I have explained
above, The activity and its results can still be pure (non-empirical). Kant has ar-
gued that there are metaphysical foundations of the natural sciences, and [ am
here suggesting that there are foundations of mathematics that also involve
choice, variation, playfulness, and beaufy in mathematics.

Kant does not only have room for, but he also has theories of, pure intuition,
exhibitio originaria, and a priori functions of the imagination. The latter don’t
need to be completely governed by the understanding. Imagination can be pro-
ductive, and this plays also a role in our doing mathematics, when we use exam-
ples and reach out to intuitions that go beyond the rules and concepts we started
out with, These examples and models sometimes do not perfectly fall under the
relevant rules, and when this happens they will suggest something new. Chance
is essential in this, and in doing research we often get new insights from this very
surplus, from wrong applications, borderline cases, and Einfélle from somewhere
else. We often hold on to concrete examples, schemes, and images, even if they
do not perfectly fit the rules and only serve as substitutes. The outer then might
become part of the inner.

Through productive imagination and the element of chance we give some-
thing to ourselves in intuition. We can thereby experience the surprise of fitting
and the encounter of “lawfulness without law” also in non-empirical matters
and subjects such as mathematics. We can generate something new, allowing
for new choices and new chances, and we can freely recall previous results.
This encounter is both active and passive. It is discovery and invention at the
same time. It is a form of self-affection, as we find in the enjoyment of playful
fantasy when surprise is always around the corner. Through productive imagina-
tion we give ourselves pure and “concrete” intuitions in time and space. Think of
the Latin root: concrescere, to grow together! We make something pure “grow™. It
is not the result of processes of abstraction from empirical matters, but it is pure
creation. Then we are affected by our own activity and the result of it. This goes
beyond the rules of mathematics that we started out with and have used so far.
We can produce something new, a surplus, which does not need to accord with
those rules.

Besides imagination as it is involved in chance and exemplarity, there is an-
other way in which intuition and imagination do matter. Now [ turn to atithmet-
ic. We use symbols in mathematical notation, and good notation is essential in
doing mathematics, We need to hold on to something. Reference must be fixed in
some way (Wenzel 2010). The question here again is how independent or de-
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pendent, and how essential or inessential, symbolic notation is regarding the
rules of our understanding and of mathematics itself. Answering this question
will tell us how free imagination can be while still contributing substantially
to mathematics.

Kant’s notions of figurative synthesis and of monograms involve mathemat-
ical and linguistic aspects (see Makkreel, pp. 31-33). In the use of mathematical
notation we can see hoth of them at work. Here we find letters and symbols (the
linguistic side) and the meanings they convey (the mathematical side). We ma-
nipulate the visible signs and use the result to refer to something in the abstract
object again. Kant was aware of this already in 1764 (Makkreel, p. 34).

Kant was also aware of right-left symmetries and problems of conceptually
indiscernible differences of non-identical entities (Wenzel 2010). But he thought
he could solve these problems with his theory of intuition and mathematical
caonstruction. Besides rules, also intuition and imagination are needed in making
distinctions. (Kant's way of arguing here again shows the influences from Locke
and Baumgarten; see Koriako pp. 156, 166—77). But in all this, for Kant intuition
and imagination function only subservienily. In his view, imagination is told by
the understanding what to do. As an example of this, let us again look at a math-
ematical object that was discovered after Kant's time — namely, the complex
numbers, Algebra tells us that if there are any square roots of -1, then there
will have to be exactly two of them. Understanding then asks imagination (alge-
braically so to speak) to fix a referent as one square root of - and to fix another
referent as the other square root of ~1 We call, or denote them by the symbols,
“* and “~i", Through rules of the understanding (algebra) we know that there
must be two distinct roots, and thanks to intuition and imagination we now ac-
tually “have” them. Here imagination and intuition seem to play only subser-
vient roles. It seems to be the understanding that sets the course and that deter-
mines what mathematics is. In this way we can understand, retrospectively, why
Kant had no room for beauty in mathematics. Imagination did not matter. It had
no choice. Hence Kant had no room for a free play of imagination and under-
standing when dealing with mathematical objects as such. But contrary to
Kant, besides the commonsensical views that mathematics can be beautiful
and that there are geniuses also in mathematics, a view Kant knew and had pre-
viously embraced himself, we now know facts about the nature of mathematics
(proper) that Kant did not know and that shake the foundations of his views of
mathematics. Since Gédel’s 1931 results we know that axiomatic systems can he
incomplete. We know that rules do not determine everything. The situation has
changed, because on top of the question of which rules or axioms to accept, we
now have the additional problem that rules do not settle everything even within
their own domains. The questions have become more complicated and pressing.
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Understanding cannot any more be seen as having full control even in matters of
mathematics. Intuition and imagination can thus play more than subservient
roles, and once imagination’s freedom and contribution to mathematics is se-
cured, so is the possibility of a pleasurable and meaningful free play of the fac-
ulties that is the ground for beauty and that can lead, by chance, to results that
are mathematically relevant. To the newcomer the traces might be lost. But there
is always room for new discoveries.

One might still try to drive a wedge between aesthetics and mathematics, ar-
guing that the free play is one thing and its mathematical result is another. But in
doing mathematics we go to and fro, We shift from one to the other, between the
free play and the result, the example and the rule, intuition and logic, geometry
and analysis (compare Poincaré on geometrical and analytical minds, Poincaré
pp. 27-40). The two are intertwined. The empirical leaves its traces in what is
realized from what is a priori possible. As there are prototype-theories of con-
cepts in philosophy and the cognitive sclences, showing that perception and pic-
tures (images) matter for concepts, so [ am suggesting that mathematics is not
just rules but that it is done with examples in mind and that this plays a role
regarding what mathematics we have. Intuition, imagination, and aesthetics
have left their traces.

For comments I wish to thank Riccardo Manzotti, Gottfried Gabriel, Sebastian
Gardner, Joel Schickel, Kurt Walter Zeidler, and Michael Thompson.
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